ISSN 0012-2661, Differential Equations, 2007, Vol. 43, No. 6, pp. 813-832. (© Pleiades Publishing, Ltd., 2007.
Original Russian Text (©) F.E. Lomovtsev, 2007, published in Differentsial’nye Uravneniya, 2007, Vol. 43, No. 6, pp. 795-812.

PARTIAL DIFFERENTIAL EQUATIONS

Cauchy Problems for Quasi-Hyperbolic Factorized
Even-Order Differential Equations
with Smooth Operator Coefficients Having Variable
Domains

F. E. Lomovtsev
Belarus State University, Minsk, Belarus
Received April 22, 2004

DOI: 10.1134/S0012266107060080

Cauchy problems for quasi-hyperbolic factorized operator-differential equations of higher even
orders with constant domains were considered in [1]. The Cauchy problem for hyperbolic operator-
differential equations with variable domains was investigated in [2, 3] for second-order equations.
The present paper deals with the proof of the well-posed solvability in the strong sense of Cauchy
problems for some quasi-hyperbolic factorized operator-differential equations of higher even orders
with unbounded operator coefficients whose domains vary; mixed problems for some hyperbolic
partial differential equations with coefficients in the boundary conditions smoothly depending on
time can be reduced to such problems. For the proof, we use modifications and generalizations of
the functional method of energy inequalities in [1]. Unlike [1], in the present paper, the deriva-
tion of a priori estimates with the use of abstract smoothing operators is generalized to the case
of variable domains of variable unbounded operator coefficients; the proof of the solvability by
induction, decomposition of operators into operator factors, and the use of the Lemmas 5 and 6
below is a new technique; and a formula for their strong solutions is derived for the first time [see
formula (25) below]. This formula generalizes a similar formula for smooth (classical) solutions and
shows that, by analogy with smooth solutions, strong solutions of these Cauchy problems can be
found in a recursive way on the basis of operator factors. In addition, unlike [1], in the present
paper, we do not repeat any steps of the proofs in [4]. In conclusion, we consider an example of
new well-posed mixed problems for hyperbolic factorized partial differential equations of even order
with coefficients in the boundary conditions depending on ¢ and smooth with respect to t.

1. STATEMENT OF THE CAUCHY PROBLEMS
Let H be a Hilbert space with inner product (-,-) and norm | - |. On a bounded interval |0, T,

we consider the differential equations
with the initial conditions

Lu= (du/dt’)|,_, = ¢; € H, j=0,...,2m—1, m=1,2,..., (2)

where u and f are functions of the variable ¢ ranging in H and A(t), t € [0,T], are positive
self-adjoint operators in H with domains D (A (t)), k = 1,...,m, depending on t.

We assume that all operators Ay (t) satisfy the following conditions.

I. For each t € [0,T], the operators A.(t) are the restrictions [to D (Ax(t))] of some linear
unbounded operators A,(t) in H with domains D (/le) independent of ¢ such that D (Ax(t)) C

D (A}) and Ay (t)u = Ay(t)u for all uw € D (A4(t)), t € [0,T], k=1,...,m.
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814 LOMOVTSEV

I1. For each t € [0, 7], the inverse operators A; ' (t) € #([0,T],8(H)), k = 1,...,m, have strong

derivatives dA, ' (t)/dt € % ([0,T],2(H)) with respect to t [5, p. 22] in H, and these derivatives
satisfy the inequalities

— ((dA;'(1)/dt) g.9) < i (A7'(t)g.9) Vg€ H, k=1,....m, (3)

where .Z([0,T], F) is the set of all functions of ¢ € [0,7] bounded in the norm of a Banach space
FE and the constants c,(cl) > 0 are independent of g and ¢.

II1. For all t € [0,T], the operators dA; ' (t)/dt, k = 1,...,m, have strong derivatives
AN (t)/dt* € ([0, T),8(H)) in H,

which satisfy the inequalities
(@A (1)/d) 9,0)] < &2lol |42 00| VoweH,  k=1...m, (4)

where A;'/?(t) are the inverses of the square roots AL/?(t) of A.(t) and ¢!* > 0 are constants
independent of g, v, and ¢.
IV. For each t € [0,T] and for all operators A.(t), k = 1,...,m, the norms

|As@ul ~ [Ax(t)u] ~ |A()u — Ap(t)ul
Vu € D (Ai(t)), te[0,T7], 1<s#k<m,

are equivalent, and the domains D (A}(t)) of their powers A}'(t), t € [0,T], are dense in H.
Following [1] and using induction over 4, one can show that the norms

|AL(t)u| ~ |AL()u| Yue D(AR®R), te[0,T), i=1,....,m, 1<sk<m,
are equivalent. Hence it follows that |A,,(t) - -+ Ay (t)u| ~ |AT(t)u| for all uw € D (AT (t)), t € [0,T].

By equipping the domains D (AO‘/ 2m(t)) of positive fractional orders A*/2™(t) of the self-adjoint

operators A(t) = A7*(t) in H with the norms |v|,, = |AS"?(t)v] for each t € [0,T], we obtain
Hilbert spaces We(¢), ¢t € [0,T], a < 2m, W°(t) = H. Obviously, we have the continuous dense

embeddings W#(t) c We(t), t € [0,T], provided that 3 > a. It follows from conditions I and IV
that

|As(t)u — Ap(t)ul, , > csplufarar Yu € Wor(t), a<2m -2, 1<s<k<m, (5)

for all t € [0,T], where ¢, > 0 are constants independent of u and ¢. These inequalities can first

be proved for even integer « just as above and then generalized to the remaining values of o with
the use of the Heinz inequality [5, pp. 177-179].

V. There exist Banach spaces V*, i = 0,...,m, independent of ¢ and such that V° = H,
D (Ay) C V2, the spaces V¥ are continuously embedded in the spaces V* for j > i, the spaces

W?2(t) are continuously embedded in the spaces V' t € [0,T],i=0,...,m, and in H, there exist
strong t-derivatives [5, p. 218]

d'A(t)/dt' € % ([0,T), 8 (V27242 202y
j=0,....2m—-2—i, i=0,....2m—2, k=1,...,m,

where [-] is the integer part of a number.
VI. If t € [0,T], then all operators A.(t), k = 1,...,m, satisfy the inequalities

|As(0) Ar(t)u — Ap(t) As(B)ul, , < Espltlasss
Yu € Wt (1), a < 2m — 4, 1<s#k<m,

where ¢, ;, > 0 are constants independent of v and ¢.
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CAUCHY PROBLEMS FOR QUASI-HYPERBOLIC FACTORIZED EVEN-ORDER ... 815

Condition I is a new (compared with [6, pp. 150-158; 7]) expression of the same specific feature of
some differential operators Ay (t): they usually consist of differential expressions Ay (t) and boundary
conditions, each of which can have specific independence. In applications, the role of such operators

A (t) can be played by some elliptic differential operators without boundary conditions, and the
role of their restrictions A (t) can be played by the same elliptic differential operators but with
some t-dependent boundary conditions. Additional conditions imposed on the operators Ay (t) will
be stipulated in the statements of lemmas and theorems.

2. AUXILIARY ASSERTION

Throughout the following, in the derivation of a priori estimates for strong solutions and in the
proof of the solvability of Cauchy problems, we need the interpolation inequalities (8) (see below) in
the positive Hilbert scale of the spaces {WW*(¢)}, t € [0,T], « = 0,...,2m, generated by self-adjoint
operators with variable domains.

Lemma 1. Suppose that linear positive self-adjoint operators A, (t), t € [0,T], in a Hilbert space
H with t—dependent domains D (A,(t)) have inverses A7 (t) € #([0,T],&(H)) for which the strong
derivative dAy ' (t)/dt € j([O T)|,8(H)) exists in H for allt € [0,T]. If the first strong derivative
of the inverse operators A='(t) = A7T™(t) of the operators A(t) = AT'(t) satisfies the relation

“Ht)/dt € 7 ([0,T), 2 (H,W>"1(t))) (7)

in H for allt € [0,T], then the inequalities

du|” [l di+t rdiu)?
i = Cl/ T di + ey (1+ 2///7m-/<2m>)/ a dt
dt mat|,_ J dtit+l Lt / dt matlt
diu|?
+ T , m; =2m — 2 — i, 1=0,...,2m — 2, (8)
mit|i—g

are valid for all w € E™ (the spaces E™ will be defined in Section 3) and for all T € [0,T], where
the constants c; and #, independent of w and t will be specified below.

Proof. For each t € [0,T], the operators .oZ(t) = A(t)AZ*(t) = e ' [I — AZ'(t)], € > 0, where

€

AZY(t) = (I +€A(t)) ™, are bounded, self-adjoint, and positive in H. One can directly show that,

€

for all ¢ € [0,T], they have the strong derivative
() fdt = —oA(t) (dATH (1) /dt) 4(t) € Z([0,T], &(H))
in H satisfying the inequalities
o270 () (ds(t) /) 7 ()| agary = (|27 (8) (AT () /E) [ g
A0 PO A0 (A ) <
where .# = supy_,.p ||AP(t) (dA7(t)/dt) HE(H) is a constant and § = 1/(2m). Here, for the
operators A-'(t), we have used the estimates [|A-¢(t)|lg ) < 1, € [0,7], € > 0,0 < o < 1, with

o=1—p4. In H = H, the operators .o/ = . % = .o/°7!(t) and .9 = o/ P(t) (doA(t)/dt) £ (t)
satisfy Remark 7.1 in [5, p. 179] for all ¢ € [0, 7] and, in particular, the inequality

| ZT x| = |(dA7Y(£)/dt) AP (1) AZ0-9) (8).° " (t)a| < #|s7w|  Va € H,

since

@Ay A= @), = A7) (@A 0 /dt) |y te 0T,
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816 LOMOVTSEV

where the bar stands for the closure of operators by continuity in H [5, p. 228]. By applying the
Heinz inequality (7.6) in [5, pp. 177-178] to them, we obtain the inequality

|/~ (t) (dsA (8) /dt) o7 T (W) < A |x| Ve e H, a=0,...,1-p, (9)

for all ¢t € [0,T].

By differentiating the integral representation of positive fractional powers of the operators
7 (t) [5, p. 140] and by using the representation of the resolvents

R.(—s)=(1+es) ' (I +eA(t))R(—s/(1 +€s))
via the resolvent R(—r) = (A(t) + )71, the inclusions (7), and the estimates
[APOR(=T)[], ) S Ns/(L+1)' 77 7 >0, 0<B<1,

where Nj are constants known from operator calculus, we obtain the following integral represen-
tation of the derivative of these fractional powers for all ¢ € [0,7]:

—+oo

do'(t), _ sinmy / ()22 R (sypds Veew™(@n), 0<y<1-p,  (10)

dt T dt

0

where R.(—s) = (24(t) + s)"" and £ > 0. Indeed, by taking into account these representation and
estimates, for all ¢ € [0, T], we obtain the estimates

‘%”(%' <1 70%

AP(H)R A2y A O e (=5 N s aa
dt - 1+ es)? 1+es dt 1+es

“+o0
<In,.on, / ol ds |A(t)a]
=R L A )P (1 1 s tesyzp o WY

0

“+o0

Y

<

1 S

—N N B A 2m

- s M 0/(1+S)Q—Bds| (t)x| < o0 Vo e W (1)
0

uniformly bounded for all e >0if 0 <~y <1—fand 8 =1/(2m).
If Q =7 P(t)R.(—s) (doA(t)/dt) £ (t)R.(—s) and z,y € W?™(t), then

Q)| = | (o770 2(8) (dsi(0) /) o™ O ()20 () Rel—s)ar,
SR R(=5)y )|
< [z P70 0) (des () ) O () g
X |%(1_7)/2(t)R5(—8)$‘ ‘%(1_7)/2(t)R6(—8)y‘.

By using the integral representation (10) and the estimates (9) for v > 23 — 1, we obtain the
inequalities

(025w

“+oo
< SIDWW%/Sw|%(1—w>/2(t)36(—s)z\\%(1_7)/2(15)&(—5@‘ds
+oo Yz oo v
<Ly /87\&/&(1v)/Q(t)Rs(—s)a:\zds /87\&/@(17)/2(15)35(—3)9‘2“
T
2 0
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CAUCHY PROBLEMS FOR QUASI-HYPERBOLIC FACTORIZED EVEN-ORDER ... 817

For each ¢ > 0, for the positive definite operators
-1
(£()h,h) = cc|h|>,  heH,  c= < sup [[A7(8)]|g ) + e) ,
0<t<T

there exists a unique resolution of identity F(g) such that

+o00 —+o0 —+oo

/ | LV R(—s)e|* ds = / § / A (Ais)zd(EA(s)a:,a:) ds
_ mxw +OOL2dsd(EA(5)aj,x) = mmM d(s/N)d (Ex(e)z,z)
CE/ O/(AJFS) CE/O/(lJrS/)\)
_ +00L2da +Ood(E>\(€)ac,x) _ +00L2da|x\2 vt € [0,7).
| @ ) | )

It follows that
L) (Ao (0 dt) o (x| < M2l NeeH,  y=B,...1-8, (1)

for all t € [0,T], where #, = Wﬁl%f 07(1 + o) 2do < +o0, if the elements x € H in (11) are
approximated by some sequences x,, € W2m( ) for each t € [0, 7.

By using the Schwartz and Cauchy—Schwarz inequalities, the estimates (11) and the J-inequality
2ab < da* + 6 10? for all § > 0 on the right-hand side of the obvious identities

d'u f d.oZ™/ ™) (t) diu d'u
Mm Qm) =92R / M—l/(Qm) ¢ € : M(mi—i-l)/(Qm) dt
' ()dtz _ ¢ < € ®) dt dti’F ()dtl
[ di*tu diu
+2Re/<&/€ (t)dtiﬂ,&/a ()dt1>dt
0
s/ (2m) ) U
LM ()dtl Vu € D (L,,),
t=0
we obtain
diu ditlyl|?
ml/(2m) 1/( 2m my/(2m)
‘&/g (t )dtz <(a+e ‘M (t) e dt
t=1
i (C +51/(2m)) (1 + 2M; ) (2m) /'M(m 1)/ (2m) (4 )Z; dt
d
‘&/m Qm)()dtzj t_07 i:07"'>2m_27

for all 7 € ]0, T, where the constant ¢; = sup,_, . || A7 (t) H;g[) is also independent of . By letting

e in the last inequality tend to zero and by using the property |.oZ%/™ (t)v — A2 ()| — 0 for
all v e Wo(t), t € [0,T], o < 2m, as € — 0, we obtain the estimate (8) for arbitrary functions u in
the sets D (L,,) defined in Section 3. Then the estimate (8) for all uw € D (L,,) can be generalized
to all w € E™ by passage to the limit.

DIFFERENTIAL EQUATIONS Vol. 43 No.6 2007



818 LOMOVTSEV

3. DEFINITION OF STRONG SOLUTIONS OF CAUCHY PROBLEMS

By #“ we denote the Hilbert spaces Lo (]0,T'[, W*(¢)) with Hermitian norms || - ||, a < 2m,
# = . The space # * is the set of all measurable functions u : [0,7] 3 ¢t — u(t) € H such that
u(t) € D (A*/?™(t)), t € [0,T], and h(t) = A**"(t)u(t) € # = Ly(]0,T[, H).

Let the Hilbert spaces #7'? be the sets of all functions u € # with finite Hermitian norms

» 1/2
lell.g = (Z! ) :
=0

let the Banach spaces &7 be the sets of all functions u € B([0,T], H) with finite norms

» 1/2
2
lulllpg = <sup 3 ) ;
0<t<T =5 '

and let the Banach space .Z([0,T], H) be the set of all bounded functions of ¢ € [0,7] ranging
in H, equipped with the uniform convergence norm || - ||, = supy,.7 |- |- In the definition of the
spaces # P4 and &P, the derivative du/dt is treated as a function du/dt € W 1(t) such that

d'u/dt'

d'u(t)/dt'

|Au(t) /At — du(t)/dt| 1, = (qu—”/z(t)mu(t) JAt — duf(t) /dt]‘ -0

as At — 0 for all ¢ € [0,7]. Higher derivatives d'u/dt" € W4~'(t) are defined recursively in a
similar way. In this definition of the derivative du/dt, we assume that u(t) € W(t) satisfies the
inclusions u(t + 7) € W7(t) for all sufficiently small 7 > 0, which are not necessarily valid for
any operator A;(t) with variable domain D (A;(¢)). In the case of variable domains D (A,(t)),
sufficient conditions for the well-posedness of this definition and the existence of all derivatives in
the below-introduced spaces #2™?™ and &?m~1.2m~! will be given in Lemma 1. The continuous
embeddings [1] #P1 C &P~ are usually valid for constant domains of the operators A, ().
These embeddings are not necessarily valid for variable domains of the operators A (t).

Let 22 and &?™~12m~1 be the closures of the above-defined sets D (L,,), whose definition

contains the requirement of the corresponding smoothness of the operators flk(t) with respect to
t, in the norms ||u||2m.2m and |||u|||2m—1.2m—1, respectively. The following assertion describes the
case of variable domains D (A;(t)) for which the continuous embeddings #?™?™ C &*m~1.2m=1 are
valid.

Assertion 1. If the assumptions of Lemma 1 are valid, then

2 2

du
dti

di+1u
dti+1

diu(t)
dtt

+ ¢ (1 + 2 M m,+1)/c2m) T T_lcl)
mi+1

1=0,...,2m —1,

<

‘ 2
)

m;+1,t 2m—1

for all w € 2™ and all t € [0,T].

Proof. The proof of the assertion is similar to that of Lemma 1 with the only difference: in the
integration with respect to ¢ from 0 to 7 (see the end of the proof of Lemma 1), one should take
the variable lower integration limit s < 7 instead of the lower integration limit ¢ = 0 and then
perform the estimate with the use of additional integration with respect to s from 0 to 7.

However, condition (7) is quite restrictive for the differential operators A;(t) for which the
dependence of the domains on ¢ is caused by the dependence of the coefficients in the boundary
conditions on ¢. Examples of operators A;(t) with variable domains D (A;(t)) that satisfy or do
not satisfy this condition will be given in Section 6. Therefore, in the following, we simply assume
where necessary (see Remark 1) that D (L,,) C &*m~12m=1 je.,

AR @) (diu/dt’) € B([0,T), H), 0<i<2m—1, Yué& D(L,). (12)

DIFFERENTIAL EQUATIONS Vol. 43 No. 6 2007



CAUCHY PROBLEMS FOR QUASI-HYPERBOLIC FACTORIZED EVEN-ORDER ... 819

As spaces of strong solutions of the Cauchy problems (1), (2), we take the Banach spaces E™
that are the closures of the sets

D(L,,) = {u € D(L,,): d*u/dt® € ¥V 5 =0, 2m — 1} ,
where
d*u
dts

d2m72u p dajAkj (t) d2m72p727\o¢(p)|u
dzm—2"’ L dti dt2m—2p—2—|a(p)|

D(L,,) = {u €7 € L, (J0,T[, V202 Fg = 0,..., 2m;

e 77, la(p)] <2m —2p -2,

1§p§m—1, 1§k‘1, ey kpﬁm, kz#kj},

[-] is the integer part of a number, a(p) = (v,...,a,) € Z%, and |a(p)| = oy + -+ + a, in the

norms
2m—1 2 1/2
el =4 sup 37 |
0<t<T 4= matlt

For the spaces of right-hand sides of Egs. (1) and the initial conditions (2), we take the Hilbert
spaces F™ = 77 x W?*m=1(0)x-- - x H, that is, the sets of all elements .# = {f, o, ..., Pom_1} € F™
with finite Hermitian norm

d'u(t)
dt

2m—1 1/2
2
LF1)m = {||f||(2) + ) |90j|mj+17o} :
=0

The Cauchy problems (1), (2) correspond to the linear unbounded operators
L'm = {%(t), lo, e >12'm—1} . E™ oD (Lm) — ™

with dense domains D (L,,), m = 1,2,... In forthcoming considerations, we use the following
sufficient conditions for their closability.

Lemma 2. If Conditions I, I [without inequality (3)], IV, and V and condition (12) are satisfied,
then the operators L,,, m =1,2,..., admit closure.

Proof. First, let us show that the set #%"" = {v e #>': v(0) = v(T) = 0} is dense in #.
Suppose the contrary: there exists some function 0 # w € S such that fOT(v,w)dt = 0 for
all v € #"'. In this integral, we set v = A7 L(t)h, where A7L(t) = (I+eA(t)"", e > 0,
h,dh/dt € 7, and h(0) = h(T') = 0; then we obtain the relation

T

/ (AT L(t)h,w) dt =0,

0

where Afi(t) are operators satisfying the properties 1 and 2 at the beginning of the proof of
Theorem 1. By using the known property (15), we pass to the limit in this relation as & — 0, use
the passage to the limit to generalize the resulting relation to all h € 7#°, set h = w, and obtain
lw||2 =0, ie., w=0.

Let us now verify the validity of the closability criterion for the linear operators L,,; this criterion
says that if w, € D(L,,), u, — 0 in E™, and L,u, = {Z.(t)u,, lotn,. .. lop u,} — F =

DIFFERENTIAL EQUATIONS Vol. 43 No.6 2007



820 LOMOVTSEV

{fs @0y Pam_1}in F™ as n — oo, then .# = 0. Since I, : E™ — W?m=179(0), j = 0,...,2m — 1,
are bounded operators, it follows that ¢; =0, j = 0,...,2m—1, and consequently, after integration
by parts with respect to t, we have

T T T
0 0 0
T
+ lim [ (AP A (1) - A (), AP (8)0) dE = 0,
0
d? ~
%(t) = ﬁ + k(t)

for all v € #"'. Tt follows that f = 0, since #"" is dense in #. The proof of the lemma is
complete.

Then we construct the closures L,, : E™ D D (f,m) — F™ of the operators L,,, m = 1,2,...
The domains D (Em) of the operators L,, are defined to contain all functions v € E™ for each of
which there exists a sequence u,, € D (L,,) and an element .# € F™ such that |||u, — ul||,, — 0
and {||Lpu, — ), — 0 as n — oo, m = 1,2,... In this connection, we assume that L, u =
lim, o Lpu, =%, m=1,2,...

Definition 1. Solutions u € D(Em) [respectively, u € D (L,,)] of the operator equations
Lyu=.9%, F € F", m = 1,2,... [respectively, L,u = ¥, .# € R(L,) = L, (D (Ly)),
m=1,2,...] are referred to as strong (respectively, smooth) solutions of the Cauchy
problems (1), (2).

4. UNIQUENESS THEOREM FOR CAUCHY PROBLEMS

First, we derive a priori estimates for smooth solutions of the Cauchy problems (1), (2).

Theorem 1. If Conditions 1, II, IV-VI and condition (7) are satisfied for m > 1, then there
exist constants co(m) > 0 independent of u such that

[ulll7, < co(m) (| Lmul),,  VYue€D(Ln), m=12... (13)
Proof. In view of Conditions I and V, we set
() = [+ Ai(t), KV = A1) XX Ma () X AMa () X X A,
1<s<k<n<m,and ,%(k’k) (t) = I and write
inlt) = MOV () + T (8),

where, by virtue of (6),

2m—3

| T ()ul” < &)

=0

2

diu
dtt

Vu € D (L) (14)

m;+1,t

for all ¢ € [0, 7] with constants ¢, > 0 independent of u and ¢. The smoothing operators A, () =
(I +¢cA,(t)",e>0,k=1,...,m, have the following properties [2].

1. We have
|Ag Lt —v| -0 YveH (15)

for all t € [0,T] as ¢ — 0.

DIFFERENTIAL EQUATIONS Vol. 43 No. 6 2007
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2. The operators A, _(t) have the strong derivatives dA,(t)/dt € %([0,T],2(H)) in H for
all t € [0,T].
By integrating by parts, we obtain the identities

(A A" O, AL OA™ (W)

T

t=1

—2ke [ (404" AL G A ) d

+/ (d (Ax(t) AL (1)) %(ml)(t)u,%(m?”(t)u) dt

dt

0

, m=1,2,...,
t=0

+ (A A W, AL O L (b))

for all u € D (L,,). By using the formulas [2]
d (Ax(t) Ay o(1) fdt = —Ap(t) Ay (1) (AL () /dt) Ax(t) Ay L(1)
and inequalities (3) in the second integral on the right-hand side, we obtain the inequalities

(A A W, AL O A ()

T

t=r1

< 2Re / (Ak(t),%(m’l)(t)u,A;i(t)%%(m’l)(t)u> dt

0
r

! [ (AHOA 00 AL O A 7 () d
0

+ (A A W, AL F ™ (1)

t=0

In these relations, we use property (15) and pass to the limit as € — 0; this yields

(A A" 0y, £ (1))

t=1
T T

<2Re [ (05 Ou g7 On) e [ (40 0u 05" 0u)

0 0

+ (ALt Z 1))

(16)

t=0
By integrating by parts, we obtain the identities

2

d mu) _ [
C A by - / <ﬁg¢ (0, A 0y )
d __(m) ? ~
+ E% (t)u Vu € D (L,,).
t=0

DIFFERENTIAL EQUATIONS Vol. 43 No.6 2007



822 LOMOVTSEV

By adding these identities to inequalities (16), we obtain
2]

<2Re / <Zn(t)u7 %%(ml)(t)u) dt + /@k(u,u)dt
0 0

d .. ? m
[E%( ’”(t)u‘ +‘Ai/2(t)3if Dty

t=T1

d

+ || )| + AP (¢ %(ml)(t)u2 Yu € D (L), (17)
o +] |

dt

t=0

where
Bulu ) = o (Z 0 AO A On) ~ 2Re (At G400

By virtue of Condition IV, the left-hand sides of inequalities (17) do not exceed the quantity

2
1,

where ¢, > 0 is a constant independent of u, ¢, and k. By using inequalities (5), one can justify the
following assertion.

[ L (18)

dt

+ | A" (0

t=1

Lemma 3. If the assumptions of Theorem 1 are valid, then there exist constants c3 > 0 and
¢y > 0 independent of w and t such that

m d ( 1) 2 ( 1) 2 2m—1 di’LL 2m—3 diu2
& gptm) (4 ‘y’”’ ¢ > : . : 19
> 'dt ST TR R ol = TS ol -

for allu e D(L,,) and t € [0,T].

Proof. We prove the desired assertion by induction on m. If m = 1, then Lemma 3 is valid.
Suppose that it holds for m — 1 distinct factors .#(t); in particular, inequalities of the form (19)
are valid for two sums,

Fmjai(V) = Y

k=2—j

dg(m J.2= J)(t
dt

2
(gﬂ(’” 2Dl ), =01

1,

By denoting the sum on the left-hand side in (19) by .%, 1(u), we find that it satisfies the relation
Ima(w) = (1/3) [ A2 (A (t)u) + F1a (A (H)w)] + T (81
when estimating it from below, the last four nonnegative terms in the expression

:é{;’f

k=1

2

dt

‘/// £). 21 (1)

1,

dZ D (t)u

dt
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can be omitted. If in the remaining terms of this expression .7, (t)u, we use an estimate of the
form (14 0)|z]2 —|y* > —(1+d6 ") |z —y|?, z,y € H, § > 0, with § = 1, then, by virtue of
inequalities (6), we obtain the estimate

2m—3

Tt 1@2

D (L
dtl Vu € D (L,,)

m,t

for all t € [0,T] with a constant & > 0 independent of u and ¢. Therefore, by the induction
assumption, we have

2m—3 ; 2
- d' #(t)u
T () 2 &Y ('TQE)

i=0 m;—1,t ‘

AL, ?

2m—3
_ =2
dti ,_“> “ Z

where ¢ c3 > 0 and ¢, ) > 0 are constants independent of u and t.

Since, by virtue of Condition V, the differentiation of the operators A; (t) and A,,(t) with respect
to t, the evaluation of their restrictions and the restrictions of their derivatives with respect to ¢

with D (L,,) to D (L,,), and elementary estimates lead to the inequality

2 2

diu d'u d' A (t)u d' 4, (t)u
M(t | A () — < | LARu PLEZAGL
dtz mifl t dtl mifl t dtl mifl t dtl mifl t
2m—3 ; 2
dl
+&? Y @ s,
=0 dtz ms,t

it follows from the identity |z + y|* = |z|* + |y|* + 2Re (x,y) and the Schwarz inequality that the
left-hand side of the last inequality is not less than the quantity

di+2 ( ) diu
L Ayl Al ) | S
dt +2 m;—1,t b bt dt m;—1,t
dt2uy diu diu /| du
—2|A (¢t A, (t —_— . , = — . ,
| A (t)w + ()w|mrl7t dtit2 — dti — w dtz/ dti L
which, in turn, by virtue of the d-inequality, is not less than the quantity
o_g |t A0, A O,
dti+2 Lt 0
XG |A<m+A(>\ 1 )wuz
|A1( ) mi—1,t + |Am( ) |mrl,t dt* m;+1,t
Since, by virtue of the parallelogram identity and inequalities (5),
o At Al ey A0 Al
0 — — & 9
‘Al( ) m.l—l t + ‘Am(t)w‘fnl—lt v ‘A ( ) m.l—l t + |Am( ) ‘mi—l,t

it follows that § can be chosen so as to ensure that d, < § < 2. This implies that there exist
constants ¢3 > 0 and ¢; > 0 independent of u and ¢ such that inequalities (19) are valid for m
distinct factors .. (t), k = 1,...,m. The proof of Lemma 3 is complete.

By summing inequalities (17) in view of the estimates (18) and by using the estimates (19) on
the left-hand sides of the resulting inequalities and the estimates (14), the Schwarz inequality, the
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Cauchy—Schwarz inequality, the d-inequality, and elementary estimates on the right-hand sides, we
find constants cs, ¢g, ¢; > 0 independent of u and t such that

am by i 12 2m—1 7
D /Z e [0
i=0 dt mi+1t|,_ dt' mi+1,t 0
2m—1 ) 2m—3 dzu 2
+or Y (lull, o+ Y e Yue D (Ly,). (20)
=0 =0 m;,t t—1

In the last sum in inequality (20), we use the interpolation inequalities (8) and find a constant
cg > 0 independent of u and ¢ such that

2m—1 dzu 2 7 2m—1
b 3 |2 / Z L / oyl dt
i=0 mitLt|,_ mi+1,t

2m—1

+ (C7 + 0?6264) Z |lju|12n]_+170 Yu e D (Lm) .

J=0

Then, in these inequalities, we use the following Gronwall lemma [4, p. 23 of the Russian transla-
tion].

Lemma 4. Ifv and g are nonnegative functions on [0, T], v is integrable, and g is nondecreasing,
then the inequality v(t) < c¢ [ v(t)dt + g(7) implies the inequality v(t) < e g(7), T € [0, T).

Then we obtain the inequalities

2m—1 | 5 (2 . 2m—1
d'u cogT 2 2
CoC3 EO ar| t < g% 06/|,%n(t)u| dt + (c7 + eacy) jEO |l u|m t10 | (21)
1= K3 9 — 0 i

where ¢y = cg/(coc3). By evaluating the least upper bound with respect to 7 in inequality (21),
we obtain (13) for all u € D (L,,) with constants co(m) = exp (¢oT') max {cs, c7 + cicacs}/(cac3).
The proof of Theorem 1 is complete.

Remark 1. In general, if the energy inequalities (13) can be derived without using the in-
clusion (12), then condition (12) is satisfied. If, in the derivation of the energy inequalities (13),

instead of the integration with respect to ¢t from 0 to 7, we use the integration with respect to t
from s < 7 to 7 and then the additional integration with respect to s from 0 to 7', then

H‘qum—l,Qm—l S Eo(m)HquQO, Eo(m) > 07 m = 17 27 R

for all functions u € D (L,,).
Now let us derive a priori estimates for strong solutions of the Cauchy problems (1), (2). The fol-

lowing assertion is a straightforward consequence of Theorem 1.
Corollary 1. If the assumptions of Theorem 1 are valid, then the energy inequalities
= 2
1lulll, < co(m) (|| Lmul)),,,
are valid for all u € D (l_}m) ,m=1,2,...
Proof. By taking into account Remark 1, we find that condition (12) and Lemma 2 on the
closeness of the operators L,,, m = 1,2,..., are valid. Therefore, by using passage to the limit, one
can generalize the energy inequalities (13) from smooth solutions v € D (L,,) to all strong solutions

u € D (L,,) of the Cauchy problems (1), (2).
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5. EXISTENCE THEOREM FOR CAUCHY PROBLEMS

From Theorem 1 and Corollary 1, we find that if a strong solution of the Cauchy problems (1), (2)
exists, then it is unique and continuously depends on the data f and ¢;, 7 =0,...,2m —1. The fol-
lowing assertion justifies the strong solvability of the Cauchy problems (1), (2) for all . € F™.

Theorem 2. Let Conditions 1-V1 be satisfied. If condition (7) is valid for m > 1, then for any
[ € and p; € W™itH(0), j =0,...,2m —1, there exists a strong solution u € E™ of the Cauchy
problems (1), (2).

Proof. We perform the proof by induction on m. If m = 1, then, by virtue of inequalities (3)
and (4), the equation Liu = . is solvable [2, 3] for any . € F'. By induction, we suppose
that the equations L,,_,u = .# are solvable for any .# € F™ ! and for any set and order of
m — 1 distinct factors .#,(t) in 4,_1(t) and prove the solvability of the equations L,,u = .# for
all F e F", m=2,...

Consider the linear operators L,(Cm’l) = {%(m’l)(t), loy- - ylom s} : E™ DD (L, 1) — F™lin
other spaces, L™": E™ > D(L,,) — E*™ k =1,...,m, where E'™ = E* x W?™2(0) x --- x
W1(0) are the Banach spaces with norms

2m—3 1/2
2
ul||1,m = (IIIUIII?Jr > IljUImj,o> :
j=0

—

The closure L,(cm’l) of the last operators is given by the restriction of the closure of the first operators
LY to Em; e, LY = L™V since ™Y < L™V and the L™V : E™ 5 D (L,,) — E™,
Enl

k=1,...,m, are continuous operators. In addition, consider the linear operators

M, = {%(t),A;l/z(O),...,Al_l/Q(O),lo,ll} : EY™ 5 D (Ly) x W2 2(0) x -+ x W'(0) — F™,

whose closures My, by [2, 3[, have bounded inverses M, ' : F™ — E'™ k =1,...,m. By virtue
of the estimates (14), the solutions of the equations L,,u = .# for # € F™ are simultaneously

solutions of the equations MkL,gm’l)u = % for
o (m,1) _ m .
ﬂz_y+{[///k(t)g; (1) ,%(t)]u,o,...,o}eF . k=1,...,m.

Lemma 5. Let X, Y, and Z be Banach spaces. If S : X — Y s a linear operator closable by
continuity to a bounded operator S and P :Y — Z is a linear operator that admits closure P, then
the product P-S : X — Z admits closure P-S, and P-S C P - S.

Proof. By the closability criterion for linear operators in Banach spaces, to prove that the
product P - S is closable in X x Z, we show that if u,, € D(P - S5), v, — 0in X, and (P - S)u,, =
P (Su,) — gin Z as n — oo, then g = 0. It follows from the assumptions of this criterion that
v, = Su, € D(P), v, — 0in Y since S is a bounded operator, and Pv, — g in Z as n — oo.
Consequently, g = 0, since P admits closure in Y x Z.

It remains to prove the algebraic embedding P-S C P-S. Let (P—S) u = g; i.e., there exist
u, € D(P -S) such that u,, - v in X and (P - S)u, — g in Z as n — oo. Then, obviously,
v, = Su, € D(P), v, — Su in Y since S is a bounded operator, and Pv, — ¢ in Z as n — oo.
Hence it follows that Su € D (]5) and (P . 5) u = g. The proof of Lemma 5 is complete.

By applying Lemma 5 to the operators S = L,(Cm’l) and P = M, in the spaces X = E™,Y = Eb™,
and Z = F™, we obtain the embeddings MkL,(fm’l) C MkL;m’l), k=1,...,m. Hence we find that
the equations MkL,(cm’l)u =% forallue D (l_}m) can be represented in the form MkL,gm’l)u = %,
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k=1,...,m. By [2, 3], the last equations have solutions L(m 1 =M, ' % € EV™ for all %, € F™,
—1 l
and, by the induction assumption, they have solutions u = L,(Cm’l) M; ' % € E™~!, where L,(Cm’l)

are the inverses of the operators L(m’l) k=1,...,m. It remains to justify the inclusion v € E™.

Let us show that the smoothness of this solutlon u € E™~! can be increased by unity owmg to
the smoothness of the right-hand side, M, '.%, € E'™ instead of M, '.%, € F™ k = 1,.
Lemma 3, together with Lemmas 1 and 4, 1mphes the inequalities

clo|||u|||m_ZH(L<ml> I ewso vueDE),

which, by passage to the limit, can be generalized to all functions v € E™ in the domains of
the closure L/,(Cm\l) . These inequalities imply that the operators W are homeomorphic mappings
of the space E™ onto their ranges R (L/%n\l) ) equipped with the norm of the space E*™. To complete
the proof, it remains to show that R (L/Snm\l) ) = EY™. In turn, to this end, it suffices to show that the

equations L,ﬁ’”% = ®,, k=1,...,m, with an arbitrary right-hand side ®, in a set dense in E™
have solutions in v € E™. By virtue of the estimate (14) with m — 1 instead of m, the solutions

v 6 Em=! of the equations L,gm’l)v = ®, € F™ ! are simultaneously solutions of the equations
L® M0 =&y, where L , = LI™® LMD and

m2

by =0+ { A O AV O M) - V0] 0,0, 0 € P
for k =2,...,m and the equation LSZQMmU = ®,,, where LSLZ = L™ and

&, =, + { [g;gmﬂ) ()M (t) — g@“’“”(t)} 0,0, ... ,o} e Frl

/\

for k = 1. Below we increase the smoothness of solutions of the operators L 0W1ng to increasing
the smoothness of solutions of the operators My, k= 1,...,m.

Let the Hilbert space #2?2 be defined as the set D (Ll) equipped with the Hermitian norm
2 2112 2 2\ /2
(lul)s.e = (|la®u/de2| [} + lldu/atl2 + 1ul3)

To shorten the notation, we set /%0( ) = My (t), My = M,,, and d, = ,,. If the function v € ™!
is a solution of the equations Lm GMy_ v =@ for &y € F2m = 72 x W2 1(0) x --- x

W2(0), then M, L™ M, _jv = My®,_; € F™, where My = {#4(t),1,...,1,lo,l,} : F>™ — F™.
k=1,...,m, are bounded linear operators.

Lemma 6. Let X, Y, and Z be Banach spaces. If P : X — Y is a linear operator that admits
a closure P, S :Y — Z is a linear bounded operator, and their product S - P : X — Z admits a

closure S - P, then S-P C S - P.

Proof. Let (S . P) u=g. Then u € D (P); i.e., there exist u, € D(P) such that u, — v in X
and Pu, — PuinY as n — co. Since the operator S is bounded, we have S (Pu,) — S (Pu) in Z
as n — oo. Hence it follows that u,, € D(S - P), u,, — v in X, and S (Pu,) = (S - P)u, — gin Z
asn — oo; ie, u€eD (S—P) and (S—P) u = g. The proof of the lemma is complete.
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By applying Lemma 6 to the operators P = Lf,]f),ng_l and S = M, in the spaces X = E™,
Y = F?™ and Z = F™, we obtain the embeddings

M L® M, C M, (L;leMk,1>, k=1,....m. (22)

m2

By applying Lemma 5 to the operators S = Mk,l = {#_1(t),lo,ly} : E™ D D(L,,) — E™ ! x
W2m=2(0) x W2m=3(0) and P = MLY , = {4.6)2%,t), AT2(0), A7%(0), 1o, ..., lom_3}:
Em=1 x W2m=2(0) x W2m=3(0) D D (Ly,_1) X WQm—Q(O) x W2m=3(0) — F™ where £",(t) are the
first operator coordinates of the vector operators L

m—2

we obtain the embeddings

(MkL )MkchkL VM1, k=1,...,m. (23)

From (22) and (23), we have the equations MkL( ZoMy_1v = M, D, 1, k=1,...,m, which, by the
induction assumption, have the solutions ./, (t)v € E™ ', n=1,...,m, for n = k -1

Lemma 7. If the assumptions of Theorem 1 are valid, then there exist constants ci1 > 0 and
c12 > 0 independent of v and t such that

m 2m— dl% 2m—1 di'l) 2 2m—3 di'l) 2

> , - , =2,3,.. 24
Z Z LT ‘11 Z di | Ci2 Z de| m 735, (24)
k=1 i=0 m;—1, i=0 m;+1,t i=0 m;,t

for allve D(L,,) and t € [0,T].

Proof. Lemma 7 can be proved by induction over m by analogy with the proof of Lemma 3.
By using Lemmas 1 and 4, from (24), we obtain

2m—3

cuglllolllz, < D MA@olliy + D 1ol o0 s >0.
k=1 j=

By passing to the limit, we generalize these inequalities from the solutions v € D (L,,) to solutions

of the desired equations with right-hand sides M, ®;,_, such that M(tyv e E™ 1 k=1,....m
and obtain v € E™, since v € E™~!. Therefore, the earlier-found solution v € E™~! of the original
equation with arbitrary right-hand side . € F™ indeed belongs to the space E™, m = 2,...

By induction over m, hence we obtain

:E;llj:Mfan:ljeEm \V/jEFm, m:le,.” (25)

Remark 2. In the same way, the assertions of Theorem 1 and Corollary 1 [possibly, with larger
values of the constants cy(m)] and the assertion of Theorem 2 (with the use of continuation with
respect to a parameter) can be generalized to the equations with lower terms

ty— =f, te€lo,T[, m=12..., (26)

if Bp(t) € % ((0,T],2(W™+L(t),H)), k = 0,...,2m — 1. The lower terms of Egs. (26) should
be treated not only as additional terms subjected to the leading terms of these equations but
also as the factorization remainder of arbitrary quasi-hyperbolic even-order differential-operator
equations, i.e., as terms preserved under the reduction of quasi-hyperbolic even-order differential-
operator equations to their factorized (divergent) form (1).

Remark 3. The analysis of the proof of Theorem 1, Corollary 1, and Theorem 2, shows that if
all operators Ay (t) = A;, are independent of ¢ and commute with each other, then the interpolation
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inequalities (8) become unnecessary, and consequently, in these assertions, the sufficient condi-
tion (7) for m > 1 is unnecessary even if the domains D (Ax(t)) of the restrictions Ay (t) depend

on t. Note that, as a rule, this condition is satisfied even if all A;(t) smoothly depend on ¢ and do
not commute with each other, but the domains D (Ay) of the operators Ay(t) are independent of

t [1], i.e., if A,(t) = Ag(t). In addition, such variable operators Ay (t) with constant domains D (A},)

were subjected in [1] to the more restrictive condition dA~'(¢)/dt € .% ([0, T], 2 (H,W?*™(0))) for
all m > 1.

6. EXAMPLE OF MIXED PROBLEMS

In the bounded domain G = ]0,T[ x |0,I[ of the variables ¢ and z, we consider the following
mixed problems: the differential equations

(07)08% — a2,0°02?) - -+ (0% /0t — ] /02*) u(t,x) = [f(t, ), (t,z) € G, (27)
where a;, > 0 are distinct constants and a; = 1, with the boundary conditions

0% lu(t,0) /02 — B(t)0*u(t,0)/0z* = 0,

_ . - _ _ 28
0¥ lu(t, 1) /02 + B(t)0% u(t,l)/0x* = 0, t €0,7T), i=0,...,m—1, (28)

where (t) and 3(t) are nonnegative functions that do not simultaneously vanish for any ¢ € [0, 7]
and are twice continuously differentiable with respect to ¢, with the initial conditions

u(0,2) /0t = ¢;(z), x €]0,1[, j=0,...,2m—1, m=1,2,... (29)

Let us show that, by Remark 3, the differential operators Ay(t) obtained as the restriction of
the differential expressions Ayu(t,z) = —a20?u(t,z)/0z2, t € [0,T), to the domains D (A (t)) =
{u € Ly(0,1) : wu(x) € (26) for m = 1; Ay(t)u(z) € Ly(0,1)}, t € [0,T], satisfy the sufficient
assumptions of Theorems 1 and 2 in the Hilbert space H = L,(0,1). The operators A,(t), t € [0,T],
are self-adjoint in L,(0,1), since they are obviously symmetric in L,(0,1) and have bounded inverses

T l l

AN (g = — / (z — s)g(s)ds + (4(t) + B (t)z) / g(s)ds + (Z() + T (b)) / (i - 8)g(s)ds

0 0 0

on Ly(0,1), where o (t) = 1/ (8+0+160), %i(t) = B#A(t), (t) = Bo4(1), and Zi(t) = BHA(1).
Obviously, they are positive in Ly(0,1). Their boundedness in L,(0,1) follows from the inequalities

_ 2
HAl 1@)9“@)9 < 013Hg”g79 vQ € L2(Oﬂl)7 te [O,T],
where || - [|o,o is the norm in L,(£2), 2 =0, [, and

ciy =17 max [I” +3(1+18)%o747(t) + 1*(1 + 18)* &7 (¢)] -

The operators A;'(t), t € [0,7T], have the strong derivative

dA(l;tl(t)g = (54(t) + i (0)2) / g(s)ds + () + A(1)e) / (1 - s)g(s)ds

in Ly(0,1), where the dots above functions stand for the first derivatives with respect to ¢. This
strong derivative is a bounded operator in L(0,1), since ||(dA;"(t)/dt) gH(zm < cu4llgl§  for all
t €10,7], all g € Ly(0,1), t € [0, T], where

eve = 40 max [S42(8) + (2/3) FEE) + (12/3) G20 + (1'/9) (1))
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and satisfies inequality (3), since

2
A (t)u

0,0

= ((dAT(2)/dt) A (t)u, Ay (t)u)

<
o >Cis5

0,

for all w € D (A;(t)), t € [0,T], where (-,-)o.q is the inner product in Ly(0,1) and

%(t)‘JrlQ

aw)|) (1+45).
Z()|) 1+ ),

C15 = 01;1&);{ (2 ‘&/1(15)‘ +VI(1+1) ‘%(t)‘ +V1
(2 ‘Vé/l(t)‘ + \/Z(%ﬁ(t)( VI D)
\fl‘%(t)‘ +Vi

?i(t)‘ e

a| + 2170}
Here we have used the relation

HAV%w4£Q:1+%@)<

1
180

The operators dA;*(t)/dt have the strong derivative

ou(t,1)
ox

+B(t)IU(t,l)|2>

2

ou(t,0)
ox

@
Ox

. te0,T].  (30)

0,0

+ﬁmmamw>+'

dzf;;t;(t)g = (40 + H®e) / g(s)ds + (% (1) + Hr(b)e) / (1 — 5)g(s)ds

0
in Ly(0,1) for all ¢ € [0, T, which is bounded in L4(0,1), since
_ 2
H(@AT @)/d%) glloq < crllglia Vg € La(0,0)
for all ¢ € [0,T], where the constant ¢ is obtained from the constant c;; by the replacement

of functions with a single dot by the same functions with double dots standing for their second
derivatives with respect to t. The operators d2A;*(t)/dt?> satisfy inequalities (4), since

(@A (0/d) g, Ax(1)u), o] < erelollos

Ai/z’(t)uH _VgeLy(0,l), VueD(Ai)
0,
for all ¢t € [0,T], where

crr = V1 sup {(\/g‘sa/l(t)‘ +1

o<t<T

gl(t)‘) a + 8,

Ql(t)‘}.

%(t)“x/ﬁl‘%(t)‘ﬂz

?ﬁ(t)() V1+6,V3

(v3 \;a'/l(t)( +1

%(t)‘ + 132

Obviously, the operators Ay(t), t € [0,T], also satisfy Conditions IV-VI. Moreover, the Banach
spaces VZN”C are just the Sobolev spaces W2¥(0,1) with their ordinary norms || - ||lar.0, K =0,...,m,
V? = D(A,), VO = Ly(0,1). The Hilbert spaces W?"(t) are the closed subspaces W3’ ,(0,1) of the
Sobolev spaces W2*(0,1), namely, the sets

{ueWs*(0,0): uwe(28), te0,T], i=0,....,k—1}
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equipped with the Hermitian norms || - [|ox +.o inherited from W3*(0,1), k = 1,...,m. The Hilbert

spaces W2k+1(t), t € [0,T1], are the spaces WQ%AJ%(O 1), which are the closures of the sets

{ue WF2(0,0): ue (28), t[0,T], i=0,...,k}
in the Hermitian norms

Jutt, @)laks1.0 = AV (00 u(t, 2) /02

) k=0,...,m—1.
0,0

The Hilbert spaces W(t), t € [0,T], for noninteger a € ]0,2m/[ are defined in a similar way.

For the mixed problems (27)-(29), for the Banach spaces & (G) of their strong solutions,
we take the closures of the intersections of the closed subspaces of the Sobolev—Slobodetskii spaces
D (L) ={u € Z (L) : u € (28)}, where

82m—2—2[(s+1)/2]+su
OtsOx2m—2-2[(s+1)/2] ’

=0

2m
Q(Lm) = {u c n W2i,2m72[(i+1)/2](G) L, =

Ov,(t,0)
ox

v, (t,1)

— Btyus(t,0) = =55

4B, (t0) =0, t € [0,T], 8:0,...,2m—2},

1/2
m; +1tQ}

For the mixed problems (27)—(29), for the spaces of the right-hand sides f (t,z) and the initial
data ¢;(z), we take the Hilbert spaces .#™(G) = L1(G) x WZQ’X(OZS(O ) x -+ x Ly(0,1) of functions

in the norms
81
8#

<t<T °;
1=0

llu(t, 2) [l = { sup 3

F(t,x) ={f(t,z), po(z), ..., Yam_1(z)} with Hermitian norms
1/2
2m—1
05 ()l / [CRIIEED LIRS B

where, just as above, the Hilbert spaces Wy 5 ) (0,1) are the closures of the sets of all functions u(z)

in the Sobolev spaces W2 T/2(0, 1) satisfying condition (28) for t = 0 and i =0, ..., [(s+1)/2] in

the Hermitian norms

, s=1,...,2m — 1.
0,0

[u()]]s.0.0 = "AgS_Z[S/Q])/2(0)82[S/2]u(w)/axQ[s/Z]

By taking into account Remark 3 saying that condition (7) with m > 1 becomes unnecessary in
the case of constant coefficients ay,, from Theorem 1, Corollary 1, and Theorem 2, one can obtain the
following theorem on the existence and uniqueness of strong solutions of problems (27)—(29) and
their continuous dependence on the right-hand sides of the equations.

Theorem 3. If the coefficients 3 and (3 satisfy the above-mentioned conditions for the functions
f(t,z) € La(G) and p;(x) € W;ZH(O 1), 7 =0,...,2m — 1, then the mized problems (27)—(29)
have a unique strong solution u(t,z) € C?™=Y ([0, T], L,(0,1)) N &™(G) such that

llu(t, 2)[I[7, < co(m)(|.7 (¢ )5,

F(t3) = {f(t,2),00(), ., Pama (@)}, m=1,2,... (31)

Note that Theorem 3 was announced in [8].
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Remark 4. In these mixed problems, the requirement that the functions 8 and 3 do not
simultaneously vanish for any ¢ € [0,7] is not important and is caused only by the fact that the

inverse operators A;'(t) are bounded in L,(0,l) to simplify the verification of the assumptions
of Theorems 1 and 2 and Corollary 1. If, in the proof of Theorem 3, we choose (A;(t) + 51[)_1,

d; > 0, instead of A7'(¢), then in this case, the functions 3 and 3 can simultaneously vanish, and
the assertion of Theorem 3 remains valid in this case.

7. DISCUSSION OF THE CAUCHY PROBLEMS

In the Hilbert space H = L, (R™), n > 1, condition (7) with m > 1 in Theorems 1 and 2 is valid

for the differential operators
AR =T =2 pt)>n/2, p(t) € CVN0,T),

where A, is the Laplace operator with respect to x = (z1,...,z,) € R" with t-dependent domains
D(A(t)) = {u(m) €Ly(RY): (I—-A)""ux)e L, (]R”)}, t € [0,T]. Here fractional-order partial
derivatives and fractional-order powers of the given operators A(t) in the definition of the spaces
We(t) are given by the expressions A%/?™) (t)y = F~1 [(1 + )PP Pl o > 0, for all
ueD@@Wm@)wdAﬂWm@g:FﬂﬂLerWWWﬂ*%a>aﬁnﬂgeLﬂRm

where F' and F~! are the direct and inverse Fourier-Plancherel integral transforms and * stands
for the convolution of functions. By using the properties of the Fourier—Plancherel transforms, we
find that A'=Y@m)(¢) (dA1(t)/dt) € .Z ([0,T), < (Ly (R™))) for m > 1, since

[(1 F1EP) Y (14 1ef?) Flgl] |

2

)2
(’t)

| @) (dA7 @) /de) g = (/1)
(

p(t)/(2m)+e

)
2
< <t>>2 ()’
= (ee)2(2n) (00)?

for all ¢ provided that the parameter satisfying the estimate Inz < (1/ge)z? for all z > 1 is
0 < o < ming 7 p(t)/(2m).
Unfortunately, condition (7) with m > 1, which provides the interpolation inequalities (8), is

rarely valid for the elliptic differential operators A;(t) with t-dependent coefficients in boundary
conditions. We show that it fails for the operators A;(t) in the mixed problems (27)—(29) with
m = 2. For them, this condition with m = 2 is equivalent to the condition

IF[glll” = lgl* Vg€ Ly (R")

A2 (t) (dA(t)/dt) € 7 (0, T),2(L2(0,1))),

which is not necessarily valid. On the right-hand sides of the relation

—2 -1 —1

L A7), (32

the terms are not necessarily bounded operators if at least one of the coefficients 3(t) and 3(t)
depends on t, since in this case the derivative dA;"'(t)/dt can “lose” boundary conditions neces-
sary for the square root A}/*(t). If the coefficients 3(¢) and B(t) in (28) with m = 1 vanish in
some open neighborhood V; of the point %y, then it is well known that the boundary conditions
0v(x)/0x|,—0 = 0 and dv(x)/0x|,—; = 0 for t € V, are not necessarily satisfied by all functions
v(z) € D (Al/ (t t)) in the domains of the operators Ai/ ?(t), since in this case their graph norm is
equivalent to the norm of the Sobolev space Wy (0,1) [see (28) and (30)]. However, if there exists
a ty € [0,T] such that 3 (ty) # 0 and 3 (to) # 0, then, by virtue of their continuity, there exists a
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neighborhood V; of this point ¢, such that §(t),3(t) # 0 for all t € V. Then, from the formula
for the graph norm of the operators A;/*(t), the first boundary condition (28) for m = 1, and
formula (30), we find that, for each ¢ € V4, the functions v(x) € D (A}/ 2(t)) are continuous with

respect to z, and the derivatives dv(z)/dz belong to the space Ly(0,1) and have trace for z =0 in
the generalized sense as the limit

Ou(w) /0], = i Bv,(2)/0|,_y = B(t) Tim v, (x)],_, = B(t)0(0)

of some functions v, (z) € D (A;(t)) = {w € W;(0,1) : w € (28) for m = 1} in R by virtue of
the definition of the square root A/ *(t). The above-mentioned assertions are valid for the trace
ov(x)/0x|,—; of all functions v(z) € D (Ai/z(t)), t € Vy. Therefore, in this sense, for each t € V),

the boundary conditions [0v(x)/0x — B(t)v(x)]|s=0 = 0 and [8’0(1‘)/61‘ —I—B(t)v(:E)H = 0 are
preserved for all functions v(z) € D (Ai/ 2(t)), while they can fail for the derivative dA; " (t)/dt in

the case of the coefficients B(t) and (or) B(t) depending on t € Vj,. Indeed, if, for example, 3(t) = t,
B(t) =1, and [ = 1, then the functions

v(z) = dA;t (t)g = (;; ;2 /(2 —s)g(s)ds Vg € Ly(0,1)

do not satisfy the t-dependent boundary condition

[ag(;) B tv(m)] L_O _ %—11 1(2 —8)g(s)ds=0 V>0,

for example, for g(x) = 1. Therefore, for such §(t), (t), and [, the first and, all the more, second
products of operators on the right-hand side in (32) cannot be bounded in Ly(0,1); in addition, this
disadvantage cannot cancel by summation. Note that, for the above-mentioned values of 3(t) = t,
B(t) =1, and [ = 1, the functions v(z) = (dA7'(t)/dt) g satisfy the t-independent second boundary
condition [Jv(x)/0z + v(z)]|.=1 = 0, t € [0,T], for all g € Ly(0,1). How to eliminate or, at least,
weaken condition (7) for m > 1 in the Cauchy problems (1), (2) for the case in which the operators
Ay (t) depend on t, have t-dependent domains, and do not commute with each other?
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