ISSN 0012-2661, Differential Equations, 2006, Vol. 42, No. 6, pp. 874-881. (© Pleiades Publishing, Inc., 2006.
Original Russian Text (© F.E. Lomovtsev, 2006, published in Differentsial’nye Uravneniya, 2006, Vol. 42, No. 6, pp. 820-826.

PARTIAL DIFFERENTIAL EQUATIONS

A Generalization of the Lions Theory
for First-Order Evolution Differential Equations
with Smooth Operator Coefficients: 11

F. E. Lomovtsev
Belarus State University, Minsk, Belarus
Received August 28, 2002

DOI: 10.1134/S0012266106060115

The present paper is a continuation of [1], where Theorem 1.1 in [2, p. 129] on the existence and
uniqueness of solutions of the Cauchy problem for first-order operator-differential equations with
variable domains of symmetric leading parts was generalized to the case of nonsymmetric leading
parts of smooth operator coefficients and a new class of even-order partial differential operators
with symmetric leading parts and variable domains satisfying the assumptions of Theorems 1,
3, and 4 in [1] was constructed. The well-posed solvability of mixed problems was proved for
partial differential equations with symmetric and nonsymmetric leading parts and time-dependent
boundary conditions. We continue the numbering of sections, assertions, remarks, formulas, and
constants in [1].

Continuing Section 5 in [1], we first give a second example of variable domains D(A(t)) for
odd-order partial differential operators A(t) satisfying property III; in Theorem 4 in [1].

2. In the theory of boundary value problems, we use this example for nonsymmetric leading
parts of the operators A(t). If all coefficients a; ; belong to B ([0,T],2 (W;mel/Q(S))), then the
boundary conditions

i<j

F](t)u =7u (11?,) - Z am(t)%u (x/) = 07 x' e Sv J € J2m+17
1€J_(2m+1)
i<j (23)
L et)u =~u(z) — Z ai;(t)viu(z') =0, 2'€S;, 1<k<n, je 1,
1€J_(2m+1)

tel0,7], m=0,1,...,
make sense in the Sobolev space W3 (Q), where

J2m+1 :{]8 € [0,,27’)’2] : ]-SSSq}u
Jomi1 = 1Js € ([0,...,2m\Jopi1) - g <s<m+1},
J7(2m+1) = [07 s 72m]\ (J2m+1 U J2_7n,+1) ’

and S, are the sets of all points 2’ of the boundary S with negative direction cosines of the angles
between the outward normal v to S and the axes Oz, 1 < k < n. We set

D(AW) = {u(t) € Wg™(©) : u(t) € (28), ADyut) € Lo()}.
where A(t) = > aj<ams1 Ga(t, 2) D3 Consider the operators

A(t) : Lo(Q) D D(A(t)) 3 u — A(t)u € Lo(Q),  te[0,T).
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For each t € [0,T], the domains D(A(t)) are closed in the space W, !(Q). The Sobolev space
W3 (Q) can be expanded in the direct sum

WETHQ) = WEmHQ) @ %7 (9),

The projection operators are defined with the use of the boundary operators I';(t), j € Jop 41, and
Fj,k(t)7 1 S k S n, j € J;m,+1'

Definition 5. The projection of a function u € W5 (Q2) are defined by P(t)u = u(t), where
u(t) € (23) and inf, [|[u — v(t)|2ms1,0 = |l — w(t)|2m+1,0, the infimum being taken over all
v(t) € D(A(t)), t € [0,T].

The following assertion describes the action of the projections P(t).

Lemma 5. Let the projection operators P(t) be defined on D(A(t)) in the space W3 (Q).

For each function u € W31 (Q), there exists a unique function a(t) € D(A(t)) with boundary
values

1<j
Vja(t) = Z a’i,j (t)ﬂ)/zua j S J2m+17
1€J_(2mt1)
Va(t) = YU, j g J2m+1 U J2_m+17 on Sa
’ ’ i<j (24)
v U(t) = Z a; j(t)yiu on S,
€I (2mt1)

Vja(t):ﬂ)/]u on S;:S\S;a 1§k§n7 jEJQ_m-l-lv

in W™ TT2(8), 0 < j < 2m, such that P(t)u = a(t) in W2 (Q) for all t € [0,T] provided that
Yat) € WSTTTAS) V€ Ty (25)
in the data (24) for all u € W™ (Q).

Proof. The proof is similar to that of Lemma 1 in [1].

For each function u € W, (), the function P(t)u = @(t) is strongly continuous with respect
to t on [0, 7] in W;™(Q) provided that the coefficients a, ; are strongly continuous with respect to
tin 8 (me_Hl/Q(S)), i € J_@2m+1), J € Jamy1. The projections P(t) have a weak derivative with
respect to t in W5 () provided that the coefficients a; ; are weakly differentiable with respect
to t in & (W™ %(S)), i € J_ami1), J € Jamsr-

Lemma 6. Let the coefficients a, ; be strongly continuous with respect to t in £ (W;m_Hl/Q(S))
and have weak derivatives a; ; € Loo(]O, T, E(W;mel/Q(S))) 1€ J_(am+1), J € Jamy1, with respect

to t. For each function u € W™ (Q), for almost all t, there exists a function w(t) € % " (Q)
with boundary values

1<J
VU () = Z a; ; (t)viu, J € Jam1,
1€J_(2m41)
a'(t) =0, | & Jomir Udgq,  on S,
;U () . J & Jama 2m—+1 (26)
wE ()= Y @t on S,
iEJ_(gm,+1)

vu () =0 on Sf, 1<k<n, je€dy. 1,
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876 LOMOVTSEV
in W™ TT2(8), 0 < j < 2m, where @(t) is the function in Lemma 5 such that
P'(t)yu=w(t) for almost all t (27)
in the space Wy ™ (Q) provided that
Vil (t) € W TTVR(S) Vg€ Jgy (28)
in the data (26) for all u € Wi™(Q).

The proof is similar to that of Lemma 2 in [1]. By using Lemmas 5 and 6, one can prove the
following assertion.

Theorem 6. Let the coefficients Dja, € C([0,T] x Q), |8] < ||, have the derivative Da, /0t €
Lo.(]0,T[xQ), |a| <2m+1, for almost allt, let the differential expressions A(t) with the boundary

conditions (23) satisfy properties I, and II, in Theorem 4, and let Ay(t) = A(t) + col be coercive
in W3 H(Q) (i.e., the inequality
Ao(t)u(?)

[u(®)ll2m+1.0 < ¢ Vu(t) € D(A(t)) (29)

0,0

is walid for all t € [0,T], where cg > 0 is a constant independent of u and t). Let the adjoint
operators in Lo(Q2) be given by some differential expressions

Aty= ) at)D,  Aj(t) = A(t) +col,

la|<2m+1

with coefficients D%a’ € C([0,T] x Q), da:, /0t € Lo.(]0,T[ x Q), 18] < |a| < 2m + 1, and some

boundary conditions {Fj(t)} satisfying the inequalities

*
‘]2'm+ 1

Jor o], <o

where ¢ > 0 is a constant independent of v and t. If all coefficients a, ; are strongly continuous
with respect to t in & (W™ ~"%(S)) and have weak derivatives a;; € Lo (10,77, 2 (me_Hl/Q(S)))
with, respect to t in W™ ""/2(S) for almost all t such that

a;,j ()i

‘fl(’;(t)v(t)H Vo(t) € D (A* (1)), (30)

0,9

{O,S < C;’j [u](t) Vu € D(A(t))a 1€ J7(2m+1)7 ] € J2m+17
<cMuly Yue DA®), i€J @miy, 1<k<n, j€Jm,,

a’;,j (t)viu
(31)

.57

where cgyj,cz(? > 0 are constants independent of u and t, and the continuation conditions (25) and

(28) are walid, then the projections P(t) : W™ () — D(A(t)) satisfy property 111, in Theorem 4.

The proof is similar to that of Theorem 5 in [1]. We only indicate the crucial points.

1. Property (i) of the projections P(t) in [1] follows from Lemmas 5 and 6.

2. The weak continuity of the function u(t) = Ay'(t)g with respect to ¢ on the interval [0, T]
in W5 (Q) for each g € Ly(£2) follows from the estimates (29) and the continuity of the coefficients
a}, of the adjoint differential operators with respect to ¢. This permits one to prove the strong
continuity of the functions u(t) with respect to ¢ on [0, T'] in W3 (Q) with the use of the continuity
of the coefficients a, of the original differential operators with respect to t. One can readily
show that 77'P(¢t + 7)(u(t + 7) — u(t)) — w(t) weakly in W;"(Q) for almost all t as 7 — 0;
therefore, by Lemma 6, there exists a weak derivative of u/(t) with respect to t in W3™(Q).
In this connection, Lemma 4, which is valid in W;™*(2) as well, is essentially used in the proof.
The proof of property (ii) of the projections P(t) in [1] is complete.

Let us compute the weak derivative of w'(¢) with respect to t.
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Lemma 7. Let the assumptions of Theorem 6 [without conditions (30) and (31)] be satisfied.
The functions u(t) = Ay '(t)g have the weak derivative

/(1) = — A5 (1) (9A@)/08) u(t) — A5 (1) Ag(D)i(2) + (), (32)

Pt (t) = — A5 () (9A(1) /0t ) u(t) — A7 (B) Ao ()i (2) (33)

with respect to t in W™ (Q) for all g € Ly(QY) for almost all t, where the function w(t) €
W52 HH(Q) has the boundary data (26) with u = u(t) for almost all t.

The proof is similar to that of Lemma 3 in [1].

3. By taking into account (27) and (33), by using inequalities (30), (31) and analogs of inequali-
ties (21) and (22) in [1], and by following the first example of domains D(A(t)) in [1], we can derive
the estimate (8) from [1]. The proof of property (iii) of the projections P(t) in [1] is complete.

Remark 8. Theorem 6 generalizes Theorem 6.1 in [2, p. 142] for symmetric operators to the
case of nonsymmetric operators. If all coefficients a; ; of the boundary conditions are independent
of t, then it follows from Eq. (14) in [1] and (26) that @ = 0; consequently, by Eq. (15) in [1]
and (32), v'(t) = — Ay ' (t) (8A(t)/8t) u(t) for almost all ¢ in both examples of domains D(A(t)). If
in addition, the coefficients a, in the equations are independent of ¢, then «/(t) = 0 for all ¢ € [0, T].

6. APPLICATIONS

Let us apply the abstract results obtained in the preceding and this papers to the analysis
of well-posed solvability of boundary value problems for linear partial differential equations with
variable boundary conditions. Let us indicate two new classes of well-posed mixed problems for
partial differential equations. The first class for parabolic equations with time-dependent boundary
conditions contains mixed problems not studied by J.-L. Lions. The second class for nonclassical
equations with time-dependent boundary conditions has not been considered by anybody yet.

1. Let us analyze the first class of mixed problems for even-order parabolic partial differential
equations under time-dependent boundary conditions. In the cylinder G = ]0, T[x € of the variables
t and = = (xy,...,x,), where  C R” is a bounded domain with boundary S € C'*, consider the
parabolic equations

ou(t, )

ran > ao(t,x)Diult,x) = f(t,x), m=12,..., (34)

lo]<2m
with the boundary conditions (9) on S for ¢ € [0,7] and the initial condition
u(0, ) = ug(x), x €. (35)

Let the differential expressions A(t) = > |aj<am Ga(t, 2)Dg with the boundary conditions (9) for
t € [0,T] satisty the following conditions.

I,. The coefficients a, in the equations satisfy the inclusion D?a, € C(Q), |8] < |a| < 2m,
for each t € [0,7], and the system {I';(¢)}, = of boundary operators induced by the boundary

conditions (9) is normal; i.e., all orders j, € Jy, are distinct, and the boundary S is not their
characteristic surface [no boundary operator I';(¢) is tangential to S].

For all t € [0, T], the differential operators A(t) and the system {T';(t)} 5, of boundary operators
form an elliptic self-adjoint boundary value problem (fl(t), {T;(t)},, ) in Q. The ellipticity of this

problem means that the operators A(t) are properly elliptic in © and are related to {;@)},, by
the well-known Shapiro-Lopatinskii condition. The self-adjointness of this problem means that the
operators A(t) coincide with their formal adjoints in Ly(€2) on the sets

W™ ({051}, ) = {u(t) e WF™() : u(t) € (9)}, t€[0,7].

DIFFERENTIAL EQUATIONS Vol. 42 No.6 2006



878 LOMOVTSEV

The operators Ay(t) = A(t) 4 col are coercive in Ly () on W2 (2:{T;(t)},, ) for some ¢ > 0
and for each ¢ € [0,T7]; i.e., inequality (10) is valid.

III,. All coefficients a, of the equations belong to C(G), and their derivative da, /0t belongs
to Lo (G). All coefficients a; ; of the boundary conditions belong to C|0, T, their derivative da, ; /0t
belong to L..(0,T), and they satisfy the estimates (12).

Since inequalities (5) and (11) are necessarily valid for self-adjoint coercive differential operators

zzlo(t) on D(A(t)), it follows that conditions Iy and III, provide the validity of properties I,~III;
in V = W2 (Q) and hence of conditions I-1IT in H = L,(f2). This, together with Theorems 1-5,
implies the following assertion.

Theorem 7. If conditions Iy and 111y are satisfied, then for each
fe Ly (J0,T[ Wy (%A{T;(1)},,,.))

and for ug € Ly(2), there exists the unique weak solution u € Lo(G) of the mized problem (34), (9),
and (35).

Here W5 ™ (Q;{T;(t)},, ) are the antidual spaces of the Hilbert spaces W3" (Q;{T;(t)}, ),
which are obtained by the closure of the sets W™ (€;{T;(t)} J2m) in the Hermitian norms []
corresponding to these problems [see (3)].

A special case of problem (34), (9), (35) is given by the mixed problem

o~z =f(ta),  0<t<T, O<z<l, (341)
Pu(0) o'u(0) Au(0)
Bs a1 (t)u(0), et —az(t)wa
?*u(0) 9?u(0) Pu(l)
el az(t) ISR prcai —ay (t)u(l), (91)
T —a0%2 Tl o<eer,
u(0,z) = ug(z), 0<zx<l, (351)

where a € C[0,T] is a strictly positive coefficient, da/0t € L..(0,T), the coefficients a;, € C[0,T]
are nonnegative, and da; /0t € L(0,T), i =1,2,3.

The differential operators A(t) = —a(t)d®/dz°® with the boundary conditions (91) are self-adjoint
in Ly(0,1). If ¢ =1 and t € [0,7] is arbitrary, then, obviously, the operators Ag(t) = A(t) + col

are coercive in Ly(0,1), i.e., satisfy inequality (10). We have inequality (12), since, by virtue of the
boundary conditions (9),

uffy = (Ao(uu)
= aa; [u(0)|* + aa;|u(l)|* + aaz|0u(0)/0z)* + aaz|Ou(l)/0z|* + aas ‘82u(0)/8x2|2
+aaz [0%u(l) /022 + al|0*u/0x?(|; , + collullZg  Yu € WE(0,1[;(91),).

The verification of conditions I, and III, is complete; therefore, Theorem 7 implies the following
assertion.

Theorem 8. If the coefficients satisfy the conditions 0 < ag < a(t), a;(t) > 0, a(t) € C[0,T],
da(t)/ot € L,(0,T), a; € C[0,T], and da;/0t € L(0,T), i = 1,2,3, then for arbitrary functions

fels (]07 T[, VV{3 (]07 l[; (gl)t))

and ug € Ly(0,1), there exists a unique weak solution u € Lo(]0,T[%]0,1[) of the mixzed problem (34,),
(91), (351).
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Here W, (]0,1[; (91),) are the antidual spaces of the Hilbert spaces W3 (]0,1[; (91),), which are
obtained by the closure of the set of all functions u(t) € W(0,1) satisfying the boundary condi-

tions (91) in the Hermitian norms [u]y) = /(Ao (t)u, u), , corresponding to this problem.

Remark 9. Theorem 6.1 in [2, p. 142] does not apply to problem (341), (91), (351), since the
square roots of the self-adjoint positive definite operators Ay(t) = —a(t)9°/0x® + oI in L,(0,1)
with the boundary conditions (9;) are only integro-differential operators.

2. Let us analyze the second class of mixed problems for odd-order partial differential equations
with time-dependent boundary conditions. In the cylinder G = ]0,T] x € of the variables ¢ and

x = (xy,...,2,), where @ C R" is a bounded domain with boundary S € C°°, consider the
equations
Qulb1) \ N~ (o) Dult ) = (o), m=0,1 (36)
at ‘a|§2m+1 « b €T M - M ) - b PR

with the boundary conditions (23) on S for t € [0,7] and with the initial condition (35).

Let the differential expressions A(t) = > laj<ami1 Ga(t, 2) DY with the boundary conditions (23)
satisfy the following conditions.
I5. The coefficients a, of the equations satisfy the condition

Dla. € C(Q),  |Bl <ol <2m+1,
for each ¢ € [0, 7], the differential operators A(t) are lower semibounded in L, () on
iz (Q; {rj(t)}bmﬂ%w) = {u(t) € W2™(Q) : u(t) € (23)}

and their adjoint operators in Ly (£2) on W5+ (Q; {T;(t)
expressions A*(t) = > lal<ami1 9 (t, 2) Dy with some adjoint boundary conditions {r:(t)}

} Tams1U J;’”H) are given by some differential

*
J2 m+1

The coefficients a, of the adjoint equations satisfy the condition
Dlaz € C(Q), Bl <ol <2m+1,

for all t € [0, 7], and the differential operators A*(t) are also lower semibounded in L,(Q) on
wirt (o frym},, ) = {em emEm@) s v e Tym},, )
2m+1 2m+1
I1;. The operators flo(t) = fl(t) + oI satisfy the inequalities

(Auttu.w), | < cululy ) 6

‘flo(t)wH 5 Vu,w € Wyt <Q§ {5} 5,000
0, e

2m+41

for some ¢y > 0 and for each ¢ € [0,T], where ¢;; > 0 is a constant independent of w, w, and ¢.
III;. All coefficients a, belong to C(G), and their derivative da,, /0t belongs to L., (G). The op-
erators Ag(t) are coercive in Ly(f2) for any ¢ € [0,T7; i.e.,

lullomsro < o [ Ao@u]| - vu e WEm QT 0}, i)

0,9

where ¢;5 > 0 is a constant independent of u and t. All coefficients a’ belong to C(G), their
derivative 0a;, /0t belongs to L..(G), and

for ], <o

‘flg(t)vHoﬂ Vo € W2m+l (Q; {I‘;(t)}&”“) : (38)
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880 LOMOVTSEV

where ¢;3 > 0 is a constant independent of v and t. All coefficients a; ; of boundary conditions
belong to C[0,T], their derivative da;;/0t belongs to L. (0,T'), they satisfy inequality (31), and
functions admit the continuations (25) and (28) from S, to the entire set €.

Since conditions I3-I1I5 provide the validity of properties I,—III; in V' = W;™**(Q) and hence
of conditions I-IIT in H = L,(£?), from Theorems 1-4 and 6, we obtain the following assertion.

Theorem 9. If conditions 131115 are satisfied, then for arbitrary functions

fera (0w (2T}, )
and ug € Ly(Q), there exists a unique weak solution u € Ly(G) of the mized problems (36), (23), (35).

Here W, ™ (Q; {F;“(t)} - ) are the antidual spaces of the Hilbert spaces W," (Q; {I‘;‘ (t)} e ),

2m41
g1 )

in Hermitian norms (-), t € [0, 7], corresponding to these problems (see formula (4) in [1]).

which are obtained by the closure of the sets

W (0 {r; )}

A special case of problem (36), (23), (35) is given by the following mixed problem for the
linearized Korteweg—de Vries equation:

) o
a—?—a(t)a—;;:f(t,x), O<t<T, O<a<l, (36,)
?u(t,0) QPu(t,l) Au(t,0)

oz —as(t)u(t,l), e 0, 0<t<T, (23)
u(0,z) = ug(z), 0<z<l, (351)

where a € C|0,T] is a strictly positive coefficient, da/0t € L..(0,T'), a;(t) € C[0,T] are nonnegative
coefficients, da,; /0t € L.(0,T), i = 1,2, and

if 3ty € [0,7] such that a(tg) =0 (respectively, a5 (ty) =0),
then a; =0 (respectively, a; =0).

ox?

(39)

The differential operators —A(t) = a(t)9®/0x® with the boundary conditions (23,) are dissipative
in Ly(0,1). Their adjoint operators in Ly(0,[) are given by the differential expressions
—A*(t) = —a(t)0®)0x®
with the boundary conditions

9?v(t,0) 0?v(t,1)

W == —al(t)v(t, 0), 8:62 == ag(t)v(t, l), a:p == O, 0 S t S T, (40)
which are also dissipative in L,(0,1). Inequality (37) with ¢;; = v/2 and m = 1 is valid for ¢y = 1
and for any ¢ € [0, 7], since

du(t,1)

1/2

1/2

(e (dotu), ) = (aar O + aasul)? + (a/2)0u(ty/os? + ulia) "
5 2
HAO(t)wH = 2aa,|w(0)[? + 2aas|w(l)[? + a|dw(l)/dz?
0,2
3112
+a? Ha?’w/axﬂ\m + HwH%Q

Inequalities (38) are also valid. By virtue of condition (39), we have (31). Conditions (25) and (28)
on the continuation of functions from the boundary on the entire domain are necessarily valid for
a segment [3]. The verification of conditions I;-I1I3 is complete; therefore, Theorem 9 implies the

following assertion.
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Theorem 10. If 0 < ag < a(t), a1(t) > 0, az(t) > 0, a(t) € C[0,T], da(t)/0t € L(0,T),
a; € C0,T], 0a;/0t € L(0,T), i = 1,2, and condition (39) is satisfied, then for each function
f € Ly(]0,T[, W5 '(]0,1[; (40),)) and uo € Ly(0,1), there exists a unique weak solution u belonging
to Ly(]0,T[ x )0,1[) of the mized problem (36), (23;), (351).

Here W, ' (]0,1[; (40);) are the antidual spaces of the Hilbert spaces W3 (]0,1[; (40),), which
are obtained by the closure of the set of all functions u(t) € WJ(0,1) satisfying the boundary
conditions (40) in the norms

1/2

. 1/2
(e (dso), ) = (@iloOF +aaalo()F + (o/2)]00(0)/22F + [0l )

corresponding to this problem.

Remark 10. The corresponding a prior: estimates in Remark 4 are valid for all weak solutions
of the mixed problems (34), (9), (35) and (36), (23), (35). If one can somehow derive stronger
a priori estimates, for example, from the estimate in Remark 3 for strong solutions, or even
stronger estimates, then one can supplement Eqgs. (34) and (36) with lower-order terms, and the
fact that the resulting mixed problems are well posed can be justified by the well-known method
of continuation with respect to a parameter with the use of Theorems 7 and 9.

In conclusion, we note that all above-considered abstract (in particular, operator-valued) func-
tions of the variable ¢ are assumed to be strongly measurable in the Lebesgue measure dt on [0, T']
in H.

The generalizing Theorems 1 and 3 were announced in [4], and Theorem 6 was announced in [5].
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