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I. PRELIMINARIES

A lattice (I,A\,V ) is called /\-semidistributive
(lower semidistributive) [9] 4iff it satisfies the
following Jonsson's condition [8]:

(SDA) alAb=alNe = aA(®Ve) =aAdb .,

\/-semidistributive lattices are defined dually,
The condition (SDp) is a natural generalization of
distributivity and it was investigated by many authors.
Some natural classes of lattices consist of A -semidis-
tributive ones, in partieular, sublattices of free
lattices [8], congruence lattices of semilattices [I}]‘,
[21], et al, Another term ( [) -quasidistributive lat-
tices)was used by M. Curzio [4] and F. Napolitani [I2].

In this paper, semigroups with A -semidistriutive
subsemigroup lattices are considered. Theorem 2.4
provides a description of such semigroups akin to the
well-known one of semigroups with distributive or modu-
lar subsemigroup lattices obtained by L., N. Shevrin and

M. Ego (5], [6], [x7), [18], [I9] (See also the survey[2]]).



Besides, each /\-semidistributive subgroup lattice of a
group is proved to be distributive (Theorem 2.2).

2., NOTATION , MAIN THEOREMS

The terminology and notation will be that of
semigroup theory [9], [14], lattice theory [7], [8],
and group theory [IO] . Some of notions and notations
useful in this paper are furnished below.

Given a lattice L and an element a€L, the
principal filter of I generated by a 1is denoted by
1 a . The subsemigroup lattice [20] of a semigroup S
is denoted by Sub S (with (] anmd \/ the operati-
ons of this lattice), If S is a group, then Subgr S
is the lattice of its subgroups. Throughout the paper,
except Section 3, the subsemigroup of a semigroup S
generated by a set XC S is denoted by <{X) . In
Section 3 L {X» 1is the subgroup of a group S
generated by a set X S, ES is the set of all
idempotents of a semigroup S. Given ec¢€ ES 5 Ge is
the largest subgroup of a semigroup S containing e,
and K denotes the torsion class in a periodic semi-
group S corresponding to an idempotent e, i.e. the
set of elements of S with some power
equal to e, XA s denotes the equivalence relation on
a periodic semigroup S corresponding to the torsion
class partition of 8, i.e,

Ng= U rxe, .

e EES

We denote by | a| the index of an element a in a
periodic semigroup S. By 2S we denote the lattice of
all subsets of a semigroup S (the Boolean of subsets
of 8). Let S be a periodic semigroup. For xezs

the set U Gg

eEXﬂES
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is denoted by Grs o A subsemigroup A of S 1is
called a G-subsemigroup iff GrSACA. The
set of all nop-empty G-subsemigroups of S will be
denoted by Sub sS. If the lattice Sub S 1is a sublat-
lattice of the Boolea.n gh , then S is called an
U-semigroup [Il&:] . In this vein, if SubGS is a sublat-
tice of 2, then S 1a3 called an UG-s em i g r oup.

For the further considerations, we need the
following

IEMMA 2.I. Let (L,A,V ) be an algebraic A -semi-
distributive lattice, then for any a,b & L a get

{cGL ] a/\b:al\c}

has the largest element.

In other words, an algebraic /\-semidistributive
lattice is a semi~-Browerian lattice in the sense of
J. Schmidt [163. The assertion of this lemma follows
easily from (SD,) and meet-contimuity [7] of any alge-
braic lattice (see also Theorem II.I.4 of [3] ).

Now we formulate the main results,

THEOREM 2.2, Gilven a group S , the lattice
Subgr S is A-semidistributive if and omnly if it is
distributive and hence, iff S 1s a locally cyclic
group.

REMARK 2,3, The assertion of Theorem 2,2 was
proved for finite groups by M. Curszio [4]. Distribu-
tivity of & V -semidistributive subgroup lattice of a
group was shown by F, Napolitani [IT]. He also explored
some lattice properties of finite groups related to the
condition (8D,) [12].

THEOREM 2.4. The following conditions are
necessary and sufficient for a semigroup S 1o have
N-gemidistributive subsemigroup lattice:
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I) S 1is a periodic semigroup and the index of

2) Eg is a subsemigroup of S and it is an
ordinal sum of singular bands;

3) the equivalence ){ g is a congruence on 5;

4) given e€Bg , the torsion class K, is an
ideal extension of a periodic locally cyelic group
by 2 n-nilpotent U-gemigroup where n<5.

5) S is an UG-semigroup.

In Section 3 Theorem 2.2 1is proved. A proof of
Theorem 2,4 1is given in Sections 4 and 5. In
Section 6 the difference between classes of
semigroups with /\-semidistributive subsemigroup lat-
tices and with distributive ones is discussed.

3. PROOF OF THEOREM 2,2.

Let S be a group with A-semidistributive sub-
group lattice L = Subgr S. We are going to prove thatL
is distributive. Modularity of I is sufficient
because in this case /\-semidistributivity implies
distributivity of L [4, Proposition 2.6] . That will
be done providing S is shown to be an abelian group.

Let a,b €S, We want to show that '

ab = ba . (D
A lattice Subgr {(a,b) is /\-semidistributive as a
sublattice of the -semidistributive lattice Subgr S
So we may assume that S ={a,b), L = Subgr {a,v7 .
Consider the subgroup
c= (adN (v . (2)

Obviously, € 1is contained in the cenmter of S, hence
C is a normal subgroup of S, A homomorphism

'_( =nat C : S—>8/C
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induces an isomorphism (which we denote by (’2 ) of the
principal filter /4 C of the lattice L onto the lat-
tice Subgr (S5/C). Hence the latter is ,\ -semidistribu-~
tive. Now our aim 1is to show that S/C is a direet sum
of groups {([(a)? anmd (7 (b) > . Define A as the
largest subgroup of S among the subgroups A!
satisfying the condition:

(a)yNAr =¢C .,

Such subgroup A exists according to Lemma 2,1 ,
because I 1s an algebraic lattice. Let us show that
A is a normal subgroup of S.

In fact, in view of (2), {b)C A, whence

wab T C A (3
For d€A, we show that
(YN ataad c=c. (4)

This implies, by the definition of A, that

alaa& <a"I dad)C <A,
Indeed,
ccClad NdaTaayc.
Conversely, let x €{af d adcN{a). since ¢ C {a),
we have
X = (zaL"'I daa)t a¥ - al

for some m,k,1€7Z ( Z is the set of integers) with

aké C , but then a~l 6B a af = al , Whence a® - a

and therefore

e @>Nday < A N<a) =c.

Consequently,

1-k

x= (8T aa)ek.aTglgek_ gB gkeooc o

.
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Thus (4) is valid which ylelds together with (3) that

A is normal in S.
Again, define B as the largest subgroup among the
' subgroups B' of S satisfying the condition:

B'NA = C.
We next have to show that B is normal in S, In fact,
(ad\ A = ¢ implies (a)C B and
alBaCB. (5)
For arbitrary d4&B, we state that

AN Tavdezc. (6)

This will imply that b™L d bEB and so b~L B bC B,
In view of (5) and the equality S = <{a,b)> it will
follow that B is normel in S.
Obviously, ¢ C(b~T a b> ¢ A. To prove the
converse, assume that x &(b~L ab) ¢ (\ A, Since
c C<b> , there exist m,k€ 72 such that
x=0bTapRke a,
where bX & C. Since x,b € A we obtain
vl a® b= (b abv)REn .
Since A is normal, we have

dBEbvavIica.
Hence, d® € BNA = C and then
x=bptavr¥eEwlcwy cce.
Thus (6) holds, whence B is a normal subgroup of S,
Since the isomorphism [} preserves normality of
subgroups, the subgroups l’? (A) and \7(13) are normal
in S/C. At the same time

MWAN® =nw©, NWYV HNE =s/0.
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It follows that S/C 1is a direct sum of subgroups
N(A) and N(B). Since T(B)E N(4), T(a) € N(B),
this implies that the elements K(a) and ((b)
commute, and taking into account the equality

src= < Jay, Ty
we conclude that S/C 1is an abelian group. This
property together with /\-semidistributivity of the
lattice Subgr (S/C) yields the latter to be distribu-
tive and hence by Ore's theorem [IO] the group S/C is
locally cyclic. Since it is 2-generated, we deduce that
S/C is cyclic. Therefore, S 1is a central extension
by a cyclic group, whence S 18 an abelian group. This
completes the proof of Theorem 2,2.

4, PROOF OF THEOREM 2,4, NECESSITY,

Let S be a semigroup with A -semidistributive
subsemigroup lattice. Under this assumption we shall
prove a number of lemmas.

LEMMA 4,I. The semigroup S is periodic with the
index of each element less than 6.

PROOF, Let a€ S and suppose, ex adverso, that

none of the elements a, az, a3, a‘*, a5 belong to any

subgroup of (a) . Define
{84, as, 8-6’ 8-7' .o.} 1]
B {az, a4, a6, a7, ...} ’

- {a3, a*, =8, a7, } .

It 18 easy to see that

A

i

H

anB = {&* &% a7, ...} =aNc.
and A-semidistributivity of Sub S implies that

An(BVC) = AnB = {aq-, a-6, a7' 'uo} L]
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However,
BYC = {8.2, 8.3, a4, a5, a6' '0'} R} ’

whereupon
ANBVE) = A £ANB .,
A contradiction shows that index of a 4is less than 6.
The assertion of the lemma follows.
LEMMA 4.2, The set Eg 1is a subsemigroup of S
and it is an ordinal sum of singular bands.

PROOF.Iet e,f ES’ e =£ £, Let us show that
ef €fe,f} . In fact, if et {e, i’} then either ef
is an idempotent of a semigroup <( e,f >, or due to
Proposition I of [I] there exists an idempotent

g 6 <e,f> \{e,f} .

In the former case, set g = ef, But then

gy NLey =0 = eYNE)
and hence /\-semidistributivity of Sub S leads to a
contradiction:

&y = {g)yN<{et) =
YN (Y V L)) = YNy =0.

Consequently, (e,f> = {e,f} and 2S = Sub ES .

Thus Sub ES is distributive and therefore Eg is an
ordinal sum of singular bands according to the descrip-
tion of semigroups with distributive subsemigroup lat-
tices (see the corresponding referenceg in Section I ),

COROLIARY 4,3. Let S is a band, The lattice
Sub 8 is N\ -semidistributive iff S is an ordinal
sum of singular bands.

LEMMA 4.4, Given e€Eq , the torsion class K,
is a subsemigroup of S.
PROOF.Let e,f€E; , 8,bEK, , ab&K, . If e £ £ ,
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then

layN{gy =¢= (v)N<£),
therefore, applying (SD /\) we obtain
(a,d 7 NEY = (Cad)V (o N (2 = (a)\(er= ¢

which contradicts to the fact that £¢& (a,b» , Thus
e=f and ab€K, .

LEMMA 4.5. The equivalence X o 1s a congruence.

PROOF, Let e,f€E; , e # f. It is to be proved
that
If the equality 1is not valid, then for some aEKe ;
bEK, we have {av,va }g E,UK, . For the sske of
definiteness, suppose that ab¢ KU K. . Then for some
BEEg, we have abEKe whence

(a>N(gh =d=<(b>N<&).

Using (SDp)rwe obtain <{a,b> N (g)> = ¢ which leads
to a contradiction, Consequently,

Keva = KeUK:C

is a semigroup with two idempotents precisely, but then
due to Proposition 6 of [IS] KoU Ee 18 a band of
semigroups Ke and Kf . By Lemma 4,2 we obtain
KerCKf or KerC_ Ke . This proves the assertion of
the lemma,

LEMMA 4.6. Given e &Eg , the group G, 4is
locally cyclic.

PROOF, It follows immediately from Theorem 2,2 and
Lemma 4.7,

LEMMA 4.7. Given e€Egy , the lattice Sub (Ko/Gp)
is A-semidistributive.

PROOF.For e &E

q by Lemma 4.4, Ke is a
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subsemigroup with the ideal G e * Define

Fe = Ke/Ge

(Rees quotient semigroup).

Let P : Ke-—> Fe be a natural homomorphism, It 1s easy
to see that the set SubyK, 1is a principal filter 1 G,
of the lattice S8ub K, , hence SubsK, 1is a A=-semi-
distributive lattice., Furthermore, since Fe is a
nilsemigroup with the zero Ge , the lattice SubGF e
consists of all non-empty subsemigroups of F & and it
is a principal filter of Sub Fe . Since the homomorph-

ism induces an isomorphism of the lattice ’SubGKe
onto SubsF, , the latter is N\ =-semidistributive,
Because Sub Fe is obtained from SubGFe by

adjoining the zero, the former is /\ -semidistributive.
Lemma is proved.

LEMMA 4,8, Let S be a nilsemigroup. The lattice
Sub S is A ~semidistributive iff S is an U-semi-
group., In this case, S 1s n-nilpotent where n<5.

PROOF, Sufficience is obvious. Let us prove
necessity. Assume that Sub S is A-semidistributive.
By Lemma 4,I, the indexes of all elements are bounded
by 5. Assume that S is not an U-semigroup. Let us
pick two elements a,b&S such that ab& (ap>U<{b)
with the corresponding value of a function

(x> |x| + |7l
being the least for pairs (x,y)€ SXS such that
xy&E (x> U {y). Clearly, a £ 0, b £ 0. Define

c= (a2, 3 >UGP, v3),
A = {a}UC s
B= {byUC.

We show that A€Sub S . Since for any 132I, q>I
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we have
lbql< [b[ . aal = ala € ¢,

by the minimality of | al + | v|, for every x€C
we infer that axé<a>U<x) . Since S 4is a nilsemi-
group, we have ax # a and therefore

ax€(a® YUY Ux>C .
Similarly, xa&C , Thus A€Sub S , By the same manner

we obtain BESub S . Since a%(ab} , D& (ab)y, we
deduce

<ab>(\A= (ab >N ({a}U C) =
= {ab)Nc= (abdN ({pjUOC) = <abd>N B .

Using (SD,) for Sub S8 , we have

ab €E(ab) N (AVB) = (ab) N 4 = {aby\ cCc<a)yU<v),

violating the hypothesis, Consequently, S is an
U-semigroup, By Lemma 3,5 of LIB], S 1is n-nilpotent
where n<5, This completes the proof of the lemma,

COROLIARY 4.9, Let Sub S be a A-semidistribu-
tive lattice. Then for every eéES , the semigroup Ke
is an ideal extension of a periodic locally cyclic
group G, by an n-nilpotent U-gemigroup where =n =5,

LEMMA 4.I0. Let S De a semigroup satisfying the
conditions I) - 4) of Theorem 2.4, Assume that
e,f€E; ., If {e,f} 1is a singular band, then
G,UG, is an idesl of a semigroup K, UK ; if {e,f}
is 2 chain, say, fge , then G, is an ideal of a
semigroup K.JKe .

PROOF, First, assume that {e,f} is a singular
band, say, ef =f , fe = e . Let xX€K, , a€Gp . Then

x8 = xaf , ax = fax = efax = eax ,

hence xamé.Gf ,» aX€G, . Therefore,
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KerU GfKeC GeUGf .
By analogy,
KfGeU GerC GeU Gf .

and this is the first part of the assertion.
To prove the second one, assume that ef = fe = £ ,
T€K U Kg a€Gp » Then ax,xa€K, and

xa = xaf , ax = fax ,

Consequently, G, is an ideal of KeU Ke o

LEMMA 4,.II. If S 1is a semigroup with a A -
distributive subsemigroup lattice, then S 4is an
UG-semigroup. ‘

PROOF, Given e,fEE
that

semi-

a€kK bEK, , we prove

S e?

ab & (ay U {poU GV G, . (7

If e = f, it follows from Corollary 4.9. Now assume
that e #£ £ , First, suppose that {e,f} is a
singular band. Then GeU Grf is an ideal of KeU Ko by
Lemma 4,I0. Denote the Rees quotient semigroup
(KeU Kf) /(Geu Gf) by P with

@ : kUK, —> P
being the natural homomorphism, Evidently, P is a nil-
semigroup. The homomorphism LP induces an isomorphism
of the principal filter (G U Gp) of the lattice
Sub (KeU Kf) onto the filter SubGP of the lattice
Sub P, As in the proof of Lemma 4,7, one can deduce

that Sub P is A-semidistributive. By Lemma 4,8 we
obtain

Y (ap) = W) Y €Y@ U <P >

This implies that (7) holds if {e,f} is a singular
band,

58



B0
A

¢
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Now assume that ef = fe = £ ., By induction on |b]| we
show that

ab,ba ECbY | Gp -
1f |bl = I, then it stems from Lemma 4.I0. Le%

véa

¢ - Then for k>T , |v°] < |b| eana, vy
induction,

avk, vka € OV G,
We claim that ab & (b)\J Gp . In fact, define

¢ = ({PYU G NC by Usy) o
At first suppose that C = Gf . Set

A= (ayUGs .

By Lemm& 4#.TI0, A€Sub S . Clearly,
({avpUeNA = 6, .

In view of /\-semidistributivity of Sub S we infer
that

ab€( <abyU e N AV <y U Gp)) = 6p &

Assume for the remainder that C # G, . If ab&C  then
ab& by U Gy because of the inclusion

cC<op U B »

Now we consider the case ab@&C . If bEC then
PEC\G, C(aby and b = (ab)® for some k»I. The
case k>TI is impossible, otherwise

b = (ab)® = (ab)¥Tap = ((av)*Ta)bE€Q, ,
violating the hypothesis, Hence b = ab and
ab& vy Gp o

The possibility b€C remains to be considered.
Thus we have the following situation:

¢ = ({p>Ue) N Caby U &p) # Gy

59



béc , ab¢ C. Let us show that it leads to a contradic-~
tion., Set

A = <&>tJC .
We have to prove that
AN(Cavy UGy) = C . (8

Indeed, from the definition of C we deduce that

eCaN({aby U Gp).
For the converse, let

x€AN( (ay U Gy).
Assume that x¢G, . Then

x€( (a¥U O\ Gy »
since CC{byU G, and G, is en ideal of K, UK, ,
the element x may be represented as

k. k
X = w(a,b Ivb 2""1bkm)

where ki>I ( I<ig<m ) and w(xI,xa,...,me) is a
semigroup word of m+I varlables Xr9XpgeeosXp, T

Recalling the inductive hypothesiswe deduce that
x&<{b>U G, . Consequently,

€YU EIN(aby UGy = C
Thus, (8) is valid. Applying (SDp) for Sub S we have

ab€( (ab> UGN UV Y UGE) =€

This contradicts the assumption abgC . Therefore,
in all cases ab€ (b) |JG, . Lemma is proved,

The necessity of Theorem 2.4 now follows from the
aforesaid lemmas,

5. PROCF OF THEOREM 2,4, SUFFICIENCY

In this section, S will be a semigroup
satisfying the conditions I) ~ 5) of Theorem 2.4, For
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short, the set of all idempotents of S will be
denoted by E.

LEMMA 5.I. Let x€S, e€E and x€6, . If

X = 111213. o oxn

or some xI,xz,XB,...,anS , then

x = (exye) (ex2e) (exBe) m— (axne) .

PROOF, By induction on n. If n =II, the assertim
is clear, Let n>I. Set

y=12x3 ..oIno

Then X = Xp ¥ = (exI) (ye). By means of the conditions
2) and 3), ex €K, or ye€kK, .
Let ex €K, . Then ex;€G, and ex; = exqe ,

whence

X = ex;eye = (exIe)(eye). (9)
Let us show that eye&G, . Indeed, if JEEp , e £ £
and {e,f} is a singular band or ef = fe = e , then
it is obvious, Now assume that ef = fe = f, Then
eyeéKf which contradicts the faet that ex;eCkK,

in view of (9), Thus eye€G, and the inductive
assumption yields

6ye = XXz ... Xp@ = (exze)(exBe) sa (exne).

Now using (9),we obtain the needed decomposition for
x,
The ease yeeKe is treated similarly.

LEMMA 5,2, Let A€Sub S , A # ¢ . Define A as
follows:

A' = A UGra . (10)
Then A'éSubGS and

A\GrAA = A'\Gr,A",
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PROOF. Let us show that A' is a subsemigroup of
S. Let e,f€EE , a€K,NA' , DEKNA'. According to
(10), we have e,féEA . Owing to the condition 4),

{ap UG, ,{b>U GpEBubyS .
Applying the condition 5) and (IO}, we obbtain

ab € ({ayU eIV ({(bPU Gp) =

= ({ay U 6IU (PP UG) T A
Thus, A'&Sub S and A' contains A, It is easy to
see that these subsemigroups have the same non-group 0
elements, Evidently, A'ESubGS . Lemma is proved.

Now we have sufficient auxillary means for proving
A-semidistributivity of Sub S ., Let A,B,C€Sub S and

AQB = ANC . (II)
We have to show that
ANE@BVE)CT ANB. (12)

Assume that x€AN (BVC), x€X, , e€E , Using
condition 5) and Lemma 5,2 one can obtain:

x€AN (BVC) TAN(B'VC!) =
= ANEYUeY = ;anenU@incen).

For definiteness, suppose that xEANC' . If xiGe,
then by (I0) and (II) we have
xEANC = ANB . (,

Now let xéGe . 8ince G, 1is a periodic group
according to condition I), we have ecA\€' in
view of x€ANC' ., Taking into account (I0) and (II) we

then obtain e€ANC = ANB , whence

e€ANBNC , (T3]

Since xE€BVC , for some X1yXoy oo ,xné BUC , we
have by Lemma 5,1:



X = xIxzn . oxn = (exIe) (ex2e) oo (exne) . (Iq')

When proving Lemma 5,1 it was established that all
elements ex,e ( I€Sisn ) in the decomposition (I4)
belong to G, , where from using (I3) we must have

ex;e €GN (BUC) = (6, NBYU(G,N O (15)

Subsemigroups A(G, , BAG, , CNG, are subgrouops
of Ge because the latter is a periodic group. Since
Subgr Ge is distributive by the condition 4), we

obtain applying (I4),(IS5) and (II):
x€MANEIN ((BNGHV(CNGY)) =
= (ANBAGHVANCNAG) = AﬂBﬂGeCAﬂB .

as 1s required. Thus the inclusion (I2) holds. This
completes the proof of Theorem 2.4.

6. CRITERION OF DISTRIBUTIVITY OF /A -SEMIDISTRIBU-
TIVE SUBSEMIGROUP LATTICE,

It is natural to reveal a difference between the
class of semigroups described by Theorem 2,4 and that
of semigroups with distributive subsemigroup lattices.
The main result of this seetion (Theorem 6.2) due to
S.I,Kacman is published here under his kind
permission.

We begin by proving the before-mentioned classes do
not coincide, Iet 07 be the class of all semigrowps
isomorphic to direct products of the form AXJ with
A  a nontrivial finite cyclic group and J a two-
elemented singuler band., Now let ({ be a nontrivial
homomorphism of a nontrivial finite cyclic group A
onto a finite cyclic group B. This homomorphism
defines [2] an ideal extension S of the semigroup
B by the semdgroup A° (A° is the group A with the
zero adjoined and (f may be considered as a partial
homomorphism of A°\ {0} into B). Let F  ve the



class of all semigroups isomorphic to such semigroups
S . The union of classes 0l and 95 will be denoted

by ,C' . _

LEMMA 6.I. Let S Dbe a semigroup of the class aL
Then the lattice Sub S is A-semidistributive but
non-distributive.

PROOF, /\-semidistributivity of Sub S follows
immediately from Theorem 2.4, We show that Sub S fails
to be distributive, First, let S = AXJ with
A= <a> being a finite nontrivial cyclic group
generated by a and J = {e,f} being a singular
band, say, right zero semigroup. Then, denoting by 1
the identity of the group A, we get

(a,e) (i,f) = (ai,ef) = (a,£) € {(1i,0)) .
Hence the semigroup S is not a strong band (in the
sence of L. N, Shevrin [I8] ) of its torsion classes
A X{e} and AX{f} . Consequently, Sub S is not
distributive., The case when S lies in the class ,:5' '
is treated similarly.

THEOREM 6.2 (S. I. Kacman), Let S be a semi-
group with A -gemidistributive subsemigroup lattice.
Then Sub S 1is non-distributive iff S contains a
subsemigroup which belongs to /= . -

PROOF. Sufficiency follows from Lemma 6,I. We
shall prove necessity., Assume that Sub S is /\ -semi-
distributive and any subsemigroup of S does not
belong to the class oC . To prove distributivity of
Sub S, it is sufficient to show that S is a strong
band of its torsion classes,

Let e,f By, e# £, x€K, , yéKf be given., If

{e,£} 1is a singular band, then the groups G and
Ge are trivial. In fact, suppose that Gp # {g} ,
ef = £, fe = e, Pick in Gf an element a with
order n>I, (It exists owing to Theorem 2,4). Then
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<
s
o

ae&G, and for every k = I,2,...
(ae)kf = (ae)..,(ae)f =
- afefafef...fef = afaf...,af = a~,

Also
ake - aa...ae = afaf,..fae =

= aefaef,..ae = aeae,,.8€ = (ae)k.

Thereof we deduce that functions (ae)X > (ae)¥f and
ak = ake are mutually inverse isomorphisms of cyclic
groups <(a)C G, and (aeyC G, . But then the
semigroup (a,e> is isomorphic to <(ad> X {e,f},
i.e. belongs to the class at which contradicts to the
hypothesis. Thus, the groups G and Gf are trivial.

e
Since S 1is an UG-semigroup, we infer that

xy €{xy U772 U 6,UGe = (XU (5.
This is what had to be shown.

Finally, let {e,f} be a chain, say, ef = fe=f,
Suppose that xy¢ (x> U {y7 . Since S is an
UG-semigroup, it follows that

Xy EG\ (¥V - (16)
Then

]

xy = xyf = Xfyf = xefyf = (xe)(¥L). @)
Put G = {(xe) ., If xe = e , then

xy:xeyf:eyf:efyf:fyf:yfé(y),
which contradicts (I6). Therefore, G is non-
trivial group. Define a map ({ : G—>G, as follows:

Lp(a) = af for any a€aG .
Note that LP(xe) £ £ , otherwise from (I7) we get

xy = (xe)(7£) = xefyf = () (ze)¥f = £y£ €{(37,
which leads to a contradiction.
It is easy to check that L)O is a homomorphism of
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G into G, , Set
H= (7%, (xe) > .

Since by Theorem 2.4 Gf is a locally c¢yclic group, H
is a finite cyclic group and k70 : G—>H is a non-
trivial homomorphism. Further, from the equalities

(xe) (y£) = xefyf = P (xe)yf ,
(y£)(xe) = yfxef = yf(P(xe) ,
xe (p(xe) = xexef = xefxef =

-_-Lp(xe)LP(xe) = xefxe -_-LP(xe)xe

it follows that (70 is a nontrivial partial homo-~
morphism of Go\{ 0} into the semigroup H which
defines memigroup GUH as an ideal extension of H
by G° , Thus the semigroup GUH belongs %o :B
which contradicts the hypotheses, Consequently,
xy €<{x> U {y> what completes the proof of the
theoren.
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