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Quasuhyperbolic factorized differential-operator equations with variable domains of smooth op-
erator coefficients were considered in [1]. In the case of discontinuous operator coefficients, only
hyperbolic second-order differential-operator equations were investigated [2, 3]. In the present pa-
per, we prove the strong well-posedness and the smoothness of strong solutions of quasihyperbolic
factorized differential-operator equations with variable domains of discontinuous operator coeffi-
cients; i.e., one of the main results for hyperbolic second-order differential-operator equations with
discontinuous operators in [4] is generalized to the case of quasihyperbolic even-order differential-
operator equations.

1. STATEMENT OF THE PROBLEMS

Let H be a Hilbert space with inner product (-,-) and norm |-|. On the bounded interval ]0, 77,
consider the Cauchy problem

Iy u= (P/dt® + Ay (t)) -+ (d°/dt> + Ay (t) u = f, t€10,TJ, (1)
Lu= (du/dt’)|,_ = ¢, 0<j<2m-—1, m=12,..., (2)

where u and f are functions of the variable ¢ with values in H and the A(t) are positive self-adjoint
operators in H with ¢-dependent domains D (A.(t)), t € [0,T], k=1,...,m.

Let all operators Ai(t), k = 1,...,m, satisfy conditions I, IV, and VI in [1] for each ¢ € [0, T7[.
Following [1], for each ¢ € [0, T, we equip the domains D (A*/>™)(t)) (dense in H) of the positive
fractional powers A%/(2™)(t) of the self-adjoint operators A(t) = A7*(t) in H with the norms |v],, =
|AS”?(t)v]; thus we obtain Hilbert spaces We(t), t € [0,T], 0 < o < 2m, with W°(t) = H.
In addition, we assume that the remaining conditions II, III, and V in [1] are valid only locally in
the sense of the following respective conditions VII and VIII.

VII. The interval [0,7] is divided into pairwise disjoint intervals I, = [t.,t,.1[, 7 = 0,..., R,
to =0, try1 =T, so as to ensure that on each interval I, the inverse operators

A (t) € Z([0,T[, 7 (H))

have the strong derivatives dA;'(t)/dt € % (I, < (H)) and d*A,'(t)/dt® € Ly (I, (H)) in H
such that

— ((dA, ' (t)/dt) g, g) < c,(cl) (A ' (D)9, 9) Vg € H, kE=1,...,m, (3)
(A1 () /dt?) g,v) | < ?lg| (A,Zl(t)v,v)l/2 Vg,v € H, kE=1,...,m. (4)

Here all constants c,(:), c,(f) > 0 are independent of u, t, g, v, and 7.
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VIII. On each i~nterval I,, there exist Banach spaces V? i = 0,...,m, independent of ¢ such
that V. = H, D (Ax(t)) C V2, V¥ is continuously embedded in V,*' if j > i, W?(t) is continuously
embedded in V* i =0,...,m, and the strong derivatives

d'Ay(t)/dt' € 7 (1., & (VA2 y20/a))
7=0,....2m—2 —1, 1=20,...,2m — 2, k=1,...,m,
exist in H, where [] is the integer part of a number.
In addition, we require that the operators Ax(t), k = 1,...,m, satisfy the following matching
conditions at their removable points of discontinuity ¢, r =1,..., R.

IX. If the partition {I,}, r = 0,..., R, of the interval [0, T] consists of two or more intervals,
then the following matching conditions are valid for any two adjacent intervals I,_; and I,.

(a) At the common boundary point ¢,, the intersections D (Ai’m/ *(t.—0)) N D (Azl)’m/ “(t,)

of the domains of the powers A¥™/? (¢, —0) and A¥™/?(t,) of the left continuations are dense
in W#m=1(¢t, —0),r=1,..., R, and there exists a constant ¢; > 1, independent of u and ¢ € [0, T,
such that

2

2
AT (| < AT 4 -0y vue W, —0),  r =1, R (5)

(b) Inequalities (3) are valid with the sign of absolute value on the left-hand sides on I,._;.

(c) On the intervals I,_; and I, the inverse operators A,;@m*k)/z(t) of the powers A,(fmfk)/z(t)
have the strong derivatives d’A; *" M) /dt' € % (I,,~(H)) such that

A](Cmek)/Q(t) <d1A;(2m7k)/2(t)/dtz> ez (Ip,g (szl(t)yH)) ,
1=1,2, p=r—1,r, k=1,...,m.

There exist strong derivatives d? A (t)/dt) € % (1,, < (H)), j = 1,....2m —2k, p = r — 1,r,
k=1,...,m —1, such that

AN t) /At € F (Ip,g (Wzm_k_z_””*j(t),Wzm_k_”"(t))) , p=r—1,r
wheren=1,...,i—j+1,5=1,...;4,t=1,...,8,s=1,....2m—2k,and k=1,...,m — 1.

2. EXISTENCE AND UNIQUENESS THEOREM
Let the Banach spaces &*™~12m~1 he the sets of functions u € .%([0,T[, H) with finite norm

2m—1 2 1/2
|l = q sup > :
0<t<T =3 2m—1—i,t

and let the sets D (L,,) = {u € D(L,) : d°u/dt® € Ly (I, W?m2A+D/2(4)) 0 Ly(10, T[, H),

s=0,...,2m,r=0,... ,R} belong to the spaces &*m~12m=1 m =1,2,..., where

diu(t)
dtt

D (Em> = {u € Ly,(]0,T[,H) : Cfl;f € Ly (1, V2t D =0,...2m, r=0,...,R;

A2y & daiAki (t) d2m—2r—2=a®@)ly, )
di2m—2" 1_11 ( dtei (dt2m2p20‘(p)| > € Ly (IT’ W (t)) ’

la(p)|=0,...,2m —2p—2, p=1,...,m—1,

].Skl, ey kpﬁm, ki#kj, T:O,...,R},

DIFFERENTIAL EQUATIONS  Vol. 43 No. 10 2007



1474 LOMOVTSEV

[-] is the integer part of a number, a(p) = (aq,...,®,) € Z1, and |a(p)| = oy + - -+ + a,. In what
follows, the derivation of a priori estimates for strong solutions of the Cauchy problem (1), (2) also

provides the proof of the inclusions D (L,,) C &*™~ 12"~ For the spaces of strong solutions of the
Cauchy problems (1), (2), we take the Banach spaces E™ that are the closures of the sets D (L,,)
in the norms ||| |||,». For the spaces of right-hand sides of Eq. (1) and the initial conditions (2), we
take the Hilbert spaces F™ = Ly(]0,T[, H) x W*™~1(0) x --- x H that are the sets of all elements
F ={f 00, Pam_1} € F™ with finite Hermitian norms

2m—1 1/2
U1 m {/If )[*dt + Z 25 15m1 Jo} :

The Cauchy problems (1), (2) correspond to linear unbounded operators
Lm = {,%n(t),lg, e ,lgm_l} . Em D) D (Lm) — Fm

with dense domains D (L,,), m = 1,2,... If conditions I and IV in [1] and conditions VII and VIII
are valid and D (L,,) C &*™~12m~1 then the operators L,, admit strong closures

Ly ={%u(t),lo,- - lam} : E™ D D (L) — F™

The solutions of the operator equations L, u = %, % € F™, m = 1,2,..., are referred to as
strong solutions of the Cauchy problems (1), (2).

Theorem 1. If conditions I , IV, and VI in [1] and conditions VII-IX are satisfied and the
strong derivative of the inverse operators A~'(t) € . Z([0,T[, < (H)) of A(t) satisfies the inclusion

)/dt € F(I,,< (H,W?™ 1), r=0,...,R, form > 1 on each interval I., then, for
arbitrary f € Ly(]0,T[,H) and ¢; € W?™179(0), j = 0,...,2m — 1, there exists a unique strong
solution uw € E™ of the Cauchy problems (1), (2), and

Ml < colm)(1LFM5,  F ={f,00,-- p2ma},  @(m)>0, m=12.. (6)

Proof. By virtue of conditions I, IV, and VI in [1], inequality (3), and Theorem 1 in [1], we have
the estimate

d'u(t)

2 brts 2m—1
& r+1"1lp @ 2 2
dti < cye 3(tr41—tr) ( / L%n(t)u‘ dt + Z ‘lj;ru‘Qm—l—j,tr> (Otwtr+1)

2m—1—1q,t j=0

r

on each interval I, for arbitrary u € D (fj,n,r), where [; ,u = (dju/dtj)|t:t7‘, the domains D (Em,r)
are obtained from the domains D (Em) by the replacement of [0,7[ by I., r = 0,..., R, and
¢y, 3 > 0 are constants independent of w and ¢t € [0,T[. By virtue of the embeddings

W21 (¢, —0) C W™ 9 (¢, +0), j=0,....2m—1, r=1,...,R,

which follow from (5) in view of the well-known Heinz inequality, conditions I, IV, and VI in [1],
inequalities (3) and (4), and Theorem 2 in [1], for any f,. € L, (I, H) and ¢, = (d?u,_, (t,) /dt’) €
W2m=1=3(t,), wj0 = ¢j, 7 =0,...,2m—1, there exist (recursively with respect to ) unique strong
solutions u, € E™ of the considered Cauchy problems on I, that is, solutions of the operator
equations L,,,u = %, F = {friPors-- s Pom_1.,} € F™, r = 0,...,R, where the norms of
the Banach spaces E" and the Hilbert spaces F™ are given by the left- and right-hand sides,
respectively, of inequalities (Otr,tT+1), and L,,, = {Zn(t), oy ,lzm_u}.

Therefore, we add inequalities (O, +,) and (O, +,) and estimate the right-hand sides in (O, +,)
first with the use of the inequalities [v]3,, , ;, .o < c1|v[3, 1, o for all v € W?™ (t, — 0),
r=1,..., R, which follow from (5), and then by the right-hand sides of inequality (Oy,.+,) (see [2]);
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after that, for each f € Ly(]0,T[,H) and ¢; € W?™~179(0), j = 0,...,2m — 1, we find the unique
function ue, € E’, equal to u, on I, r = 0,1, and satisfying the equations Ly ou = % and
L,,1u = % and the estimate (O, ;,) with the constant ¢, (cic, + 1) instead of ¢,. By definition,
the function ug; is a strong solution of the Cauchy problem (1), (2) on the interval [to,ts], i.e

a solution of the equations L,, o u = .%, and 971 = {f, 0, Pam-1} € Iy, where Lyoy =

{Zn(t), loy oy lom 1} if there exists a sequence u 6 D (L, 0,1) such that ué"l) — ug,1 in EfY and

Ly o, 1ué"1) — %, in Fgy as n — oo. The norms of the Banach spaces Ey’; and the Hilbert spaces
FgTy are determined by the left- and right-hand sides of inequality (O, :,), respectively, and the
domains D (Ly0,1) are obtained from the domain D (L,,) by the replacement of [0,T[ by [to, t2[.
By using condition IX (b), one can derive the estimate

2m—1

dzu(t) 2 2m—1

) <Cecs(t1 to) /‘g ’LL| dt+z
dt 2m—1—jt

d u t]_
dti

) (7)
2m—1—j,t1—0

for arbitrary u € D (Em,o). Obviously, the function ug is the unique strong solution of the Cauchy
problems (1), (2) in reverse time on Iy for fo = f € Ly (ly,H) and ¢;; € W™ 177 (t; —0),
j=0,...,2m—1. Since Ly (1o, W™(t)) is dense in L, (Iy, H), it follows that there exists a sequence
fO" € Lz (IO, Wm( )) converging to fo = fin Ly (Iy, H), and, by virtue of condition IX (a), there ex-
ists a sequence go 'eD (A?'m/2 (¢t —0))ND (A?'m/2 (t1 +0)) converging to ¢, in W29 (¢, — 0),
7=0,. 1 as n — o0.

Theorem 2. Let the assumptions of Theorem 1 with condition IX replaced by a condition IX (c)
on the interval I, be valid; then for any f. € Z™ and ;, € W 179 (. +0), j=0,...,2m — 1,
the Cauchy problems (1), (2) on the interval I, have a unique strong solution u, € E™ such that
du,/dt" € Z#* i =0,....2m, r =0,..., R, where #.“ = Ly (I, W*(t)) are Hilbert spaces.

By the above-proved Theorem 2 on the smoothness for f{™ and gog-fll), strong solutions u(" of
the Cauchy problem (1), (2) in reverse time on I, belong to the domains D (L,,,) by virtue
of condition IX (c).

It follows from (7) that u{"” — u, in E7" provided that f™ — fo in Ly (I, H) and cpg-fll) — Y1
in W2m=1=3 (t;, —0), 7 =0,...,2m — 1, as n — oco. By applying Theorem 2 to the Cauchy prob-
lems (1), (2) on the interval I;, we find that, for any f" € Ly(I;, W™(t)) and gog-ﬁ),
j=0,...,2m — 1, their strong solutions u§”> belong to D (L,,1) by virtue of condition IX (c).
It follows from inequalities (O, ;,) that u§7) — up in B} prov1ded that f(") — fi=fin Ly(I;,H)
and gog-fll) — i in W19 (4, 40), j = 0,...,2m — 1, as n — oo by virtue of the inequality
V31 g0 < lvf3, 1 j4, o for all v € W?™ (t; —0). Therefore, one can choose u(") = u(
on I, 7= 0,1, since the estimate (O, +,) with the constant ¢, (c;c2 + 1) instead of ¢, 1mphes that
ué"l) — g,y in EfYy, while Lm,071u87f1) — S in F{y as n — oo.

By using Theorems 1 and 2 in [1], in a similar way, one can find the unique strong solution
uy € E3* of the Cauchy problems (1), (2) on I, for fo = f € Ly (I, H) and ¢; o € W™ 177 (15 4 0),
j =0,...,2m — 1. By definition, the function u» equal to w, on the intervals I,, r = 0,1,2, is
a strong solution of the original Cauchy problems on the interval [ty,t3] if there exists a sequence

") € D (L, 02) such that u02 — U in B and Lmozuonz) — o ={f, 00, Pom-1} In FJY

n m

as n — o0. The norms of the Banach spaces Ej', and the Hilbert spaces F0 t are defined by the
left- and right-hand sides of inequality (O, ;,) with the constant ¢, (¢;co + 1) instead of ¢y, whose
derivation is similar to that of inequality (O, 4,).

By repeating the above-performed considerations for the intervals I; and I, instead of the inter—

vals Iy and I;, we construct a sequence ug’g’ € D (L, 12) such that ug’g’ — up o in BT, (1 )u1 s — f
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in Ly (Jtr,ts[, H), and d/u{y) (t1)/dt? — duy (t1)/dt? in W29 (¢, +0), j = 0,...,2m — 1,
as n — oo. Then the sequence ugg) =q, ué"l) +q, ulg) belongs to the domains D (L,, ) for all
sufﬁciently large n, where, in the partition of unity ¢, (t) + ¢ (¢t) = 1 for all ¢ € R, we have
g (t) = n fpw( t— s))Z (s)ds for some function w € C*°(R) such that w > 0, w(t) = 0
for \t\ > 1, and fR t)dt = 1 and for the characteristic function 2°(¢) of the interval [t, +oo],
t=1t +(t2—t1)/2 It is known that ¢ (t) € C*(R), 0 < ¢ (t) <1 forall t € R, ¢} (t) = 0 for
t<t—1/n,and ¢/ (t)=1fort >t+1/n.
We have the inequalities

t3
/(zﬂ(t f‘ dt<3/‘3 f( dt+3/(y —frdt
to
2m—12m—i TL/" i i, (n) |2
d*q; duol drq(t) d'uyy
T z; ]; / dtk dti ardi | _1__tdt ®)

—1/n

for all sufficiently large n. By using the estimates for the derivatives, |quf{ (t)/dt* ‘ < csnF, t € R,
k=1,...,2m, one can estimate the last term in (8) from above via

) 2 (n
1 1

2
cen®m! <‘ i + ‘ , > ,
B, Ep,

(n )
Up 1 — Up,2 Uy g — U2

where || -||gy, and |- || gy, are the norms of the Banach spaces Eg’; and E{”Z Here ¢; > 0,1 =4,5,6,
are constants independent of n. Then it follows from (8) that 4, (¢ )uo 5 — fin Lo (Jto, t3], H) as

n — oo since, by definition, %, (¢ )ué"l) — fin Ly (Jt, t2], H) and &, (t )u§"2) — fin Ly (Jty,ts], H)

as n — 00, and ué"l) and ulnz) can be chosen so as to ensure that

2
(n)
Uy — Uoz2||

1,2

<1/2", n=12,...

and ‘

Then the estimate (O, ,,) with the constant ¢ (cico + 1) instead of ¢, implies that uo 2 — Uga
in Eg', as n — oo, and so on. As a result, for given f and ¢;, j = 0,...,2m — 1, we obtain the
sewed unique strong solution v € E™ of the Cauchy problems (1), (2), Which is equal to u, on the
intervals I,, 7 = 0,..., R, and satisfies inequalities (6) for co(m) = ¢ (c1ea + 1) exp (¢5T).

Remark. If By(t) € Ly, (]0,T[, & (W*™'"k(t),H)), k =0,...,2m — 1, then, by using contin-
uation with respect to the parameter, the assertion of Theorem 1 [with larger values of c¢o(m) is
necessary| can be generalized to the equations

2m—1
Inu+ Y B(t)du/dth = f,  t€]0, T, m=12,...

k=0

3. EXAMPLE OF MIXED PROBLEMS

In the bounded domain G = ]0,T[ x Q, Q C R™, n > 1, of the variables ¢t and = = (xy,...,x,)
with a sufficiently smooth lateral surface I' = [0,T] x S, we prove the well-posedness of mixed
problems for the hyperbolic partial differential equations

m 92 p(t)
H <8t2 + Z ak,r(t)(_

k=1 —

[p(t)/2]

+ byolt 8+ Z bt (t ))u(t,m):f(t,m), (t,z) € G,
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where the coefficients ay, and by, by, are max{2m — 2,2} and 2m — 2k times, respectively,
piecewise continuously differentiable functions of the variable ¢t € [0,7[ with finitely many nons-
moothness points and jump discontinuities, ay ) are distinct for each ¢ € [0, T, ax e > 0, and

p(t) > 0 is an integer-valued nonincreasing function of the variable ¢ € [0, T with finitely many
discontinuity points, under the boundary conditions

Aiu(t,mﬂrzo, A=0%)0x% + -+ 0°/0x2, i=0,...,mp(t) — 1, t e 0,77,

and the initial conditions du(0,z)/0t = p;(z), x € Q, 7 =0,...,2m -1, m=1,2,...
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