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Quasuhyperbolic factorized differential-operator equations with variable domains of smooth op-
erator coefficients were considered in [1]. In the case of discontinuous operator coefficients, only
hyperbolic second-order differential-operator equations were investigated [2, 3]. In the present pa-
per, we prove the strong well-posedness and the smoothness of strong solutions of quasihyperbolic
factorized differential-operator equations with variable domains of discontinuous operator coeffi-
cients; i.e., one of the main results for hyperbolic second-order differential-operator equations with
discontinuous operators in [4] is generalized to the case of quasihyperbolic even-order differential-
operator equations.

1. STATEMENT OF THE PROBLEMS

Let H be a Hilbert space with inner product (· , ·) and norm | · |. On the bounded interval ]0, T [,
consider the Cauchy problem

Lm(t)u ≡
(
d2/dt2 + Am(t)

)
· · ·

(
d2/dt2 + A1(t)

)
u = f, t ∈ ]0, T [, (1)

lju ≡
(
dju/dtj

)∣∣
t=0

= ϕj, 0 ≤ j ≤ 2m − 1, m = 1, 2, . . . , (2)

where u and f are functions of the variable t with values in H and the Ak(t) are positive self-adjoint
operators in H with t-dependent domains D (Ak(t)), t ∈ [0, T [, k = 1, . . . ,m.

Let all operators Ak(t), k = 1, . . . ,m, satisfy conditions I, IV, and VI in [1] for each t ∈ [0, T [.
Following [1], for each t ∈ [0, T [, we equip the domains D

(
Aα/(2m)(t)

)
(dense in H) of the positive

fractional powers Aα/(2m)(t) of the self-adjoint operators A(t) = Am
1 (t) in H with the norms |v|α,t =

|Aα/2
1 (t)v|; thus we obtain Hilbert spaces W α(t), t ∈ [0, T [, 0 ≤ α ≤ 2m, with W 0(t) = H.

In addition, we assume that the remaining conditions II, III, and V in [1] are valid only locally in
the sense of the following respective conditions VII and VIII.

VII. The interval [0, T [ is divided into pairwise disjoint intervals Ir = [tr, tr+1[, r = 0, . . . , R,
t0 = 0, tR+1 = T , so as to ensure that on each interval Ir, the inverse operators

A−1
k (t) ∈ B ([0, T [, L (H))

have the strong derivatives dA−1
k (t)/dt ∈ B (Ir, L (H)) and d2A−1

k (t)/dt2 ∈ L∞ (Ir, L (H)) in H
such that

−
((

dA−1
k (t)/dt

)
g, g

)
≤ c

(1)
k

(
A−1

k (t)g, g
)

∀g ∈ H, k = 1, . . . ,m, (3)
∣
∣((d2A−1

k (t)/dt2
)
g, v

)∣∣ ≤ c
(2)
k |g|

(
A−1

k (t)v, v
)1/2 ∀g, v ∈ H, k = 1, . . . ,m. (4)

Here all constants c
(1)
k , c

(2)
k ≥ 0 are independent of u, t, g, v, and r.
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VIII. On each interval Ir, there exist Banach spaces V 2i
r , i = 0, . . . ,m, independent of t such

that V 0
r = H, D

(
Ãk(t)

)
⊂ V 2

r , V 2j
r is continuously embedded in V 2i

r if j > i, W 2i(t) is continuously
embedded in V 2i

r , i = 0, . . . ,m, and the strong derivatives

diÃk(t)/dti ∈ B
(
Ir, L

(
V 2[j/2]+2

r , V 2[j/2]
r

))
,

j = 0, . . . , 2m − 2 − i, i = 0, . . . , 2m − 2, k = 1, . . . ,m,

exist in H, where [·] is the integer part of a number.
In addition, we require that the operators Ak(t), k = 1, . . . ,m, satisfy the following matching

conditions at their removable points of discontinuity tr, r = 1, . . . , R.
IX. If the partition {Ir}, r = 0, . . . , R, of the interval [0, T [ consists of two or more intervals,

then the following matching conditions are valid for any two adjacent intervals Ir−1 and Ir.
(a) At the common boundary point tr, the intersections D

(
A

3m/2
1 (tr − 0)

)
∩ D

(
A

3m/2
1 (tr)

)

of the domains of the powers A
3m/2
1 (tr − 0) and A

3m/2
1 (tr) of the left continuations are dense

in W 2m−1 (tr − 0), r = 1, . . . , R, and there exists a constant c1 ≥ 1, independent of u and t ∈ [0, T [,
such that

∣
∣∣Am−1/2

1 (tr) u
∣
∣∣
2

≤ c1

∣
∣∣Am−1/2

1 (tr − 0) u
∣
∣∣
2

∀u ∈ W 2m−1 (tr − 0) , r = 1, . . . , R. (5)

(b) Inequalities (3) are valid with the sign of absolute value on the left-hand sides on Ir−1.
(c) On the intervals Ir−1 and Ir, the inverse operators A

−(2m−k)/2
k (t) of the powers A

(2m−k)/2
k (t)

have the strong derivatives diA−(2m−k)/2
k (t)/dti ∈ B (Ip, L (H)) such that

A
(2m−k)/2
k (t)

(
diA

−(2m−k)/2
k (t)/dti

)
∈ B

(
Ip, L

(
W i−1(t),H

))
,

i = 1, 2, p = r − 1, r, k = 1, . . . ,m.

There exist strong derivatives djA−1
k (t)/dtj ∈ B (Ip, L (H)), j = 1, . . . , 2m − 2k, p = r − 1, r,

k = 1, . . . ,m − 1, such that

djA−1
k (t)/dtj ∈ B

(
Ip, L

(
W 2m−k−2−s+n+j(t),W 2m−k−s+n(t)

))
, p = r − 1, r,

where n = 1, . . . , i − j + 1, j = 1, . . . , i, i = 1, . . . , s, s = 1, . . . , 2m − 2k, and k = 1, . . . ,m − 1.

2. EXISTENCE AND UNIQUENESS THEOREM

Let the Banach spaces E 2m−1,2m−1 be the sets of functions u ∈ B ([0, T [,H) with finite norm

|||u|||m =

{

sup
0<t<T

2m−1∑

i=0

∣
∣∣
∣
diu(t)

dti

∣
∣∣
∣

2

2m−1−i,t

}1/2

,

and let the sets D (Lm) =
{

u ∈ D
(
L̃m

)
: dsu/dts ∈ L2

(
Ir,W

2m−2[(s+1)/2](t)
)
∩ L2(]0, T [,H),

s = 0, . . . , 2m, r = 0, . . . , R
}

belong to the spaces E 2m−1,2m−1, m = 1, 2, . . . , where

D
(
L̃m

)
=

{

u ∈ L2(]0, T [,H) :
dsu

dts
∈ L2

(
Ir, V

2m−2[(s+1)/2]
r

)
, s = 0, . . . , 2m, r = 0, . . . , R;

d2m−2u

dt2m−2
,

p∏

i=1

(
dαiÃki

(t)
dtαi

)(
d2m−2p−2−|α(p)|u

dt2m−2p−2−|α(p)|

)
∈ L2

(
Ir,W

2(t)
)
,

|α(p)| = 0, . . . , 2m − 2p − 2, p = 1, . . . ,m − 1,

1 ≤ k1, . . . , kp ≤ m, ki 	= kj , r = 0, . . . , R

}

,
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[·] is the integer part of a number, α(p) = (α1, . . . , αp) ∈ Z
p
+, and |α(p)| = α1 + · · · + αp. In what

follows, the derivation of a priori estimates for strong solutions of the Cauchy problem (1), (2) also
provides the proof of the inclusions D (Lm) ⊂ E 2m−1,2m−1. For the spaces of strong solutions of the
Cauchy problems (1), (2), we take the Banach spaces Em that are the closures of the sets D (Lm)
in the norms ||| · |||m. For the spaces of right-hand sides of Eq. (1) and the initial conditions (2), we
take the Hilbert spaces F m = L2(]0, T [,H) × W 2m−1(0) × · · · × H that are the sets of all elements
F = {f, ϕ0, . . . , ϕ2m−1} ∈ F m with finite Hermitian norms

〈‖F ‖〉m =

{ T∫

0

|f(t)|2dt +
2m−1∑

j=0

|ϕj |22m−1−j,0

}1/2

.

The Cauchy problems (1), (2) correspond to linear unbounded operators

Lm ≡ {Lm(t), l0, . . . , l2m−1} : Em ⊃ D (Lm) → F m

with dense domains D (Lm), m = 1, 2, . . . If conditions I and IV in [1] and conditions VII and VIII
are valid and D (Lm) ⊂ E 2m−1,2m−1, then the operators Lm admit strong closures

L̄m ≡
{

L̄m(t), l0, . . . , l2m−1

}
: Em ⊃ D

(
L̄m

)
→ F m.

The solutions of the operator equations L̄mu = F , F ∈ F m, m = 1, 2, . . . , are referred to as
strong solutions of the Cauchy problems (1), (2).

Theorem 1. If conditions I , IV, and VI in [1] and conditions VII–IX are satisfied and the
strong derivative of the inverse operators A−1(t) ∈ B ([0, T [, L (H)) of A(t) satisfies the inclusion
dA−1(t)/dt ∈ B (Ir, L (H,W 2m−1(t))) , r = 0, . . . , R, for m > 1 on each interval Ir, then, for
arbitrary f ∈ L2(]0, T [,H) and ϕj ∈ W 2m−1−j(0), j = 0, . . . , 2m − 1, there exists a unique strong
solution u ∈ Em of the Cauchy problems (1), (2), and

|||u|||2m ≤ c0(m)〈‖F ‖〉2m, F = {f, ϕ0, . . . , ϕ2m−1} , c0(m) > 0, m = 1, 2, . . . (6)

Proof. By virtue of conditions I, IV, and VI in [1], inequality (3), and Theorem 1 in [1], we have
the estimate

sup
t∈Ir

2m−1∑

i=0

∣∣
∣
∣
diu(t)

dti

∣∣
∣
∣

2

2m−1−i,t

≤ c2e
c3(tr+1−tr)

( tr+1∫

tr

∣
∣L̄m(t)u

∣
∣2 dt +

2m−1∑

j=0

|lj,ru|22m−1−j,tr

)

(Otr ,tr+1)

on each interval Ir for arbitrary u ∈ D
(
L̄m,r

)
, where lj,ru = (dju/dtj)|t=tr

, the domains D
(
L̄m,r

)

are obtained from the domains D
(
L̄m

)
by the replacement of [0, T [ by Ir, r = 0, . . . , R, and

c2, c3 > 0 are constants independent of u and t ∈ [0, T [. By virtue of the embeddings

W 2m−1−j (tr − 0) ⊂ W 2m−1−j (tr + 0) , j = 0, . . . , 2m − 1, r = 1, . . . , R,

which follow from (5) in view of the well-known Heinz inequality, conditions I, IV, and VI in [1],
inequalities (3) and (4), and Theorem 2 in [1], for any fr ∈ L2 (Ir,H) and ϕj,r = (djur−1 (tr) /dtj) ∈
W 2m−1−j (tr), ϕj,0 = ϕj, j = 0, . . . , 2m−1, there exist (recursively with respect to r) unique strong
solutions ur ∈ Em

r of the considered Cauchy problems on Ir, that is, solutions of the operator
equations L̄m,ru = Fr, Fr = {fr, ϕ0,r, . . . , ϕ2m−1,r} ∈ F m

r , r = 0, . . . , R, where the norms of
the Banach spaces Em

r and the Hilbert spaces F m
r are given by the left- and right-hand sides,

respectively, of inequalities
(
Otr ,tr+1

)
, and L̄m,r ≡

{
L̄m(t), l0,r, . . . , l2m−1,r

}
.

Therefore, we add inequalities (Ot0,t1) and (Ot1,t2) and estimate the right-hand sides in (Ot1,t2)
first with the use of the inequalities |v|22m−1−j,tr+0 ≤ c1|v|22m−1−j,tr−0 for all v ∈ W 2m (tr − 0),
r = 1, . . . , R, which follow from (5), and then by the right-hand sides of inequality (Ot0,t1) (see [2]);
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after that, for each f ∈ L2(]0, T [,H) and ϕj ∈ W 2m−1−j(0), j = 0, . . . , 2m − 1, we find the unique
function u0,1 ∈ Em

0,1 equal to ur on Ir, r = 0, 1, and satisfying the equations L̄m,0u = F0 and
L̄m,1u = F1 and the estimate (Ot0,t2) with the constant c2 (c1c2 + 1) instead of c2. By definition,
the function u0,1 is a strong solution of the Cauchy problem (1), (2) on the interval [t0, t2[, i.e.,
a solution of the equations L̄m,0,1u = F0,1 and F0,1 = {f, ϕ0, . . . , ϕ2m−1} ∈ F m

0,1, where L̄m,0,1 ≡
{

L̄m(t), l0, . . . , l2m−1

}
, if there exists a sequence u

(n)
0,1 ∈ D (Lm,0,1) such that u

(n)
0,1 → u0,1 in Em

0,1 and
Lm,0,1u

(n)
0,1 → F0,1 in F m

0,1 as n → ∞. The norms of the Banach spaces Em
0,1 and the Hilbert spaces

F m
0,1 are determined by the left- and right-hand sides of inequality (Ot0,t2), respectively, and the

domains D (Lm,0,1) are obtained from the domain D (Lm) by the replacement of [0, T [ by [t0, t2[.
By using condition IX (b), one can derive the estimate

sup
t0<t<t1

2m−1∑

i=0

∣
∣∣
∣
diu(t)

dti

∣
∣∣
∣

2

2m−1−j,t

≤ c2e
c3(t1−t0)

( t1∫

t0

∣∣L̄m(t)u
∣∣2 dt +

2m−1∑

j=0

∣
∣∣
∣
dju (t1)

dtj

∣
∣∣
∣

2

2m−1−j,t1−0

)

(7)

for arbitrary u ∈ D
(
L̄m,0

)
. Obviously, the function u0 is the unique strong solution of the Cauchy

problems (1), (2) in reverse time on I0 for f0 = f ∈ L2 (I0,H) and ϕj,1 ∈ W 2m−1−j (t1 − 0),
j = 0, . . . , 2m−1. Since L2 (I0,W

m(t)) is dense in L2 (I0,H), it follows that there exists a sequence
f (n)

0 ∈ L2 (I0,W
m(t)) converging to f0 = f in L2 (I0,H), and, by virtue of condition IX (a), there ex-

ists a sequence ϕ
(n)
j,1 ∈ D

(
A

3m/2
1 (t1 − 0)

)
∩D

(
A

3m/2
1 (t1 + 0)

)
converging to ϕj,1 in W 2m−1−j (t1 − 0),

j = 0, . . . , 2m − 1, as n → ∞.

Theorem 2. Let the assumptions of Theorem 1 with condition IX replaced by a condition IX (c)
on the interval Ir be valid ; then for any fr ∈ H m

r and ϕj,r ∈ W 3m−1−j (tr + 0) , j = 0, . . . , 2m − 1,
the Cauchy problems (1), (2) on the interval Ir have a unique strong solution ur ∈ Em

r such that
diur/dti ∈ H 2m−i

r , i = 0, . . . , 2m, r = 0, . . . , R, where H α
r = L2 (Ir,W

α(t)) are Hilbert spaces.

By the above-proved Theorem 2 on the smoothness for f (n)
0 and ϕ(n)

j,1 , strong solutions u(n)
0 of

the Cauchy problem (1), (2) in reverse time on I0 belong to the domains D (Lm,0) by virtue
of condition IX (c).

It follows from (7) that u(n)
0 → u0 in Em

0 provided that f (n)
0 → f0 in L2 (I0,H) and ϕ(n)

j,1 → ϕj,1

in W 2m−1−j (t1 − 0), j = 0, . . . , 2m − 1, as n → ∞. By applying Theorem 2 to the Cauchy prob-
lems (1), (2) on the interval I1, we find that, for any f

(n)
1 ∈ L2 (I1,W

m(t)) and ϕ
(n)
j,1 ,

j = 0, . . . , 2m − 1, their strong solutions u
(n)
1 belong to D (Lm,1) by virtue of condition IX (c).

It follows from inequalities (Ot1,t2) that u
(n)
1 → u1 in Em

1 provided that f
(n)
1 → f1 = f in L2 (I1,H)

and ϕ
(n)
j,1 → ϕj,1 in W 2m−1−j (t1 + 0), j = 0, . . . , 2m − 1, as n → ∞ by virtue of the inequality

|v|22m−1−j,t1+0 ≤ c1|v|22m−1−j,t1−0 for all v ∈ W 2m (t1 − 0). Therefore, one can choose u(n)
0,1 = u(n)

r

on Ir, r = 0, 1, since the estimate (Ot0,t2) with the constant c2 (c1c2 + 1) instead of c2 implies that
u

(n)
0,1 → u0,1 in Em

0,1, while Lm,0,1u
(n)
0,1 → F0,1 in F m

0,1 as n → ∞.
By using Theorems 1 and 2 in [1], in a similar way, one can find the unique strong solution

u2 ∈ Em
2 of the Cauchy problems (1), (2) on I2 for f2 = f ∈ L2 (I2,H) and ϕj,2 ∈ W 2m−1−j (t2 + 0),

j = 0, . . . , 2m − 1. By definition, the function u0,2 equal to ur on the intervals Ir, r = 0, 1, 2, is
a strong solution of the original Cauchy problems on the interval [t0, t3[ if there exists a sequence
u

(n)
0,2 ∈ D (Lm,0,2) such that u

(n)
0,2 → u0,2 in Em

0,2 and Lm,0,2u
(n)
0,2 → F0,2 = {f, ϕ0, . . . , ϕ2m−1} in F m

0,2

as n → ∞. The norms of the Banach spaces Em
0,2 and the Hilbert spaces F m

0,2 are defined by the
left- and right-hand sides of inequality (Ot0,t3) with the constant c2 (c1c2 + 1)2 instead of c2, whose
derivation is similar to that of inequality (Ot0,t2).

By repeating the above-performed considerations for the intervals I1 and I2 instead of the inter-
vals I0 and I1, we construct a sequence u

(n)
1,2 ∈ D (Lm,1,2) such that u

(n)
1,2 → u1,2 in Em

1,2, Lm(t)u(n)
1,2 → f
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in L2 (]t1, t3[ ,H), and dju
(n)
1,2 (t1)/dtj → dju1 (t1)/dtj in W 2m−1−j (t1 + 0), j = 0, . . . , 2m − 1,

as n → ∞. Then the sequence u
(n)
0,2 = q−

n u
(n)
0,1 + q+

n u
(n)
1,2 belongs to the domains D (Lm,0,2) for all

sufficiently large n, where, in the partition of unity q−
n (t) + q+

n (t) = 1 for all t ∈ R, we have
q+

n (t) = n
∫

R
w(n(t − s))X (s)ds for some function w ∈ C∞(R) such that w ≥ 0, w(t) = 0

for |t| > 1, and
∫

R
w(t)dt = 1 and for the characteristic function X (t) of the interval [t̄,+∞[,

t̄ = t1 + (t2 − t1) /2. It is known that q+
n (t) ∈ C∞(R), 0 ≤ q+

n (t) ≤ 1 for all t ∈ R, q+
n (t) = 0 for

t ≤ t̄ − 1/n, and q+
n (t) = 1 for t ≥ t̄ + 1/n.

We have the inequalities
t3∫

t0

∣∣
∣Lm(t)u(n)

0,2 − f
∣∣
∣
2

dt ≤ 3

t2∫

t0

∣∣
∣Lm(t)u(n)

0,1 − f
∣∣
∣
2

dt + 3

t3∫

t1

∣∣
∣Lm(t)u(n)

1,2 − f
∣∣
∣
2

dt

+ c4

2m−1∑

i=0

2m−i∑

k=1

t̄+1/n∫

t̄−1/n

∣
∣∣
∣∣
dkq−

n (t)
dtk

diu
(n)
0,1

dti
+

dkq+
n (t)

dtk

diu
(n)
1,2

dti

∣
∣∣
∣∣

2

2m−1−i,t

dt (8)

for all sufficiently large n. By using the estimates for the derivatives,
∣
∣dkq+

n (t)/dtk
∣
∣ ≤ c5n

k, t ∈ R,
k = 1, . . . , 2m, one can estimate the last term in (8) from above via

c6n
2m−1

(∥
∥
∥u

(n)
0,1 − u0,2

∥
∥
∥

2

Em
0,1

+
∥
∥
∥u

(n)
1,2 − u0,2

∥
∥
∥

2

Em
1,2

)
,

where ‖ ·‖Em
0,1

and ‖ ·‖Em
1,2

are the norms of the Banach spaces Em
0,1 and Em

1,2. Here ci ≥ 0, i = 4, 5, 6,
are constants independent of n. Then it follows from (8) that Lm(t)u(n)

0,2 → f in L2 (]t0, t3[ ,H) as
n → ∞ since, by definition, Lm(t)u(n)

0,1 → f in L2 (]t0, t2[ ,H) and Lm(t)u(n)
1,2 → f in L2 (]t1, t3[ ,H)

as n → ∞, and u
(n)
0,1 and u

(n)
1,2 can be chosen so as to ensure that

∥∥
∥u

(n)
0,1 − u0,2

∥∥
∥

2

Em
0,1

and
∥∥
∥u

(n)
1,2 − u0,2

∥∥
∥

2

Em
1,2

≤ 1/2n, n = 1, 2, . . .

Then the estimate (Ot0,t3) with the constant c2 (c1c2 + 1)2 instead of c2 implies that u
(n)
0,2 → u0,2

in Em
0,2 as n → ∞, and so on. As a result, for given f and ϕj, j = 0, . . . , 2m − 1, we obtain the

sewed unique strong solution u ∈ Em of the Cauchy problems (1), (2), which is equal to ur on the
intervals Ir, r = 0, . . . , R, and satisfies inequalities (6) for c0(m) = c2 (c1c2 + 1)R exp (c3T ).

Remark. If Bk(t) ∈ L∞
(
]0, T [, L

(
W 2m−1−k(t),H

))
, k = 0, . . . , 2m− 1, then, by using contin-

uation with respect to the parameter, the assertion of Theorem 1 [with larger values of c0(m) is
necessary] can be generalized to the equations

Lm(t)u +
2m−1∑

k=0

Bk(t)dku/dtk = f, t ∈ ]0, T [, m = 1, 2, . . .

3. EXAMPLE OF MIXED PROBLEMS

In the bounded domain G = ]0, T [ × Ω, Ω ⊂ R
n, n ≥ 1, of the variables t and x = (x1, . . . , xn)

with a sufficiently smooth lateral surface Γ = [0, T [ × S, we prove the well-posedness of mixed
problems for the hyperbolic partial differential equations

m∏

k=1

(
∂2

∂t2
+

p(t)∑

r=0

ak,r(t)(−Δ)r

+ bk,0(t)
∂

∂t
+

[p(t)/2]∑

r=0

bk,1,r(t)(−Δ)r

)

u(t, x) = f(t, x), (t, x) ∈ G,
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where the coefficients ak,r and bk,0, bk,1,r are max{2m − 2, 2} and 2m − 2k times, respectively,
piecewise continuously differentiable functions of the variable t ∈ [0, T [ with finitely many nons-
moothness points and jump discontinuities, ak,p(t) are distinct for each t ∈ [0, T [, ak,p(t) > 0, and
p(t) ≥ 0 is an integer-valued nonincreasing function of the variable t ∈ [0, T [ with finitely many
discontinuity points, under the boundary conditions

Δiu(t, x)
∣∣
Γ

= 0, Δ = ∂2/∂x2
1 + · · · + ∂2/∂x2

n, i = 0, . . . ,mp(t) − 1, t ∈ [0, T [,

and the initial conditions ∂ju(0, x)/∂tj = ϕj(x), x ∈ Ω, j = 0, . . . , 2m − 1, m = 1, 2, . . .
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