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Abstract— We prove the well-posedness of new boundary value problems for partially pseu-
dodifferential complete nonclassical equations of variable order in space variables with higher
derivatives of odd order in time.
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Boundary value problems for parabolic equations in variable-order partial derivatives (in space
variables) were earlier considered for higher derivatives of the first order [1-3] and odd order [4]
in time, for hyperbolic equations with higher derivatives of the second order [3] and even order [5]
in time, for partially pseudodifferential parabolic equations with higher derivatives of the first
order [6] and higher order [7] in time, and for partially pseudodifferential hyperbolic equations with
even-order derivatives in time [8]. In the present paper, we prove the strong well-posedness of new
boundary value problems for partially pseudodifferential complete nonclassical equations of variable
order with odd-order higher derivatives in time. The variable differentiation order depended on the
time in [1-5] and on space points at which the differentiation is performed in [6, 7].

1. STATEMENT OF THE PROBLEM

In the domain G = ]0,T[ x R™, consider the boundary value problems

2m+1 2m s+1)/2 s/2
(_1)mw M(_l)[S/Q] (I — A,)Pe== O u(t, )
ot2m+1 — Otl(s+1)/2] x Otls/2]
+ A (I = AP Ou(t, z) = f(t,x), t€]0,7T], x=(xy,...,2,) ER", (1)

O'u(0,z)/0t" = &u(T,z)/0t) =0,
x eR", 1=0,...,m, j=0,....m—1, m=0,1,..

(2)

where py(t) = p(t){1 — (s — 1)/(2m)}, 0 < g5 < 1/(2m), [a] is the integer part of the number a,
and the fractional partial derivatives with respect to x are defined with the use of the well-known
Fourier—Plancherel (F-P) transforms in Ly (R™) [9, p. 108]. Here the operators

)

As(tyu(z) = (=D)FFH(1 + )P0 F[u)(€)](x)

with domains D(A(t)) = {u(z) € Ly(R"™) : (1 + [£[2)P-O=F[u](€) € Ly(R™)}, t € [0,T], are
pseudodifferential operators of variable order with respect to x [9, pp. 135-136] corresponding to
the symbols a,(t,z,£) = (1 + |[£]2)P<B =5 s >0, g9 = 0 [10, pp. 94-98 of the Russian translation].

2. EXISTENCE, UNIQUENESS, AND CONTINUOUS DEPENDENCE

The spaces of strong solutions and right-hand sides are the Hilbert spaces £™(G) defined as the
closures of the sets D(L,,) of all functions C?" 17" (G), where p* = [4max;c(o ) p(t)] + 1, satisfying
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conditions (2) and compactly supported in R” in the Hermitian norms

el = {// (‘ada;‘t,ix

0 R™

1/2
+ [(I = A,)Pe®/2 (t,x)\2> dmdt}

and the Banach spaces F~™(G) defined as the closures of the set Ly(G) in the norms

/T<T—t>/fwxdt <\|\v\|\m>1},

respectively. The boundary value problems (1), (2) correspond to linear unbounded operators
L,,(Am): E™ D D(L,,) — F~™ with dense domains D(L,,).

(I —m = sup {

vEEM(G)

Definition 1. The solutions of the operator equations L,,(An)u = f, f € F-m =0,1,...,
are referred to as strong solutions of the boundary value problems (1), (2).

Theorem 1. Ifn/2 < p(t) € C™0,T], and the derivative p'(t), t € [0,T], is nonpositive, then
there exist co(m) > 0, Ao = [1,+oo[ form =0 and A, = [Xm,+oo[, A > 1, for m > 0, such that,
for all f € .7?*’”(6’) and A, € A,,, the boundary value problems (1) and (2) have a unique strong
solution u € C™ ([0, T], Lo(R™)) N E™(G), and

@t 2)[[[m < colm)([f(E2)[)-m, — m=0,1,... (3)

Proof. The proof amounts to verifying the assumptions of Theorem 2 in [11] for the operators
At) = (I — A,)PY with domains D(A(t)) = {u(x) € Ly(R") = (1 + [¢]))PD Fu](€) € La(R™)} and
for the smoothing operators B-'(t) = (I —eB(t))™*, ¢ > 0, B(t) = —Ay(t).

I. Maximal accretivity of the operators Ag(t). The proof of the self-adjointness and positive
definiteness of the operators Ag(t) in Ly(R™) can be found in [8, p. 533].

II. Ezistence of self-adjoint operators A(t) subordinate to the operators Ay(t). By using two
basic properties of the F-P transforms, the Parseval relation (h,g) = (27) " (Fh], F[g]), h,g €
Ly (R™), for the inner product (-,-) in Ly(R™), and the inversion formulas F~'F|[g] = FF~'[g] = g,
g € Ly(R™), we find that inequalities (4) in [11] hold for all ¢t € [0,T] and u € D(Ay(t)):

Re (Ao (t)u,u) = Re (F (1 + )V Flu]],u) = (2m) (1 + )"V Flu], Flu])
> (2m) (1 + [E*)P O Flu], Flu]) = (F7[(1 + €)Y Flu]], u) = (A(t)u, u).

Let us compute the strong derivative dA~!(¢)/dt of the operators A~'(t) inverse to the opera-
tors A(t). If p(t) > n/2, then, by using the continuity of F~! with respect to t in Ly(R") and the
convolution estimate

17+ gl < [Pl 9]l

[9, p. 62] and by performing the differentiation of the operators A='(t)g = F~'[(1 + |£?)7?®)] %

g € Lo(R™) with respect to ¢ for all g € Ly(R™) [9, pp. 182-185], we prove the existence of
a strong derivative (dA~1(t)/dt)g = —p'(t)(F[(1 + [£]*)7?® In(1 + |£|?)] * g) in Ly(R™), and the
boundedness of this derivative in Ly (R") follows from the inequalities [8, p. 533] |[(dA~*(t)/dt)g|| <
(0e)~Hp' ()|lgll, where || - is the norm in Ly(R™), and ¢ > 0 is an arbitrarily small number for
i = 1 in the inequalities In"z < (i/(0€))'z°, z > 1, o > 0, i = 1,2,... The verification of the
corresponding assumption of Theorem 2 for the derivative dA~!(¢)/dt can be found in [8, p. 537].

III. Differentiability and symmetry of the operators A,(t), s > 0. The operators A(t) have
positive fractional powers A%/ ™) (t)u = F~[(1 + [£]2)PD/Cm) Fy]], 0 < a < 2m. The operators
A, (t) belong to B([0,T], L(W?™+1=5(¢t), H)), s > 0, since

AL (B)u))? = |[FH(1 + €))7 O Flul]|* = (2m) " [|(1 + [¢]2)P O~ Flu]||?
< 2m) I+ [P OF W] = [[FHA 4 1P O FW]l? = [ul3 s, Yu € WHT2().
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1376 LOMOVTSEV

The first strong derivative of the linear unbounded operators A,(t) with variable domains D(A,(t))
in the sense of the definition in [11] was computed in [8, p. 535] and is equal to

(dA, (&) /dt)u(t) = (=1 e (s, p) FHL + €% O In(1 + [¢*) Flu(t)]],

where ¢, (s,p) = (1—(s—1)/(2m))p’(t). In a similar way, by using two basic properties of the F—P
transforms, one can show that

I(dAL(8) /dt)ull® < ¢, (s,p)(2m) " [[(1 + €)= e F [u] |
< e (5,p)@m) |1+ [Py OTPOTEM B2 < ¢ (5, p)[uld1asry Yu € WETHTT(E)

for an arbitrarily small 7 > 0; i.e., dA,(t)/dt € B([0,T], L(W?™T1=s%7(¢), H)), s > 0, if 0 < p <
gs +n7/(4m) for i = 1. Since p(t) € C™*10,T], it follows that the remaining strong derivatives of
the operators A,(t) can be evaluated recursively in j, and one can show that if 0 < o < e,+n7/(4m)
for i = j, then d? A (t)/dt? € B([0,T], L(W?"H1=st7(t) H)), 5 =2,...,[(s+1)/2], s > 0.

The operators A,(t) satisfy inequalities (5) in [11] for j = 0, 1; for example, if j = 1, then

(a0 fatyu, ) = S g1 pzypeocsa-teram e

(2m)"
% ln(1+ ‘§| ) [ ] (1 + |§‘ ) p(t)(1/2— [(s—l)/?]/(2m)—p5/(2m))F[v]>|

< em (8, P [l (o/21 1po il Vlm— (1) j2)poe Yu € WHTEP () -y @ W sm D278 ()
provided that 0 < o < &,, s > 0, for ¢ = 1. Here we have used two basic properties of F-P
transforms. The proof of the symmetry of the operators A,(t), s > 0, can be found in [8, p. 535].
Inequalities (6) in [11] hold for the operators A,(t), s > 0, since
(1) {A(t)u, u) = —(F7H(1 4 [¢?)rOa-emD/CmD=e Plu]] )
= —(2m) (1 + ¢ tmD/Em =S Fly), Flu]) <0 Yu € D(A®)).  (4)

IV. Properties of smoothing operators BZ'(t) and the corresponding smoothed operators A(t),
s > 0. 1. In Ly(R"), the dissipativity of the operators B(t) = —Aq(t) follows from the positive

definiteness of the operators Ag(t), and the proof of the boundedness of the strong derivatives
d'B7(t)/dt" = diB**l(t)/dti i =0,...,m+ 1, can be found in [8, p. 534]. For example, for
B '(t)yg=—-A;'(t)g=—(F'[(1 + |§| ) po(t) ] * ), the strong derivative is

(dB~'(t)/dt)g = (1 +1/(2m))p'(6)(F (1 + [€]*) @ In(1 + [¢]*)] * g),

and [[(dB~!/dt)g|| < (1 4+ 1/(2m))|p’(t)|(0e)~!|g|| for all g € Ly(R™). The boundedness of the
operators A,(t)(dB~*(t)/dt) in Ly(R") follows from the relations

1A () (dB~ (t)/dt)g||* = ¢, (0, p)|[F (1 + [€]*) 7P/ == In(1 + [¢]*) Flg]] |1

< 31(0 p)(2m) " (0e) 2|I(1 + [€*)e= FlgllI* < ¢2,(0,p)(0e) 2|9l
=0,...,2m, Vg € Ly(R™),

if 0 < p < e, for ¢ = 1. Here we have used the F-P transform of the convolution F'[hxg] = F[h]-F|g],

h € Li(R"), g € Ly(R™) [9, p. 105]. For the remammg strong derivatives d'B~*(t)/dt*, the proof
of the boundedness of the operators A, (¢t)(d'B~*(t))/dt', i =2,...,[s/2], s =0,...,2m, in Ly(R™)

can be performed in a similar way with the use of three basic properties of F—P transforms.
2. For m = 0, there exists the first limit in (7) in [11]: if u € W™F1/2(¢), then

|Re ((dB (t)/dt) (B (t)"u,v)| = |Re (e(dB™(t)/dt) B(t) B*(t )u B( ) B (t)u)|
< IdB~! (1) /dt)v/e(=B(1) > B2 (t)(=B(1) ull|ve(=B(1)) 2B (t) (= B(1)) ull — 0 (5)
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as ¢ — 0, since the operators dB~!(t)/dt are bounded in L,(R"), (—B

lim. o [|\/&(=B(t))/2B_ ! (t)gll = 0 for all g € Ly(R"), where (=B(t))"/* i

operators Ay(t). The validity of inequalities (7) in [11] follows from (3) in
3(a). For m > 0, the limit (8) in [11] does not exist, but inequality (8') in

—Re ((dB-'(t)/dt) (B (t))"v,v) = —e Re (B! (t)(dB(t)/dt) B (t)(B- ' (t) v, v)
<e Cm(Ozp)(QW) LA PP (1 + ¢ FBS (1)), (1 + €17y F[B2(t)o]) <0
for all v € Ly(R™), since ¢,,(0,p) < 0, t € [0,T], by the assumption of Theorem 1.
By analogy with the transformations (5), we have
I(d(BZ(#))" /dt)v||* = eB() B (1) B~ (¢)(dB(t) /dt) B (t)v]|*
< leB®)BZ (OI°IB (1) (dB(t)/dt) B (t)v]|* — 0 Yo € Wi(t), (6)
since lim, ¢ [|e(B(t))B-'(t)|| = 0 and the values
1B~ (t)(dB(t)/dt) B (t)v||?
= |FH( A+ €))7 O] 5 e (0, p) FH(L A+ [€2)P In(1 + [€°) F[BZ (#)0]]|?
< c,(0,p) | BZH A ()o]|? < ¢, (0,p) | A (t)o]* < ¢, (0,p)|of2, Yoe W) (7)

NY?u € Ly(R™), and
the square root of the

(¢
[11].
[

11] takes place:

are bounded uniformly with respect to ¢ provided that 6 = 2mp/p(t) < 1 for 0 < o < n/(4m)
if 7 = 1. Recurrently in 4 one can show that lim. g ||(d(BZ*(t))*/dt?)v|| = 0 for all v € WI~1(¢)
provided that 0 < o < n/(4m) for i = j = 2,...,m+ 1, and therefore,

lim [[(d" B2 (t) /dt") (B (¢)) vl = 0
for all v € W =t(¢) and for i = 2,...,m+ 1.

By virtue of the estimates (6), as ¢ — 0 we have
[(dB " (t)/dt)(d(B. (t))" /dt)v]|*
< [eB®)B OB~ (¢)(dB(t)/dt) B (t)(d(B. ' (£)" /dt)v]|* — 0

for all v € W(t), since, by virtue of the estimates (7) and (6) and the commutativity of A%/Zm™®
with B(t),

1B~ (#)(dB(t)/dt) B (£)(d(B- ' (1))" /dt)v||* < ¢, (p)|(d(B (1)) /dt)vl,,
(d(BZH(1))"/dt)vls, < leB()B ()II*1B~(t)(dB(t)/dt) B, (t)v]5, — O, (8)
|B7H(6)(dB(1)/dt) B (t)v]3, < ¢;,(0,p)| BZ () A/ (t)o]* < ], (0.p)loli, Yo e W(t), (9)

if 20 = 2mp/p(t) <1 for 0 < p < n/(4m) and i = 1. Recurrently with respect to ¢’ and j, one can
show that if (¢’ —|—j)5 =2mp/p(t) <i'+j—1for 0 < p <n(i'+j—1)/(4m) and for i = max{i’, j},
then lim_ ||(d” BZ1(t)/dt" ) (&’ B-*(t) /dt/ )v|| = 0 for all v € W¥+—1(¢), j =1,...,m+1—4', and
=1,....,m+1.
3(b). For all 0 € W™k(t), there exists a limit (9) in [11] ase — 0:
[(Airr (8)(dBZ () /dt) (BZ ()"0, )] = [(FH(1 + [¢]?)r@ /2 r Gm)=ean
F[(dBZ(t)/dt) (B (t)) o)), F~H(1 + g2 0/ Em) Flg))|
< |(dB () /dt)(B2 (£) Blim—k—5.|0]mre — O,

since, by virtue of the commutativity of the operators A(t) with B(t), the estimates (8) hold for
8 =m—k—10, 8, =2meg1/ maxeprpt) >0, k=0,...,m—1,v=(B'(t))*0, and, by virtue
of the estimate (9),

(B2 (8) /dt) (B2 (8)) 703 isy. < € (0, p)|| B2 () Al =0kt D/ Cm (1) 2

< & (0, p)||AT TR EM (5|2 < & (0, p) [0,y
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1378 LOMOVTSEV

provided that 0 < ¢’ < 6;, k=0,...,m — 1, o' = 2mo/ max,cjo 7 p(t) > 0, for i = 1. In the same
way, one can show that

lim (Agey (8) B2 (8)(d(B2 (1) /dt)v, v) =0,
lim (A (£) (dBZ " (8) (B (1))" /dt)v, w) =0

for all v € W™=k (t), for all w € W™ k+1(¢), and for k = 1,...,m—1. If ¢ — 0 strongly in W™~*(t),
then
[(d(BZ ()" /dt)vls, . < lleB() B ()|[B~H(¢)(dB(t)/dt) B (t)v]s, ke — 0

by virtue of the estimates (8) and the inequality [which is a consequence of the estimate (9)]
|B~H(#)(dB(t)/dt) B2 (t)ol, s < €, (0,p) | B (0) AT EM ()] < ¢, (0, p) vl g1

for all v € Wm=k+1(), k =1,...,m — 1, provided that § = 2mo/p(t) < 1 for 0 < o < n/(4m) and
for i = 1. One can readily show that

llII(l) ‘(dﬂ (Bs_l(t))*/dtj)ﬂm,k)t =0 = Wm—k+1(t)
if0<o<n/(4m)fori=j=2,....,kand k=2,...,m— 1;
lim |(ij;1(t)(Bgl(t))*/dtj)ﬂm—k,t =0 = Wm7k+1(t)

e—0

if j6 =2mp/p(t) <m—k+1for0<po<n(m-—-k+1)/(4m) and for j =1,2, k =1,...,m, and
for all v € Wm=FHi=1(t), if j6 = 2mo/p(t) <m —k+j—1for 0 < o < n(m—k+j—1)/(4m),
i=j=2,....,k+1,and k = 2,...,m. The property lim__, || B-*(t)w — w|| = 0, w € Ly(R"), and
the commutativity of the operators A(t) and B(t) imply the existence of the limits (7) and (8).
By virtue of the estimates (4), we have inequalities (12") from [11]. The limits (13) in [11] exist for
all s =1,...,2m and are zero for all ¢ > 0. Inequalities (3) correspond to inequalities (14) in [11].
The proof of Theorem 1 is complete.
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