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We estabish a weak law of large numbers for weighted sums of the form
bn’lzzzlaj (V; =€), where {V;,n>1 1< j<n} be array of random elements with val-
ues in p-uniformly smooth Banach space, 0<b, T oo, {a,} and {c,;,n>1 1< j<n} are
suitable sequences.
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I. INTRODUCTION

For anarray {V,;, j=1, n>1} of rowwise independent Banach space valued random ele-
ments, {a,, n>1}, {b, #0, n>1} be sequences of constants with 0 <b, -, {c,, n>1,i>1}

be a centering array consisting of element in Banach space X. The weak law of large numbers
(WLLN) will be established for weighted sum forms

Zn: & (Vni - Cni)

b,
In[1], A. Adler, A. Rosalsy and A.l. Volodin have considered following WLLN

P 50, as N — oo
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with {V.., i>1, n>1} be an array of rowwise independent random elements in Rademacher type
p (1< p<2) Banach space X, {V,,, 1 >1, n>1} is stochastically dominated by a random element

V, it means for some finite constant D then
PV, I>t)<DP(|V |>t), t=0, n>1, i>1

with V be a random element in X satisfies
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{a,, n>1} and {b,, n>1} be sequences of constants with a, =0, b, >0, n>1, satisfy the fol-
lowing conditions

%o, 21 YYa P =o(bf), Yla P =O(n]a, |?), and
i=1 i=1

nla,| a,
n bp bp
2-2 - p=o n ° p *
=R ' la

In this page, we will consider the WLLN form (1.2) with {V, i>1, n>1} be an array of
rowwise adapted in p-uniformly smooth Banach space X (1< p<2) (it means for all
n=1 2, .., {V,F,}. be an adapted sequence) and with other conditions on sequences {a,}

and {b.}.

I1. PRELIMINARIES

A real separable Banach space X is said to be p-uniformly smooth (1< p <2) if

ﬂ(r)=sup{"X”"Z"X_y"—l; VX, y e X; I x[=L |l yll= 3 < Ce”,

for some constant C.
Theorem 2.1. (P. Assouad, Hoffmann Jorgensen) A real Banach space X is p-uniformly
smooth (1< p <2) if and only if there exists a positive K such that for all x, y € X we have

Ix+ylI” +Ix=ylI"<2]x]® +K [ y[”. (21)
Theorem 2.2. (P. Assouad - 1975) A real separable Banach space X is a p-uniformly
smooth (1< p<2) ifand only if for all g>1, there exists a positive constant C such that for all

X valued martingale {M, F,, n>1} we have
EIM, [P<CECQJIdM, 1), (with dM, =M, - M,_,) (2.2)
i=1

(Marcinkiewicz — Zygmund inequality).

In this paper, we assume that X is a p-uniformly smooth Banach space (1< p<2),

Vi B n=12,..;1< j <n} be an array of rowwise adapted random elements in X, {F, ;} are
sub c-algebras of ¢ -algebras F, F, cF ,c..cF , Vn=12,..

I11. MAIN RESULTS

Lemma 3.1. (see [4]) Assume f :R—R" satisfy: 0<f <1 n=12,.. and
sup(xf,(x)) > 0 as x — oo. Then

neN

y
sup l.[xfn(x)dx —0, as y > .
neN y 0

Theorem 3.2. Let {V;,F, ;; n=12,...;1< j <n} be an array of rowwise adapted random

elements in X, {V., n=12,..;1< j<n} is stochastically dominated by random element V,

ni?
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EIV |°?<o, {a} {b} be sequences of constants with a_ =0, b >0, n>1, satisfy the fol-
lowing conditions:

IZ: | T oo, jz:,laj I =0(b>"*|a, |*'?) (or ]Z:laj P =o(b??|a, |'?)). (3.1)
If
(3.2)
then "
_nlz_;a W ~EC IV <25 ”l)/ - )1—50, as N>, (3.3)

Proof. Put ¢, =b /|a |, n>=1 ¢,=0, and U, =V;I(||V, I<c,). Clearly E[U; [|< +o,
forall n=12,...;1<j<n.
For arbitrary € >0 we have

F’(Ilza (Vo Uy > bye) < P(Za, i ¢Za, i)
< P(U{”Vn] ”> Cn}

< z P(”Vn] ”> Cn)
j=1

<DnP(|V ||>c,)=0(1). (by (3.2))
So that it suffices to prove that

biZaj[Unj -EWU,/F,; )]—/—0, as n > . (3.4)
n j=1
For arbitrary e>0

F’(Ilza Vo —BU, 7RIl bog) <=

E(Ilza Uy —EU,/F 1) (35)

Note that, with all n=1,2,..., Zaj[u o —EWU,/F )] F, . be a martingale. So, ap-
j=1

plies (2.2) with q = p we have

(IIZa[Unj EU,/F, D7)

Pbp P}

E(lea U, —EU,/F i )1I%)

pbp =

Zla IPENV,; —EU,/F DI

Pbp

Zla P E[2[|U " +KIIEU, /F ) IPT - (by (2.1))

Pbp

pbp Zla P E[2[|U; IIP +KE(IU 411" /F, 1]
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