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rather different areas. The range of the applications spans from microphysics, material

science, to mechanical engineering and process engineering, including numerical and

mathematical methods. Such results can only be expected, if experts from physics'

mathematics, and engineering cooperate and exchange knowledge, methods, and mod-

els within one joint research project

All the presented results stem from investigations which have been peformed at the

Graduate School wittrin the Otto von Guericke University Magdeburg during the pe-

riod of 2001 - 2008 supported by the German Science Foundation (DFG) and the

Land Sachsen-Anhalt under grant GK 828.

A. Beffam
J. Tomas

Magdeburg, June 2008
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S. Beresnev. V. Polevikov. and L. Tobiska

and of equal size, the magnetic particle mass fansfer in a magnetic fluid can be
described by the equation [2, 7]

AC
=+Y vc=Dv. lvc-cL( f i )v (€n)) ,  ( i )
dT

where C is the volume concentration of the particles in the colloid; t the time variable;
y the velocity of a convective motion; D the diffusion coefficient; Il the magnetic

field inrensiry; t - "2':* 
, k) = 4nxl}llHm I is the magnetic constant (magnetic

KI

permeability of vacuum); m,,, the magnetic moment of a pafticle; f = 1.3806568x10
ttJK' the Boltzmann constant: 7 the particle temperature; m the mass of a particlel
and

Lr (H t=co thQl  !
4I

the Langevin function. We assume that the fluid is incompressible and the boundary

is impermeable, thus divv=0 inside the fluid, v.n=0 on fixed walls, v n=v;

on the free surface, where n denotes the outer unit normal at the boundary and vf the

velocity of the free surface. Equation (1) is supplemented with the condition of im-
permeability of boundaries by particles

TI
M vtl
C. ln
unifo

iwhei(

corTel
Th

Youn

AC AH
-  - C ( h { U t : : : = g '
dn c,n

Moreover, a uniform concentration at the initial state,

(2)

wher(
is cor
magn

Eq
cal (i
have
ometr

Let
a mal

C = C o = c o n s t ,  t = O  ( 3 )

is prescribed. Equation (1) together with condition (2) and (3) represent the mathe-
matical model of the diffusion process of ferromagnetic particles in a magnetic fluid.
Notice that the solution of the problem (1)-(3) satisfies the condition of conservation
of the mean concentration:

f o r  a l l  r 2 0 ,

where V is the fluid volume (or the spatial domain of dehnition of the problem).

For l ; - we obtain the steady-state concentration problem with v = 0 which can
be written in the form

I
lcdv = C"

v i

v(vc-cv(tn p))- 0 inside the fluid,

#-\?=, 
attheboundary,

lcdv =vco , where
v

(4)

sinh dl
, 4 H
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S. Beresnev, V. Polevikov, and L. Tobiska

magnet, and let y denote the fluid volume. The free surface is supposed to by axi-
symmetdc, its shape is completely determined by the equilibrium line. We introduce
cylindrical coordinates R, Z and parametrise the equilibrium line with respect to the
arc length S that takes the value S=0 at the symmetry axis Z=0 and S=/ at the solid
wall R= R., Then, the equilibrium line is given by the parametric functions (R(S),
Z(S)). Note that the tangent vector x = (R', Z') is oriented in the direction of increas-
ing S. The surface curvature is defined by K= -( RZ')'/(RR'),wherc the prime stands
for differentiation with respect to S. Natural boundary conditions corresponding to a
contact angle of n | 2 for (1) arc the following

R(0) = 0, R'(0) =1., z'(0) - 0,
R(1)  -  Rc ,  R ' ( l )  = t .  Z ' ( l )  =0 .

Note that also different values of the contact angle can be handled by our method. The
given volume V is determined as the volume of a body of revolution and gives the
constraint

v = 27, lzRR'ds .
0

The magnetic field is created by a permanent magnet having the form of a circular
cylinder, see Figl. In this case an analytical solution is known [8].

dx,

4+R.

H  = ' " '  t r  t r (  f '
zrL k=t ,t &.

dx,

Then

. Fir

A n (

: ( l ) .

(8)

(e)
Here

I

C  = t

Z t - Z - h c ,  Z z = Z  h c .

Here, h,. denotes the half-height of the magnet and M, is its magnetization. These for-
mulas satisfy the Maxwell equation and describe the field in the whole space except
in a narrow neighbourhood of the magnet. We will neglect the magnetization of the
ferrofluid due to M<<11, and apply these formulas in the domain filled with the
ferrofluid.

Next we choose the arclength 1 of the equilibrium line as a characteristic dimension
and introduce dimensionless variables

The s
mensi

3 C

Follor
proxir
(12) .  '

coffes

S Z R
-  

t '  
'  

t  t
C

co

(  l0)
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S. Beresnev, V. Polevikov, and L. Tobiska

| t1Q,z ,  F) l ;  r , " .1+23, ;F ;  =  0 ,

I t2Q,  z ,  F ) l i=  2 , , .1 - r j . iF ,  =0 ;

\ = h ,  t . r y  = 1 ;

h -
z i .o  =  

t r0 ,  
zN =

i = 2 , . . . ,  N  1

i - 1 , . . . , N - 1

( /o + 11) ;

(13)

/  \ 2 1 3
I I  U  )
; l i)

where

F ,  =  F ( r , ,  z , , r ; ,  z 3 ) ,  i = 1 , . . . , N - l ;

F o  -  F ( z o ) ,  t = 0 ;

r , ,1  =( r i *1 - \ ) f  h '  r " . t  = ( r t - r ' - t ) f  h ,

r3.; =(4a1 r,_r)l(.2h), r1., =(r,-r1)f h.

The integrals 10 and 1r are evaluated by the trapezoidal rule. For the calculation of
the magnetic field components (12) a Gaussian quadrature rule has been used. The
nonlinear difference problem (13) has been solved by the two-layer iteration scheme

f  ( r#  , * . , ) * , t ,  ( r " , 2 " ,F ' )1 ,=0 ;  i =2 , . . . ,N  - l :

ri"t =h, r::; =1i

1 t z i "1 l - z ; " . , 1+ ,L  20 " ,2 " ,F " )1 ,=0 :  i =1 , . . . ,N -1 ;  (14 )

. i .0 (1ff + 1i );

Here, n = 0,1,... is the iteration number; T > 0 is a relaxation parameter. The two-layer
iteration scheme (14) is requires in each iteration step the solution oflinear tridiagonal
systems which has been done by means the tb.ree-point elimination method (Thomas
algorithm).

4 Numerical Results

The numerical study has been performed for fixed values Ar = 8, .43 = 6.5, P = I, the
two values U=0.07 and U=2 corresponding two different fluid volumes, and for a
wide range of the parameter A: characterizing the magnitude of the magnetization of
the permanent magnet. In order to study the influence of the diffusion process, com-
putation have been carried out by assuming both a uniform distribution of the particle
in the fluid and taking the diffusion effect into consideration.

The diffusion effect of particles can clearly be seen in Fig. 2 which represents the
axisymrnetric equilibrium shapes for a small volume U=0.07 ard Az=4. The magnetic
field strength along the free surface shape differs for different fluid volumes and in-
fluences its shape as can be seen by comparing Fig. 2 and Fig. 3. Moreover, in Fig. 3,
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Fig,4. Distdbution of concentration at a free surface for U=2'. 1 - A2 = Ot 2 - A2 = 2t and 3
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