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Decomposing finitely generated groups
into free products with amalgamation

V. V. Benyash-Krivets

Abstract. The problem of the existence of a decomposition of a finitely generated
group I' into a non-trivial free product with amalgamation is studied. It is proved
that if dim X °(T") > 2, where X *(T") is the character variety of irreducible representa-
tions of T' into SL2(C), then T is a non-trivial free product with amalgamation.
Next, the case when I' = (a,b | a® = b* = R™(a,b)) is a generalized triangle
group is considered. It is proved that if one of the generators of I' has infinite
order, then I' is a non-trivial free product with amalgamation. In the general case
sufficient conditions ensuring that I' is a non-trivial free product with amalgamation
are found.
Bibliography: 26 titles.

Introduction

We shall say that a group G is a non-trivial free product with amalgamation if
G = Gy x4 Go, where G1 # A # G2 (see [1]). Wall [2] posed the following question:

What one-relator groups are non-trivial free products with amalgamation?

Let G ={g1,...,9m | R1 =--- = R, = 1) be a group with m generators and n
relations such that def G = m —n > 2. It is proved in [3] that G is a non-trivial
free product with amalgamation. In particular, if G is a one-relator group with
m generators, m > 3, then G is a non-trivial free product with amalgamation.
The case of groups with two generators and one relation is more complicated. For
example, the free Abelian group G = (a,b | [a,b] = 1) of rank 2, where [a,b] =
aba~'b~1, is obviously not a non-trivial free product with amalgamation. Another
example is the group G,, = (a,b | aba=! = b™). This group is soluble for each n,
and bearing in mind results of [3] it is easy to show that G,, is not a non-trivial
free product with amalgamation for n # —1.

The following conjecture was stated in [4].

Conjecture 1. Let G = (a,b | R™(a,b) = 1), m > 2, be a group with two gen-
erators and one relation with torsion. Then G is a non-trivial free product with
amalgamation.
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Zieschang [5] has studied the problem of the decomposition of discontinuous
transformation groups into non-trivial free products with amalgamation. He has
completely answered the question of when such a group is a non-trivial free product
with amalgamation in all cases except for the groups Hy = (a,b | [a,b]” = 1) and
Hy = {a,b | a® = [a,b]™ = 1), n > 2. Rosenberger [6] has proved that H; and H»
are non-trivial free products with amalgamation if n is not a power of 2. It is
shown in the recent papers [7] and [8] that H; is a non-trivial free product with
amalgamation for arbitrary n > 2. An independent proof of this fact was given
in [9], [10].

In the present paper we study a more general case; namely, we consider so-called
generalized triangle groups G having a presentation of the following form:

G ={a,b|a™ =b" = R(a,b) = 1),

where [ > 2 and R(a,b) is a cyclically reduced word in the free group on a and b.
Not all these groups are non-trivial free products with amalgamation. For example,
Zieschang [5] has proved that the ordinary triangle group

T(m,n,1) = (a,b| a™ =b" = (ab)' = 1),

where m,n,l > 2, is not a non-trivial free product with amalgamation. On the
other hand, it is shown in [10] that every group G with a presentation (a, b | a*™ =
RY(a,b) = 1), where m > 0 and | > 2, is a free product with amalgamation.
Theorems 2 and 3 of the present paper contain more general results about the
decomposition of generalized triangle groups into non-trivial free products with
amalgamation.

We prove in Theorem 1 that a finitely generated group I' is a non-trivial free
product with amalgamation if the dimension of some algebraic variety (the so-
called character variety of irreducible representations of I' into SLy(C)) is larger
than 1. To formulate this result we recall notation and some facts from geometric
representation theory (see also [11]-[14]).

Let I' = (g1,...,9m) be a finitely generated group and let G C GL,(K) be
a connected linear algebraic group defined over an algebraically closed field K of
characteristic zero. Obviously, for each homomorphism p: I' — G(K) the set of
elements

(p(g1),-- -, p(gm)) € GIK)™ = G(K) x --- x G(K)

satisfies all defining relations of I'. Hence the correspondence p — (p(g1), - - -, p(gm))
is a bijection between Hom(I', G(K)) and the set of K-points in some affine K-
variety R(I',G) in G™. The variety R(I', G) is usually called the representation
variety of I' into the algebraic group G.

The group G acts on R(I", G) in the natural way (by simultaneous conjugation of
components), and its orbits are in one-to-one correspondence with the equivalence
classes of representations of I'. In the general case the orbits of G under this action
are not necessarily closed and therefore the variety of orbits (the geometric quotient)
is not an algebraic variety. However, if G is a reductive group, then one can consider
the categorical quotient X(I',G)=R(T',G)/G (see [15]). Its points parametrize
closed G-orbits. In the case when G = GL,(K) or G = SL,(K), an orbit of G
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is closed if and only if the corresponding representation in completely reducible.
Hence points in the variety X (I', G) are in this case in one-to-one correspondence
with the equivalence classes of completely reducible representations of I' into G or,
in other words, with the characters of representations of I into G.

Throughout the paper we shall consider only the case G = SLg(K) and for
brevity set R(I',SL2(K)) = R(I") and X(I',SL2(K)) = X(I'). One can find all
information about the varieties R(I') and X (I') used below in [12] and [16]-[18].
We set

R*(T") = {p € R(T) : p is irreducible}, X)) ==(R*(T)),
where 7: R(I') — X(TI') is the canonical projection. It is shown in [12] that R*(T")

and X*(T") are Zariski open subsets of R(I") and X (I") respectively.
The aim of the present paper is to prove the following results.

Theorem 1. LetI' be a finitely generated group such that dim X*(T') > 2. Then T’
is a non-trivial free product with amalgamation.

Theorem 2. Suppose that T',, = {(a,b | a® = b* = R™(a,b) = 1), where
n,k,m € Z, n,k,m > 2, and R(a,b) = a“1b"---a" b is a word such that
0<u; <n,0<wv <k, and s > 1. Suppose that there exists i € {1,...,s} such
that |u;| > 2. Moreover, suppose that n = w;pf, where f € Z, p is a prime,
and u;p does not divide u; for j # i. Then 'y, is a non-trivial free product with
amalgamation in the following cases:

(1) m =2 and p does not belong to a certain finite set of primes S. The set S

is completely determined by the exponent k and the word R.
(2) m=3orm=2'>3 p#2.
(3) m >3 and m # 2.

Note that the condition u;p { u; for j # ¢ in Theorem 2 holds automatically if
u; = maxig s Uj > 2 or u; 1 u; for each j # 1.
Theorem 3. Suppose that ' = (a,b | a™ = R™(a,b) = 1), wheren =0 or n > 2,
m > 2, and R(a,b) = a®1b" - --ab¥ withs > 1,v; #0, and 0 < u; <n. Then T
is a non-trivial free product with amalgamation.

As an immediate consequence of Theorem 3 we obtain the proof of Conjecture 1.

Corollary 1. LetT' = (a,b| R™(a,b) = 1), m > 2, be a group with two generators
and one relation with torsion. Then I' is a non-trivial free product with amalgama-
tion.

At the end of §2 we shall prove that for m > 3 the group I' in Corollary 1
satisfies the assumptions of Theorem 1, that is, dim X*(I') > 2, and therefore we
obtain another proof of Conjecture 1.

Corollary 2. The Fuchsian groups Hy = {(a,b | [a,b]" = 1) and Hy =
{a,b]a®=la,b]™ = 1), n > 2, are non-trivial free products with amalgamation.

§1. Proof of Theorem 1

In what follows we denote the field of p-adic numbers by Q,,, the ring of p-adic
integers by Zj, the group of p-adic units in Z;, by Zj, the p-adic valuation by |- |ps
the trace of a matrix A by tr A, and the identity 2 x 2-matrix by E.
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We recall several facts about the character variety X (I') of representations of
a finitely generated group I' into SLy(C) (see [12]). For arbitrary g in I" one can
consider the regular function

T4: R(T) — C, Tq(p) = tr p(g).

Usually, 7, is called the Fricke character of the element g. It is known that the
Z-algebra T'(T") generated by all functions 74, g € T', is finitely generated. Moreover,
if 7g,,..., 7y, are generators of T'(I"), then the C-algebra of SLy(C)-invariant regular
functions C[R(T)]82(©) is equal to C[7,,,...,,.]. Consider now the morphism

m: R(T) = A%, 7(p) = (14,(p)s - - > Ty, (p))-

It is shown in [12] that the image w(R(I")) is closed in A®. Since X(T") and 7(R(T"))
are biregularly isomorphic, we shall identify X (I') and = (R(T)).

The idea of the proof of Theorem 1 is to construct for some prime p a representa-
tion p: I' — SL(Qp) such that p(T') is dense in SL2(Q,) in the p-adic topology.
After that the following well-known facts will yield Theorem 1.

(1) If H is a dense subgroup of SLy(Q,) in the p-adic topology, then H is a
non-trivial free product with amalgamation (see [19]).

(2) If f: G1 — G4 is a group epimorphism and G5 is a non-trivial free product
with amalgamation, then G is also a non-trivial free product with amalgamation.

We shall say that a subgroup H of SL2(Q,) is unbounded if H does not lie in
SLa(Zp[p~—*]) for any s > 1.

Lemma 1. Let H be a subgroup of SL2(Qp). Then H is dense in SL2(Qp) in
the p-adic topology if and only if H is absolutely irreducible (that is, irreducible
over the algebraic closure of Qp), unbounded, non-discrete, and does not lie in the
normalizer of a maximal torus.

Proof. If H is dense in SL2(Q,) in the p-adic topology, then the assertion of the
lemma is obvious. We now claim the converse result. Let H be the closure of H in
the p-adic topology. Then H is a p-adic Lie group. Let h and s be the Lie algebras
of H and SL» (Qp) respectively. We prove first that h = s. To this end it is sufficient
to show by [7]; Theorem 4.6 that b is not soluble. Assume the contrary, in which
case H contains an open soluble subgroup G (see [20]; Chapter 4). Let

I, = {(1;;;% 1f£id> €SLy(Q,) : a,b,c,d € Zp}, j=0,
be the principal congruence subgroup of level j of SLy(Q,). The groups I';, j > 0,
form a base of neighbourhoods of the identity in SL2(Q,). Hence we can assume
without loss of generality that G = T'; N H for some j > 2. Since H it not discrete,
G is not discrete either. In particular, for each i > j the group G; =Ty N H C G
is infinite.

We claim that G is reducible over ©p. For otherwise, in view of [21]; Corollary 2,
G contains a normal Abellian subgroup A of index 2 and we have tr x = 0 for each
x in G\ A. On the other hand, if x € SLy(Q,) and trz = 0, then = ¢ I'; for i > 1,
therefore z ¢ G, which is a contradiction.
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To complete the proof of the insolubility of h, we consider the following cases.

(1) G is Abelian. Since H is absolutely irreducible and does not lie in the
normalizer of a maximal torus, there exists € H such that zGz~! NG = {E}.
Thus, we see that {E} is an open subgroup of G, that is, G is discrete, which is a
contradiction.

(2) G is non-Abelian. Then we can assume without loss of generality that all G;
are non-Abelian for ¢ > j (otherwise we can set G = G; for some i). Hence the
derived group U = [G, G] is a non-trivial Abelian unipotent subgroup of G. By the
absolute irreducibility of H there exists z in H such that zUz"'NU = {E}. On
the other hand xGz ! is an open subgroup, and therefore there exists i such that
G,; C zGz~1. Since G; is non-Abelian, it follows that V = [G;, G;] # {E} and it is
easy to see that V C zUxz~! N U, which is a contradiction.

We have thus proved that h = s. Hence there exists a congruence subgroup I';
such that T; C H (see [22]; Chapter. 5). In particular, H contains unipotent
subgroups of the following form:

1 0 1 pla
a-{(L ioez w-{(} ") 0es,)

Furthermore, the unboundedness of H means that there exists an element h of H
such that | tr k|, > 1. For otherwise the traces of all elements of H belong to Z,, and
therefore H is conjugate to a subgroup of SLy(Z,) (see [23] or [12]; Lemma 1.4.3),
that is, H is bounded. This is in contradiction with the assumptions of the theorem.
We claim that the eigenvalues of the matrix h belong to Q,. Suppose that trh =
p “a, where a € Z, s > 0. Then the characteristic polynomial of h has the form
fly) = y* —p~*ay+ 1, and its discriminant is D = p~2%a? — 4 = p~2%(a? — 4p?%).
Thus, D is a square in Q,, and therefore the roots of f(y) belong to Q,. Hence h
is conjugate in GL2(Q,) to a diagonal matrix of the following form:

diag(A\, A1), A=pPy, >0, y€EZ,

We can assume without loss of generality, taking into consideration a group conju-
gate to H if necessary, that h = diag(A\,\~!) € H. It is now easy to show that H
contains the following unipotent subgroups of SL2(Q)):

a-{(1 orea) uo{( 1nec)

p}6 ?) be an element of Vi, where r < i and 3 € Z;. We
choose an integer m such that 2sm+r > 4. Then it is easy to see that h™xh™™ € Uy,
and therefore z € H. Thus, we have Vi C H, and in a similar way, Vo C H. It is
well-known that the subgroups V4 and V5 generate SLa(Q,). Hence H = SL2(Q,),
as required, and the proof is complete.

Lemma 2. Let X and Y be irreducible Q-defined affine varieties, dimY > 1, and
let f: X — Y be a dominant Q-defined reqular morphism. Then there exist a

prime p # 2 and a point x of X(Qp) such that not all coordinates of the point f(x)
of Y(Qp) belong to Z,.

Indeed, let z = (
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Proof. Let K be the algebraic closure of Q. Let D be an irreducible curve in Y (K),
and let L C f~1(D) be an arbitrary irreducible curve such that f(L) is dense in D.
Let D and L be the projective closures of D and L respectively, and let L be the
smooth projective model of L. The regular morphism f: L — D determines a
rational morphism f : L — D. Since each rational morphism from a smooth curve
into a projective variety is regular and the image of a projective variety under a
regular map is closed (see [24]), f is a regular surjective morphism. Let v € D \ D
be a point at infinity on D, and suppose that w € f_l(v). The coordinates of the
two points v and w generate a finite extension K7/Q. By Chebotarev’s density
theorem there exist infinitely many primes p such that K; C Q,. We choose one
such p. Then w € E(Qp) and v € D(Q,). Since w is a non-singular point in L, w
has a p-adic neighbourhood W C Z(Qp) such that W is homeomorphic to a disc
in Q, (see [24]; Chapter II). This means that there exists an infinite sequence of
elements w; in W such that w; € L(Q,) and lim;_, o, w; = w in the p-adic topology.
By the continuity of f we obtain lim;_, e f(wz) = v. Since v € D(Q,) is a point
at infinity, the sequence of elements f(w;) = f(w;) of D(Q,) is unbounded. This
means that there exists ¢ such that not all coordinates of f(w;) belong to Z,. This
completes the proof.

Proof of Theorem 1. Let g1,...,9gs be elements of I' such that the corresponding
functions 7y, . . ., 7,4, generate the ring T(I"). Then the projection 7: R(I') — X(I")
is defined by the formula 7(p) = (74,(p),...,7g,(p)). By the assumptions of
Theorem 1 we have dim X*(I') >2, therefore there exists an irreducible compo-
nent Z of the closure X* ( ) in the Zariski topology such that dimZ > 2 and
U=2ZnX*{T)# @. Let Z; be the irreducible component of X (I') containing Z.
Since X*(T') is open in X (I') and X*(I') N Zy = U, the set U is dense in Z; in the
Zariski topology, and so is also Z, that is, Z = Z;. Let p;: Z — A'! be the pro-
jection defined by the formula p;(z1,...,2s) = z;. Since dim Z > 2, there exists ¢
such that the projection p; is dominant and therefore p;(U) is dense in Al in the
Zariski topology. Hence there exists an integer n > 2 such that n € p;(U). Let
Y = p;'(n) C Z. Then, by the Dimension Theorem dimY > dimZ —1 > 1 and
Y NU # @. Further, let X be an irreducible component of 7=*(Y) such that 7(X)
is dense in Y. Applying Lemma 2 to the varieties X and Y and the morphism m
we see that there exists a prime p such that R(Q,) contains a representation p with
the following properties: p is irreducible and not all coordinates of the point 7(p)
belong to Z,. The latter means that there exists j such that 7, (p) = tr p(g;) & Zp.
Hence p(T') is an unbounded subgroup of SL2(Q,). Moreover, it follows from the
construction of p that 74, (p) = tr p(g;) = n > 2. Thus, the cyclic subgroup of p(I")
generated by p(g;) is infinite and bounded. Hence p(I") is a non-discrete subgroup
of SL2 (Qp)

Now if p(T") does not lie in the normalizer of a maximal torus, then by Lemma 1
p(I") is dense in SL2(Q)) in the p-adic topology; hence p(I') (and therefore also I')
is a non-trivial free product with amalgamation.

Assume now that p(I") lies in the normalizer of a maximal torus. We claim that
there exists an epimorphism f: p(I') — Dy, where Do, = (c,d | ded™t = ¢71,
d*> = 1) = Z/27 x Z/27Z is the infinite dihedral group. Indeed, since p(I') is by
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construction absolutely irreducible and infinite, by [21]; Corollary 2, p(I") contains
a normal Abelian subgroup A of index 2 and we have trz = 0, that is, 22 = —F
and zar~! =a"! forallz € G\ A4, a € A. Let p(T') = AU zA be a partitioning
of p(T') into two cosets. Since A is infinite, there exists an epimorphism f: A — C,
where C' = (c) is the infinite cyclic subgroup of D, generated by c¢. We now set
f(za) = df(a) for arbitrary a € A. It is easy to verify that we have a well-defined
map f: p(I') = Do and f is an epimorphism. Since D is a non-trivial free
product, p(I') (and therefore I') is a non-trivial free product with amalgamation.
The proof of Theorem 1 is complete.

§ 2. Auxiliary results

In this section we prove several auxiliary results used in the proofs of Theorems 2
and 3. In what follows we shall denote the ring of algebraic integers in C by O,
the group of units in O by O*, the free group of rank 2 on generators g and h by
F5 = (g, h), and the greatest common divisor of integers a and b by (a,b). If K D L
is a finite extension of fields and x € K, then we denote the norm of the element =
by Nk/r(x).

The following lemma characterizes finite-order elements of SLy(C).

Lemma 3. Suppose that m € Z, m > 2, and that X € SLy(C), X # +E. Then
X™ = E if and only if tr X = ¢ + &1, where e™ = 1, ¢ # +1 (in other words,
if and only if tr X = 2cos(2rm/m) for some r € {1,...,m — 1}). In particular, if
tr X =0, then X?> = —E.

Proof. If X™ = E, then the assertion is obvious. If tr X = e+~ !, then £ and ¢!
are the eigenvalues of X. Hence X is conjugate to the matrix diag(e,e~!), that is,
X™ = FE, as required.

Obviously, the representation variety R(F) of the free group Fp = (g, h) is
SL2(C) x SL2(C). It is known that the ring T'(F») is generated by the functions
Tg, Th, Tgh (see [12], [16], [17]). For w in F, the function 7, is usually called the
Fricke character of the element w.

Lemma 4. For all o, 3,y € C there exist matrices A and B in SLa(C) such that
Tg(A,B) =trA=a, T(A,B)=tr B= 0, T4n(A,B) =tr AB = .

This lemma can be easily proved by straightforward computation.

In particular, Lemma 4 yields the equality X (F») = m(R(F2)) = A3. Moreover,
the functions 74, 73, Tgn are algebraically independent over C and for each u € F»
we have

Ty = Qu(TgaThaTgh)a

where Q, € Z[z,y,z] is a uniquely defined polynomial with integer coefficients.
The polynomial @, is usually called the Fricke polynomial of the element u. The
following relations for Fricke characters are consequences of the relations between
the traces of arbitrary matrices in SLy(C):

(1) Tyu—1 = Tu; (2) Tuv = Tous (3) Tyuv—1 = Tu; (4) Tuv = TuTy — Typ—1-

(1)
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We require now more detailed information on the Fricke polynomials (see [25]).
Consider the polynomials P, () satisfying the initial conditions

P_i(\) =0, Py(A\) =1
and the recursive relation
P,(A) = APn—1(A) — Py—2(A).

If n < 0, then we set P,(\) = —Pj,—2()). The degree of P,()) is n if n > 0 and
|n| — 2 if n < 0. It can be easily verified by induction on n that
sin((n + 1)p)

sin(p)

It follows from (2) that the polynomial P, (\), n > 1, has n zeros described by the
formula

Pa(2cos(p)) = (2)

n+1
Moreover, it is easy to verify by induction that for n > 0 we have
Pon(N) = A" o (—1),
P 1(A) = AN 2+ (1) ). (4)

An’kzgcos< km ) k=1,2,...,n. (3)

Further, let w = g®1hP1 ... g% hPs be a cyclically reduced word in F» and set = = 7,
Y = Th, 2 = Tgn. We shall treat the Fricke polynomial @, (z,y, z) as a polynomial
in z. Let

Qw(l“;y: Z) = Mn(m7y)zn + Mn—l(m7y)zn_1 + e+ Mo(myy)

Lemma 5 [25]. The degree of the Fricke polynomial Q. (z,y, z) with respect to z
is equal to s, that is, the number of the blocks of the form g® h” in w. The leading
coefficient My(x,y) of Quw(z,y, z) has the following form:

My(z,y) = HPai—l(m)Pﬁi—l(y)- (5)

The following lemma plays an important role in the proofs of Theorems 2 and 3.

Lemma 6. Let I' = (a,b | a™ = R™(a,b) = 1), wheren =0 orn > 2, m > 2,
and R(a,b) is a cyclically reduced word containing b in the free group on a and b.
Assume that there exist matrices A and B in SLa(C) such that tr A=a=2 cos(tr/n)
for some t € {1,...,n — 1} and tr R(A,B) = Qgr(a,y,z) = ¢, where Qg is
the Fricke polynomial of the element R(g,h) of F2, ¢ = 2cos(rm/m) for some
re{l,....m—1}, y=1trB, and z = tr AB. Let H = (A, B) be the group gener-
ated by the matrices A and B. Assume that the following two conditions hold:
(1) there exists a unipotent (or finite-order) element W of H of the form
A1 BBy ... A% BPs such that oy, ; 0 fori=1,...,s and =371 Bi #0;
(2) there exists an element h of H such that trh ¢ O.

Then T is a non-trivial free product with amalgamation.
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Furthermore, suppose that the following condition holds instead of condition (1):
(") the matriz B has finite order, that is, tr B = 2 cos(kim/k) for some k > 2
and k1 € {1,...,k—1}.
Then the group Ty = (a,b | a® = b¥* = R™(a,b) = 1) is a non-trivial free product
with amalgamation for each integer v.

The proof of this lemma is based on Bass’s classification of finitely generated
subgroups of SLy(C) [26].

Proposition 1 [26]. Let H be a finitely generated subgroup of GL2(C). Then one
of the following cases must occur:

(1) there exists an epimorphism f: H — Z such that f(u) = 0 for all unipotent
elements u of H;

(2) trh € O for each element h of H;

(3) H is a non-trivial free product with amalgamation.

Proof of Lemma 6. It is easy to see that H does not satisfy conditions (1) and (2)
in Proposition 1. For let f: H — Z be an epimorphism such that f(z) = 0 for
each unipotent element 2 of H. Then f(A) = 0, because A" = E by Lemma 3.
Furthermore, f(u) = If(B) = 0, so that f(B) = 0 because u is by assumption either
unipotent or of finite order and [ # 0. Thus, f(H) = {0}, which is a contradiction.
By assumption H does not satisfy condition (2) in Proposition 1 either. Hence H
is a non-trivial free product with amalgamation, that is, H = H; xp Hs, where
H, # F # H,. Let A, B, H, Hy, H», and F be the images of A, B, H, H, Ho,
and F in PSLy(C), respectively. If —E ¢ H, then H and H are isomorphic. If
—F € H, then —F belongs to the centre of H, therefore —F € F. In all these
cases H, # F # H, and therefore H = H, g H, is a non-trivial free product with
amalgamation. By Lemma 3, the conditions tr A = a and Qg(a, y, z) = ¢ yield the
equality A>" = R>™(A, B) = E. Hence A" = R™(A, B) = 1 in PSLy(C). Thus, H
is an epimorphic image of I' and therefore I" is also a non-trivial free product with
amalgamation.

Next, if we replace the condition (1) by (1’), then again H is a non-trivial free
product with amalgamation. Moreover, A" = B* = R™(A,B) = 1 in PSLy(C).
Hence H is an epimorphic image of I';. Thus, I'; is a non-trivial free product with
amalgamation, which completes the proof of Lemma 6.

Lemma 7. (1) Let r, s beintegers such that s > 3 and (r,s) = 1. Thencos(rm/s) ¢ O.
(2) For s€Z, s> 1, assume that r Z0 (mod 2s+1). Then2 cos(rm/(2s+1)) € O*.
(3) Suppose that u € Z, u # 0, let p be a prime, and let € be a primitive root of

unity of degree 4pu. Also set

rmT . s
mT:2C0$<%>’ yT:2Sln<%>’ K =Q(e).

Then there exist v,y # 0 (mod p) such that p divides both integers Ng q(x,)
and Nk /o(yr, ). In particular, z,,y,, ¢ O*.

(4) Suppose that u,c € Z, |u| = 2, ¢ # 0, and let p be a prime not dividing c.
Further, set xg = —2cos(mw/u), ©, = 2cos(rn/(pu)). Then there exists r % 0
(mod p) such that ¢/(x, — o) ¢ O.
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(5) Let p be a prime, p > 2. Then sin(rr/p®) ¢ O* whenever r £ 0 (mod p)
and s > 1.
(6) Assume that t > 1. Then 2sin(rn/2t) ¢ O* for each odd r.

Proof. (1) Assume that cos(rm/s) € O, so that cos(drm/s) € O for each d in Z.
By assumption (r,s) = 1, therefore for each integer | there exists d such that
dr = I (mod s). Hence for each integer ! we have cos(ir/s) € O. By (3) the
polynomial Ps_1(A) has the zeros 2cos(In/s), I = 1,...,s — 1, therefore P,_1(2))
has the zeros cos(In/s), Il = 1,...,s—1. If s = 2s;+1 is odd, then it follows from (4)
that Pag, (2)) = 2251 A2 ... + (—1)%1. Since 1/22%1 ¢ Z, the polynomial Py, (2))
has a zero not belonging to O, that is, there exists [ such that cos(Iw/s) ¢ O, which
is a contradiction. If s = 2s; is even, then it follows from (4) that Ps,—1(2)) =
2X(225172)025172 ... 4 (—1)%1~ls;). By assumption s > 3, therefore s; > 2. Hence
51/2%172 ¢ 7 and Pag,—1(2)\) has a zero not belonging to 0. Again, this is a
contradiction, which proves part (1).

(2) By (3) and (4) the quantity 2cos(rn/(2s + 1)) is a zero of the polynomial
Pas(N) = A?% + -+ + (—1)* and therefore belongs to O*.

(3) Since y» = 2cos((pu — r)n/(2pu)) = Tpu—r, it is sufficient to prove the
assertion for z,. Let u = pfu/, where f > 0, p{ ', and let 7 = ryu’, where p { ry.
Then z, = 2 cos(r17/(2p*1)). By (3) and (4) the polynomial

FH1_q

Popre1_1(N) = A(AZP N (_1)pf+1—1pf+1)

has the zeros 2 cos(r'm/(2p’ 1)), 7' =1,...,2p/ ™ — 1, and the polynomial
P2pf—1()\) = )\()\2pf_2 4+ (_l)pf—lpf)

has the zeros 2cos(r'm/(2p7)), ' = 1,...,2p7 — 1. Hence Pypr_1(\) divides
P2pf+1_1()\), that iS,

Popria_1(A) = Popsr 1 (AN F(A), (6)
where F()\) is easily seen to be a polynomial of degree 2(p/*! — p/) with constant
term p and leading coefficient 1. The zeros of F((\) have the form 2 cos(r'w/(2p7+1)),
r" £ 0 (mod p). It is easy to see that there exists r; #Z 0 (mod p) such that

Ni/g(2cos(rim/(2p71))) = £p® for some s > 1, as required.
(4) Note that

o) () o2 o525

Hence it is sufficient to show that for some r # 0 (mod p) we have ¢/, ¢ O, where
ar = 2cos((r + p)r/(2pu)). Let K, = Q(a,) and d, = [K, : Q]. By part (3),
proved above, there exists 7 # 0 (mod p) such that p divides Ng, /g(c,). Hence

c Cdr

N, — | == ¢Z
KT/Q<aT> NKT/Q(OZT) ¢

because p { ¢ by assumption. Hence ¢/, ¢ O, as required.
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(5) Note that 1/sin(rn/p®) = 2/(2cos((p® — 2r)n/(2p®))). It follows from our
proof of part (4) that there exists 7o # 0 (mod p) such that

1 2
sin(rom/ps)  2cos((p® — 2ro)7/(2p%))

¢ 0.

We now claim that for each » # 0 (mod p) we have sin(rm/p®) ¢ O. Assume
the contrary. Suppose that 1/sin(rn/p®) € O for some r with (r,p) = 1. Since
(p,7m0) = 1, there exists d such that r = drg (mod p*). Hence by (2) we obtain

P, (2 cos<7"0”>> _ sin(dron/p*) _  sin(rm/p®)

ra sin(rom/p*) sin(rom/p®)’

which immediately shows that

1 1
- =4 P;| 2cos Tom €0,
sin(romw/p*) sin(rm/p?) ps

which is a contradiction.

(6) For ¢ = 1 the assertion is obvious. Assume that ¢ > 1. By part (3) there
exists an odd 7o such that 2sin(rom/2%) ¢ O*. We claim that for each odd r we
have 2sin(rm/2!) ¢ O*. Assume the contrary, and suppose that 2sin(rm/2!) € O*
for some odd 7. Obviously, there exists an integer d such that r = drg (mod 2%).
Then by (2) we obtain

The last equality yields the inclusion 2 sin(rom/2%) € O*, which is the contradiction
completing the proof of Lemma 7.

Lemma 8. (1) Suppose that s,t > 0. Then

PAVP(A) = 3 Peyai(N). (7)
1=0

(2) The polynomial Ps(\) — Ps—_1(\) has the zeros A, = 2cos((2r+1)w/(2s+1)),
re{0,1,...,s—1}.

(3) If y = 2cos(2rm/(2s + 1)), where s > 1, r € {1,...,s} and (r,2s+1) = 1,
then Ps(y) — Ps—1(y) ¢ O*.

(4) If v = 2cos((2r + 1)7/(25)) # 0, where s > 2 and (s,2r + 1) = 1, then
0# Ps_1(7) ¢ O™

(5) Suppose thaty € O. Assume that v is not equal to 2 cos(rn/s), wherer, s € Z.
Then there exists an integer I > 0 such that Pi(7y) ¢ O*.

Proof. (1) We fix s and proceed by induction on ¢. If ¢ = 0, then we have
Ps(M\)Py(A) = Ps(N). If t = 1, then Ps(A)Pi(A) = Ps(AMA = Poy1(A) + Ps—1(A)
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by definition. Further, by induction we obtain

Py(A)P(A) = Ps(A)(APe—1(A) = Pr—2(}))
=AY Pi_iy142i(A) — Y Ps_iyo40i(N)
« ;

%

|
N

Il
=]

7

o~
|
=l

t—2
(Ps—t4242i(A) + Ps_ty2:(N)) — Z Ps_t19+2:(N)
i—0

~.
[=)

t—1 t
= Ps1(A) + Z Py _i10i(A) = Z Py _i12i(N),
i=0 i=0
as required.
(2) Bearing in mind (2) we see that

_ sin((2r + 1)(s + 1)w/(2s + 1)) — sin((2r + 1)sw/(2s + 1))
sin((2r + )7 /(2s + 1))

Ps(A\r) — Ps_1(\) =0.

(3) Using (2) we obtain

1 B sin(2rw/(2s + 1)) C tcos( T
Pi(y) — Ps_1(y)  2sin(rm/(2s + 1)) cos(rm) + (25 + 1) 0

by Lemma 7(1).
(4) Using (2) again, we obtain

1 _sin((2r +1)7/(2s)) 1Y cos w
Ps_1(7) N sin((2r + 1)7/2) =(=1) ( %5 ) ¢0

by Lemma 7(1).

(5) Since the polynomial P;(X) has by (3) the zeros 2 cos(rn/(I+1)),r =1,...,1,
one can write: Pj(y) = Hi:l (v —2cos(rm/(l 4+ 1))). Hence it is sufficient to prove
that y—(e+e71) ¢ O*, where € # +1 is some root of unity. Let f(\) be a polynomial
for v irreducible over Q, Ky the splitting field of f(A), and set K1 = Ky(zo),
where xj is a root of the equation  +z~! = . Let Z; be the integral closure of Z
in K; and let p be an odd prime. Let p; be a prime ideal in Z; lying over (p).
Then k1 = Z1/p1 D Z/pZ = k is a finite extension of fields. We have g, yo € Z1.
Let Ty and 7 be the images of xy and v in k;, respectively. Then the following
equality holds:

To+ Tyt =7.

Let [ = |k}| be the order of the multiplicative group of k;. Then ) = 1 in k;.
Consider the field Ko = K7 (&), where ¢ is a primitive root of unity of degree [ in C.
Let Z; be the integral closure of Z; in K5, po a prime ideal in Z5 lying above py,
and set ko = Z2/p2 D k1. We denote by A the group of roots of unity of degree I
in K and by A its image in ko. We claim that A = k}. Assume that, on the
contrary, A # k}. Then for some integer r, 0 < r < [, we have ? =1, where ¢ is
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the image of £ in ky. This means that " = 1 +y, where y € po. Then (1+1y)! =1,
that is, 1+ Cly+-- -—l—C’llyl =1, where C} is the corresponding binomial coefficient.
Hence y(I 4+ yy1) = 0, where y1 = C?y + -+ Cly'~1. Since y # 0, it follows that
l € poNZ = (p). However, | = |k}| = p* — 1 for some ¢, which is a contradiction.
Hence there exists a root of unity € of degree [ such that € = Zy. This means that

— (e +¢&71) € p2 and therefore v — (¢ + €7 !) is not a unit in the ring O. This
completes the proof of Lemma 8.

Lemma 9. Let F; = (g, h) be the free group on generators g and h. Set x = T4,
Y = Th, 2 = Tgh, and t = Tgpg-15,-1. Then the following assertions hold.

(1) t=a? 49> + 22 —zyz — 2.

(2) Suppose that R = gh(ghg=th=1)%. Then

TR = (Ps(t) — Ps—1(t))z.
(3) Suppose that T = (gh)~1(ghg=*h=1)*(gh)?(ghg=*h~1). Then
T = (t — 2)Ps_1(t)%2° + (2 — Pas_1(t) + Pas—2(t))z.
Proof. (1) One can prove the equality in question by straightforward computation
using relations (1) (see [16]).
(2) Let u and v be arbitrary elements of F5. Then it is easy to show, using

induction and relations (1), that the following equality holds for all integers p
and ¢:

Turwa = Pp—1(7u) Py—1(70)Tuv — Pp—2(Tu) Py(T0) — Pp(Tu) Py—2(70). (8)
We now set u = gh and v = ghg~'h~'. Then

Tu =2, To=1t, Tuw=Tgn(ghg-1h-1) =2t —Tg-1p-1 = 2(t—1).
Hence

Tuvs = Ps—1(7p)Tuw — Ps—2(Ty)Tu = Ps—1(t)(t — 1)z — Ps_2(t)z
= 2(tPs—1(t) — Ps—1(t) — Ps 2(75)) 2(Ps(t) + Ps—2(t) — Ps—1(t) — Ps—2(1))
= 2(Ps(t) — Ps—1(t)).
(3) Let u and v be as above. Then using relations (1) and (8) we obtain
Tu-1ys = Ty-1Tys — Tups = 2(Ps(t) — Ps—2(t)) — 2(Ps(t) — Ps—1(2))
= 2(Ps-1(t) — Ps—2(t));
Tu2ys = TuTuvs — Tys = Z2( s(t) P, 1(t)) - Ps(t) + Ps—2(t);
Ty = 23— 32.

Hence

Tu—lvsu2vs = Tyu—lysTy2ys — Ty3 = Z3((Ps(t) — Ps_l(t))(Ps_l(t) — Ps_g(t)) — 1)
+2(3 = (Paca(t) = Pz () (Ps(t) — Po2(t)))-
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We simplify the last equation using (7). We consider the coefficient of 23 first:

-1
t) — Py(t)Ps_o(t) — P_1(t)* — 1

= Po_1(t)(Ps(t) + Ps—2(t)) — Y Pailt) — Po(t) — Ps—a(t)?

=tP, 1(t)* — 2P, _1(t)* = (t — 2)P,_1(t)2.

(PS(t) - Ps—l(t))(Ps—l(t) - Ps—2(t)
= Ps(t)Ps—l(t) + Ps—l(t)Ps—Q

-

@
|

Next we consider the coefficient of z:

3 = (Ps—1(t) = Po—2(t))(Ps(t) — Ps—2(t))
=3 — Py(t)Py_1(t) + Po_1(£)Ps_o(t) + Py(t)Ps_a(t) — Ps_s(t)?

s s—1 s—1
=3- ZPQi—l(t) + ZPQi—l(t) + ZP%(t) -
i=1 i=1 i=1

=2 — Py 1(t) + Pas—a(t).

N

S

P5,(t)

¥

Il
=]

7

This completes the proof of Lemma 9.

At the end of § 2 we show how one can deduce Corollary 1 from Theorem 1. This
will give us another proof of Conjecture 1. Let I' = (a,b | R™(a,b) = 1), where
m > 2, R(a,b) = a®b" - - a¥b", u;,v; # 0, s > 1, and R(a,b) is not a proper
power.

We consider the case m > 3 first. We claim that dim X*(I") > 2. Then Theorem 1
immediately yields that I' is a non-trivial free product with amalgamation. In
the character variety X(Fy) = A3 of the free group F» = (g, h) we consider the
hypersurface V defined by the equation

27
TR(g,h)(m7y7 Z) = 2COS<E>7 (9)

where x = 7y, y = 7, and z = 7g,. By Lemma 5 one can write (9) in the following
form:

Fl@,y,2) = My(z,9)2° + -+ Mo(z,y) — 2cos(%> =0. (10)
We claim that V' C X(T"). For let v = (x¢, y0,20) € V and let A and B be matrices
in SLy(C) such that tr A = z, tr B = yo, and tr AB = z5. Then by Lemma 3 we
obtain the equality R™(A, B) = E. Hence the pair of matrices (A, B) determines
a representation p of I' into SLy(C). Moreover, the range of p in X(I') coincides
with v, so that v € X(I"). Further, let Vi,...,V, be the irreducible components
of V. It is easy to see (cf. [24]) that dim V; = 2 for each 4. It remains to show that
VNX*(T) # @. Assume the contrary. Then all representations corresponding to
points in V' are reducible. This means that the regular function 7gpg-1,-1 — 2 is
identically equal to 0 on V. Hence by Lemma 9(1) we obtain

glz,y,2) =2+ + 22 —ayz —4=0
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on V. Thus,
f(z,y,2) = Cg(z,y, Z)d, (11)

where C' is a constant distinct from zero and d >

If we have |u;| > 2 or |v;| > 2 for some ¢, then the leading coefficient Mj(z,y)
in (10) is not a constant, by Lemma 5, and equality (11) is impossible.

Now suppose that |u1| = |v;] =1fori=1,...,s First of all, if for some i we
have u; = w41 or v; = viy1 (U1 = us or v1 = v, for i = ), then we can consider
other generators of I'. Assume for definiteness that u; = uy. We set a; = a“ll b”f,
by =b. Then I" = (a1,b1 | R{*(a1,b1) = 1), where R*(a1,b1) = allbvl aifrblljr,
where u}, v} #0, 7 > 1, and u} > 2. We considered this case above.

We can thus assume without loss of generality that u;11 = —u; and v;11 = —v;.
By assumption R(a,b) is not a proper power, therefore only two cases are possible
for R(a,b), up to cyclic rearrangement: R(a,b) = aba='b~! or R(a,b) = ab~ta=1b.
In both cases we have

2 2
flz,y,2) = 2> +9* +2° —xyz —2—2005(—7T> =g(z,y, 2) +2—2005(—7T>.
m m

2m
Since 2 —2 cos( ) # 0, it is obvious that g(z, y, z) has no zeros on V in this case.
m

Thus, we have proved for m > 3 that I" is a non-trivial free product with amal-
gamation.

Now let m = 2. Then one can consider the group I'; = {(a,b | R*(a,b) = 1). We
proved above that dim X*(I";) > 2. It follows from the proof of Theorem 1 that
there exists a representation p: I'y — SLa(Q,) for some prime p such that p(I'1) is
dense in SL2(Q)) in the p-adic topology. Hence p(I'1) is a non-trivial free product
with amalgamation. Let G = p(I'1) be the image of p(I'1) in PSL2(Q,). Then it
is easy to see that G is also a non-trivial free product with amalgamation. How-
ever, GG is an epimorphic image of I', therefore I' is a non-trivial free product with
amalgamation, as required.

§ 3. Proof of Theorem 2

(1) Suppose that T',, = (a,b | a® = b* = R?(a,b) = 1), and let F» = (g, h) be
the free group with generators g and h. We set © = 74, 8 = 7, = 2cos(n/k), and
z = Ty4p. Consider now the equation

QR(g,h)(m7ﬁ7 Z) = 07 (12)

where Qr(g,n) is the Fricke polynomial of the element R(g, h) of F». By Lemma 5
we can write (12) in the following form:

Ao(@)z" + -+ Ay(w) =0, (13)

where Ag(z) = [[;_; Pu,—1(x)Py,—1(3). Since by assumption there exists ¢ such
that |u;| > 2, it follows that deg P,,,—1(z) > 1. Let &y = —2 cos(m/u;) be one of the
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zeros of Py, _1(z). Then x — zo divides Ag(z), say Ao(x) = (z — 20)Bo(x), where
By(z) € O[z]. We write (13) in the following form:

(x — x20)Bo(x)z° 4+ -+ -+ As(z) = 0. (14)

We assume first that all polynomials A;(x),..., As(z) are multiples of z — xo.
Then one can write (14) as follows:

(.17 - .Iio)f(li, Z) = 07 (15)

where f(z,z) is a polynomial in z and z. Let zp be an arbitrary element of C
such that zp ¢ O, and let A and B be matrices in SLy(C) such that tr A = xo,
tr B = 3, and tr AB = z;. By construction, the pair of matrices (A, B) defines
a representation of I, into PSLy(C). Applying Lemma 6 we see that I',, is a
non-trivial free product with amalgamation.

Assume now that not all polynomials A;(z), ..., As(z) are multiples of z — xo.
For example, assume that A;(x) is not a multiple of x — 1z, and let § = A;(zg) € O,
§ # 0, be the residue of Aj(x) modulo x — 9. We set ¢ = Ng)/0(0) € Z
and take S = {p € Z : p divides ¢} for the finite set of primes from the asser-
tion of the theorem. Assume that n = u;pf for some integer f and a prime p
not in S such that w;p t u; for j # i. Let z, = 2cos(rn/(pu;)), where r # 0
(mod p), and let K, = Q(d,z, — z9). By Lemma 7(3) we can choose r such
that p divides Nk, jo(2r — z0) and, by construction, p does not divide c¢. Then
Nk, 0(6/(xr — x0)) ¢ Z, therefore 6/(x, — x¢) ¢ O. Thus,

A1 (JIT) ¢ O

Ty — X0
Furthermore, since p t r and pu; { u; for each j # ¢, it follows that By(z,) # 0. We
now set © = z, and write equation (14) in the following form:

Al(mr) I As(m,«)
@ —20)Bo(@) " @ —w0)Bolar)

Clearly, we have Ay (z,)/((xr — 20)Bo(z,)) ¢ O because By(z,) € O. Hence equa-
tion (16) has a root zy outside O. Consider now matrices A and B in SLy(C) such
that

2° + =0. (16)

trA =z, tr B =/, tr AB = z.

By construction, the pair of matrices (A, B) defines a representation of T,
into PSLy(C). Applying Lemma 6 we see that T, is a non-trivial free product
with amalgamation.

(2) We keep the notation of part (1). Consider the equation

QRr(g.n) (T, 8,2) = Y, (17)

where ¢ = 2cos(tn/m), m 1 t. By Lemma 5 we can write (17) in the following
form:

(x —x0)Bo(x)z® + -+ -+ Ag(x) — v = 0. (18)
Let x, = 2cos(rm/(pu;)), where r Z 0 (mod p). We claim that there exist t and r
such that (As(z,) — )/ (xr — zo) ¢ O. In fact, let us assume the contrary.
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We consider the case m = 3 first. Then y; = 1 and y, = —1. Since both numbers

(As(zr) = 1)/ (2 — z0), (As(zr) + 1)/ (2 — 20)

belong to O, their difference 2/(x, — o) belongs to O for each r # 0 (mod p). By
assumption p # 2, therefore we arrive at a contradiction to Lemma 7(4).
Now let m = 2¢. Then ~9i-1 = 0 and yy-» = v/2. Since both quantities

As(zr)/(xr — o) and  (As(w,) — \/5)/(337" — o)

belong to O, their difference v/2/(z, — xo) belongs to O, and 2/(z, — zo) € O.
Again, we obtain a contradiction to Lemma 7(4).

Thus, we choose t and r such that (As(x,) — 1)/(x, — o) ¢ O. Since p{ r and
pu; 1 u; for each j # 4, it follows that By(z,) # 0. We set & = z, and write (18) in
the following form:

As(zr) — 1

(zr — w0)Bo(r)

By construction (Ag(z,) — )/ ((zr — 20)Bo(x,)) ¢ O, therefore (19) has a root zg
outside 0. Consider now matrices A and B in SLy(C) such that

2544 =0. (19)

trA =z, tr B =0, tr AB = z.

By construction the pair of matrices (A, B) defines a representation of T,
into PSLy(C). Applying Lemma 6 we see that I, is a non-trivial free product
with amalgamation.

(3) Assume that m > 3 and m # 2'. Using the notation of part (2) we claim that
there exist t Z 0 (mod m) and r Z 0 (mod p) such that (A(z,)—y)/(xr—xz0) ¢ O.
For assume the contrary: suppose that (Ag(x,) — v)/ (2 — 29) € O for each t £ 0
(mod m) and each r Z 0 (mod p).

First, we consider the case when m is odd and a multiple of an integer of
the form 49 + 1, g > 1, that is, m = (49 + 1)m;. We consider the quantities
0t = Yotm, = 2cos(2tw/(4g + 1)), t = 1,...,2g. Then 1 + Z?il 0; = 0 as it is
the sum of all roots of unity of degree 4g + 1. Note that —d; = Yug+1-2¢)m,- Set
Ci = (As(z,) — (=1)%8;)/(z, — zo). Then we have

29 29, 1
Siye= -3t Lo
i=1 im1 e — %o &r—T0

whenever 7 # 0 (mod p), which contradicts Lemma 7(4).

Assume now that m is odd but has no divisors of the form 49 + 1, ¢ > 1.
Then m = 49+ 3, g > 1. We have 1 + Zfi—fl ~v2; = 0, for this is the sum of
all roots of unity of degree 4g + 3. We set Cy = (As(z) + m)/(xr — z) and
Ci = (As(zy) — (=1)y2;) /(xr — 0) for i =1,...,2g + 1. Then

2g+1

- -1
Co + g (—1)101 = 1717_1:0 € 0. (20)
i=1 r
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We claim that 44 — 1 € O*. Since 7, is a zero of the polynomial Pygia(A), 11 — 1
is a zero of Pygio(A + 1). The constant term of Pygio(A+ 1) is equal to

ﬂ) _ sin((4g +3)7/3) €{-1,1,0}.

P 1)=P, 2 —
19+2(1) 4g+2< €83 sin(m/3)

Note that Psg12(1) = 0 if and only if 49+ 3 is a multiple of 3, that is, ¢ is a multiple
of 3. Let g = 3g;. Then 49+ 3 = 12¢g; + 3 = 3(4¢g1 + 1), that is, m is a multiple of
4g1 + 1, contradicting our assumptions. Hence Pyg12(1) =+1 and v —1 € O*. It
now follows from (19) that for each r #Z 0 (mod p) we have 1/(z, — z9) € 0. We
obtain a contradiction to Lemma 7(4) once more.

Finally, we consider the case when m is even, that is, m = m129, where g > 1
and ms is odd and greater than 1. Consider the quantities ;20 = 2 cos(im/my).
Now, arguing just in the case of odd m we obtain a contradiction to Lemma 7(4).

Thus, we choose t and r such that (As(z,)—7:)/(xr—20) ¢ O. Then the constant
term in equation (19) does not belong to O and (19) has a root zy outside O. Let
A, B € SLy(C) be matrices such that

trA =z, tr B =/, tr AB = z.

By construction the pair of matrices (A, B) defines a representation of I',, into
PSL4(C). Applying Lemma 6 we complete the proof of Theorem 2.

Remark. In a number of cases one can obtain more precise information on the
decomposition of a generalized triangle group I' into a non-trivial free product
with amalgamation. For instance, consider the group I'y = (a,b | a? = b* =
(ab?)? = 1). Then it follows from Theorem 2 that Iy, is a non-trivial free product
with amalgamation if k& = 2k;, where 1 < k; # 2'. However, it is easy to see
that also when k; = 2', [ > 1, this group I'}, is a non-trivial free product with
amalgamation. For let F» = (g, h) be a free group and let x =7, = 0, y = 73,, and
z = T4p. Consider the equation

Qgn2(0,y,2) =yz = 2cos§ =1.

Let y = y, = 2cos(rm/2*1). Then by Lemma 7(6) we obtain z. = 1/y,. ¢ O
for each odd r. Lemma 6 now shows that I'y is a non-trivial free product with
amalgamation.

§4. Proof of Theorem 3

First, let R(a,b) = a“*b"* - - -a¥<b"s be a word such that v = maxi;<s |vi| = 2.
Then by Theorem 2 there exists a prime p such that the group I'y = (a,b | a™ =
bPY = R™(a,b) = 1) is a non-trivial free product with amalgamation. Since I'; is
an epimorphic image of I', T is also a non-trivial free product with amalgamation.

One can assume therefore without loss of generality that

R(a,b) = a™b" - -a"sb",
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where v; € {=1,1},i = 1,...,s. Assumealso that there existsi, 1 < ¢ < s, such
that either v; = v;11 or v1 = vs. For definiteness, suppose that v; = vy. In this case
one can consider new generators of I': a; = a and b; = a“2b"1. The,n iF is easy t9 ver-
ify that I' = (a1, b1 | a} = R*(a1,b1) = 1), where Ry(a1,b1) = aiflbll)l .- -alflblljl, 1>
1,0 < u; <n,and v #0fori=1,...,I. Moreover, we have v' = max; i< |v}] > 2.
However, we have just proved that I' is a non-trivial free product with amalgama-
tion in this case.
Thus, we can assume without loss of generality that

R(a,b) = a“tba®2b~ ... qure-1pguzep L,
where k> 1land 0 < u; <nfori=1,...,2k. Weset ¢ =ba"'b"!. Then
R(a,b) = a*tc¢™¥2 ... q"2*-1c7U2* = Ry(a,c).

Let F» = (g, h) be the free group of rank 2 and set f = hg~'th=!. We set z =
Tg, Y = Th, 2 = Tgn, and t = 74y. Then 74 = 7, = = and, by Lemma 9(1),
t=Tgf = Tong—1n—1 = z° +y*> + 2% — zyz — 2. We regard Ry(g, f) € F» as a word
in g and f. Let g(x,t) be the Fricke polynomial of Ry(g, f), that is,

q(m7t) = QRl(%f)(Tg?Tf?Tgf) = QRl(%f)(m?x’t)'

Since Ry(g, f) contains k blocks of the form g“s f~%i+1  g(z,t) is a t-polynomial of
degree k by Lemma 5, with leading coefficient (—1)* Hfil P,,—1(z). By construc-

tion R(g,h) = Ri1(g, f), therefore
Qrig.n) (@, 9, 2) = q(z,t) = q(z, 2> + y* + 2* — zyz — 2). (21)

We now set = 7, = a, = 2cos(rm/n) and vy, = 2 cos(Ir/m), where r Z 0 (mod n)
and ! Z 0 (mod m), and consider the equation

QR(g,h)(r, Y, 2) = 1. (22)
By (21) one can write (22) in the following form:
qar,t) = . (23)

Lemma 10. There exist r,l in Z, r Z 0 (mod n) and I # 0 (mod m), such that
Py,—1(ay) #0 fori=1,...,2k and equation (23) has a root t =ty # 2.

Proof. Assume first that m > 3. In this case v; # v2. We set r = 1, and then
the polynomial g(ai,t) has degree k. Obviously, at least one of the equations
g(ai,t) =1 and g(ai,t) = 72 has a root to # 2.

We assume now that m = 2 and the equation ¢(a,,t) = 0 has the unique
root ¢ = 2. This means that for arbitrary matrices A and B in SLy(C) such
that tr A = tr B = - the condition tr R1(A4, B) = tr A1 B~%2 ... A¥2k-1 B~U2k = ()
yields that tr AB = 2. We claim that this is not the case. To obtain a contradiction
it is sufficient to find matrices A and B in SL2(C) satisfying the conditions

(1) trA=trB = a,
(2) tr AB # 2,
(3) tr R1(A,B) =tr A¥1 B~ 42 ... Av2k—1 B~ U2k — (),
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We shall seek A and B in the following form:

(e w (e O
a=(5 ) m= (D).

where ¢, + &, 1 = a, = 2cos(rn/n) and w is a variable. It is easy to see that
tr AB = w?+e2+¢,72. Hence the condition tr AB # 2 is equivalent to the inequality
w? +e2 + 6,2 # 2, that is,

2
w? #£2— (2 +¢,%) = 2—2cos<ﬂ> :4sin2<ﬂ>.
n n

It can be easily verified by induction that

i Ei. Pi_l(oz,«)w i Ei. 0
A= (0 E;i ’ B = Pi_l(a,«)w E;i )

Next, it is not difficult to show that

_ [ eHCi(ar)w 4+ Cr(ar)w? w f1(w)
Rl(A, B) - ( wfa(w) €:d+D1(0lr)w2+"'+Dk—l(ar)w2k_2 ) ’

where d = Zfﬁl ui, Crlay) = (=1)F Hfil P,,—1(a;), and fi(w) and fa(w) are
some polynomials of w. Hence

tr Ri(A, B) = Ci(ar)w? +--- 4 (Ci(ar) + Di(an))w?® + (ef + &%) = g(w?).
We claim that there exists r, 1 < r < n, such that Cx(a,) # 0 and the poly-

nomial g(w?) has a root wg such that w3 # 4sin®(rm/n). Assume the contrary:
assume that for each r such that Ci(a,) # 0 we have

g(w?) = Cr(aw) <w2 — 45sin? (%) ) g (24)

Comparing the constant terms in the left-hand and the right-hand sides of (24) and
taking the expression for Cy () into account we obtain

([T (pen(2)) ) (s0(2)) " =2en(2). 5

By (2), Py,—1(2cos(rm/n)) = sin(u;rn/n)/sin(rr/n). We write u;/n as u}/n;,
where (u},n;) = 1. Then (25) takes the following form:

ﬁ(“(unﬂ)) - 2(%) (26)
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Hence to complete the proof of the lemma it is sufficient to show that one obtains a
contradiction by assuming that equality (26) holds for each r such that the left-hand
side of (26) is distinct from zero.

We start with the discussion of the case of odd n. Let ny = min;n;: assume
that ng = ny for definiteness. Then n; is odd; let p be a prime divisor of n;.
We set 7 = ny/p. Then 2sin(ujrm/ni) = 2sin(ujn/p). If j > 1, then we have
2sin(ujrm/n;) = 2sin(ujnim/(pn;)) # 0 because pn; does not divide ujni, by
construction. It follows from (26) that

I(ea(50) - "niiy e o

=2

If dn; is a multiple of pn, then 2 cos(dny7/(pn)) = £1. If dny is not a multiple of pn,
then 2 cos(dnim/(pn)) € O* by Lemma 7(2). In both cases it follows from (27) that
1/(2sin(ujm/p)) € O, which contradicts Lemma 7(5).

Now let n = 2'n’, where [ > 1 and n’ is odd. Let n; = 2“n§, where [; > 0 and n]
is odd, and let ng = min; n.
If ny > 1, then we set r = 2!/, where ' Z 0 (mod n’). Now, (26) has the

following form:
2 w2t tip! dr'n
H<2sin<’7/>> :2cos< p ), (28)
n; n

=1

where n’ is odd. We proved above that there exists in this case an r’ such that the
left-hand side of (28) is distinct from zero and equality (28) does not hold.
Now let ng = 1. We set

IZ{ZNQZI}, l():mi}lli, IOZ{iEI:li:lo}.
1€
Next we set r = 20~/ where 1’ is odd. Then for i in Iy we have

/ r9lo—1,1 !yt
2sin YT} —ogin( LE ") —ogin( LT = 4o
74 2lo 2

We can now write equality (26) in the following form:

. wir'm 1 dr'm
H (2 sm<721i_1lo+ln{>> = i2|10|_1 COS<21—10+1n/>' (29)
K3

igl,

We choose ' such that the left-hand side of (29) is distinct from 0. Then the
right-hand side of (29) is also distinct from 0. If |Iy] > 1 or |Ij] = 1 and
cos(dr'm/ (28" o+1n’)) # +1, then the left-hand side of (29) belongs to O. How-
ever, by Lemma 7(1) the right-hand side of (29) does not belong to O, which is a
contradiction.

It remains to consider the case |Iy| = |[{io}| = 1, cos(dr'm/(2!"lo+1n/)) = £1. In
this case (29) has the following form:

ulr'm
2sin| ——— ==+1. 30
I1 (00525 ®

i£ig
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If [I| > 1 and i9 # 4 € I, then I; > lp and n; = 1. Hence for each odd r’ the
left-hand side of (30) is distinct from 0 and 1/(2sin(u}r'n /(25— *1))) € O by (30).
We arrive at a contradiction to Lemma 7(6).

Now let I = Iy = {ip}. We set

njo =minn; >3, J={j:n;=nj}, L, =minl;.

If lj, —lo+1 > 0, then we set v = nj,. It is easy to verify that in this
case the left-hand side of (30) is distinct from 0 and it follows from (30) that
1/(2sin(uj 7/2% ~fo+1)) € 0. We thus obtain a contradiction to Lemma 7(6).

Finally, if l;, — lp + 1 < 0, then we consider an arbitrary prime divisor p, p > 3,
of nj, and set ' = n;,/p. Then, as above, the left-hand side of (30) is distinct from
zero, and by (30) we obtain

a— 19—l +lo—1
ul. ' u!, 270 s
Qtio —to s, D

J

This is in contradiction with Lemma 7(5), and it completes the proof of Lemma 10.

We can now complete the proof of Theorem 3. By Lemma 10 we can find 7 and [
such that equation (23) has a root ty # 2. Since t = x? + y? + 22 — zyz — 2 by
construction and = = «., it follows that y and z satisfy the equation

v+ 22—zt al—2—ty=0. (31)

Let (yo, 20) be a solution of (31) and let A and B be matrices in SLy(C) such that
trA = a,, tt B = yg, tr AB = 2. Then by construction tr ABA™1B~! = ¢,
tr R(A, B) = =, and the pair of matrices (A, B) defines a representation of T’
into PSLy(C). Note that this is an irreducible representation because tg # 2. We
claim that there exists a solution (yo, zp) of equation (31) such that the following
conditions hold:
(1) there exists a finite-order element Wy (4, B) = A“ BP1 ... A% BPs such that
i, B #0fori=1,...,gand >.7_; By # 0;
(2) zo=tr AB ¢ 0.
In that case we can apply Lemma 6 and complete the proof of Theorem 3. The
rest of the roof depends on the form of ty. We shall consider the following cases:
1) to ¢ O;
) to =2cos((2k + 1)w/(2s + 1)), where s > 1 and (2k + 1,25+ 1) = 1;
) to = 2cos(2km/(2s 4+ 1)), where s > 1 and (k,2s+ 1) = 1;
) to = 2cos((2k + 1)7/(2s)), where s > 1 and (2k +1,s) = 1;
(5) to € O, tg # 2cos(km/s) for arbitrary integers k and s.
(1) We set yo = 0 and W7 (A4, B) = B, and so Wi (A4, B) has order 4. Since
to ¢ O, equation (31) has a solution (0, zg) such that zg ¢ O.
(2) We set W1(A,B) = AB(ABA~'B~1)*. Combining Lemmas 8 and 9 we
obtain

(

(2
(3
(4

tr Wl(A, B) = (Ps+1(t0) — Ps(t()))ZQ =0-20=0.
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Hence W1 (A, B) has order 4. We now consider an arbitrary solution (yo, z9) of
equation (31) such that zy ¢ O.
(3) We set W1(A, B) = AB(ABA='B71)* and assume that

tr W1 (A, B) = 2cosg =1.
Then W1 (A, B) has order 6 and it follows from Lemma 9(2) that
tr Wl(A,B) = (Ps+1(t0) - Ps(t()))ZQ =1.

Hence by Lemma 8(3) we obtain zg = 1/(Ps41(to) — Ps(to)) ¢ O. Now let (yo, 20)
be an arbitrary solution of (31).
(4) We set W1(A, B) = (AB)"*(ABA~'B71)*(AB)?(ABA~'B~1)% and assume
that -
tr W1 (A, B) = 2cos 3= 1. (32)

Then W1 (A, B) has order 6 and by Lemma 9(3) we can write (32) in the following
form:

(to — 2)Ps_1(t0)2zg + (2 - PQs_l(tQ) + Pgs_g(to))ZQ —1=0. (33)
By Lemma 8(4) we obtain 0 # Ps_1(tg) ¢ O*, therefore

1
(to — 2)Ps—1(to

5 ¢ 0.

Thus, (33) has a root zg outside O. Now let (yo, z0) be a solution of (31).

(5) Since tg € O and ¢y # 2cos(kw/s) for arbitrary integers k and s, by
Lemma 8(5) there exists an integer ! > 0 such that 0 # Pi(tg) ¢ O*. We set
Wi(A, B) = (AB) Y (ABA" 1B~ 1)!*1(AB)?(ABA~1 B~1)*! and assume that (32)
holds. Then W (A, B) has order 6 and by Lemma 9(3) we can write (32) as follows:

(to — 2)Pl(t0)2zg + (2 - P21+1(t0) + Pgl(to))ZQ —1=0. (34)

Since 1/((to—2)Pi(to)?) ¢ O by construction, (34) has aroot 29 ¢ O. Now let (yo, 20)
be a solution of (31). Applying Lemma 6 we complete the proof of Theorem 3 in
the last case.
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