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1 Ââåäåíèå

Ïóñòü

p(z, θ) =
1

2π
· 1− |z|2

|z − eiθ|2

� ÿäðî Ïóàññîíà â åäèíè÷íîì êðóãå B êîìïëåêñíîé ïëîñêîñòè.
Õîðîøî èçâåñòíî (ñì., íàïðèìåð, [1]), ÷òî äëÿ ëþáîé ôóíêöèè f ∈ L1[−π, π] åå èíòåãðàë

Ïóàññîíà

Pf(z) =

∫ π

−π

p(z, θ)f(θ) dθ

äëÿ ïî÷òè âñåõ ϕ ∈ [−π, π] ñõîäèòñÿ ê f(ϕ), êîãäà z ñòðåìèòñÿ ê eiϕ, îñòàâàÿñü â
íåêàñàòåëüíîé îáëàñòè 1 {

z : |z − eiϕ| < a(1− |z|2)
}

, a > 0. (1)

Ëèòòëâóä [2] (ñì. òàêæå [1]) ïîêàçàë, ÷òî ýòî � íàèëó÷øèé ðåçóëüòàò â ñëåäóþùåì
ñìûñëå. Åñëè C0 � ëþáàÿ ïðîñòàÿ çàìêíóòàÿ êðèâàÿ, ïðîõîäÿùàÿ ÷åðåç òî÷êó z = 1,
ðàñïîëîæåííàÿ öåëèêîì, çà èñêëþ÷åíèåì ýòîé òî÷êè, âíóòðè B è êàñàþùàÿñÿ ãðàíèöû B
â ýòîé òî÷êå, êðèâàÿ Cθ ïîëó÷àåòñÿ èç C0 ïîâîðîòîì âîêðóã z = 0 íà óãîë θ, òî ñóùåñòâóåò
ïðîèçâåäåíèå Áëÿøêå, êîòîðîå äëÿ ïî÷òè âñåõ θ íå ñòðåìèòñÿ íè ê êàêîìó ïðåäåëó, åñëè
z → eiθ, îñòàâàÿñü âíóòðè Cθ.

Â ðàáîòå [4] áûëî íà÷àòî èçó÷åíèå ãðàíè÷íîãî ïîâåäåíèÿ ñâåðòîê ñî ñòåïåíÿìè ÿäðà
Ïóàññîíà

Plf(z) =

∫ π

−π

[p(z, θ)]l+
1
2 f(θ) dθ, l ≥ 0. (2)

1Â äàëüíåéøåì a îçíà÷àåò ïðîèçâîëüíî ôèêñèðîâàííóþ ïîëîæèòåëüíóþ ïîñòîÿííóþ, à ÷åðåç c (ñ
èíäåêñàìè) ìû îáîçíà÷àåì ðàçëè÷íûå ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå, âîçìîæíî, îò íåêîòîðûõ
ïàðàìåòðîâ, íî ýòà çàâèñèìîñòü äëÿ íàñ íåñóùåñòâåííà.

1



Èíòåðåñ ê íèì îáúÿñíÿåòñÿ òåì, ÷òî Pl(z, ·) (è Plf(z)) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

1

4
(1− |z|2)2

(
∂2u

∂x2
+

∂2u

∂y2

)
=

(
l2 − 1

4

)
u

(1
4
(1 − |z|2)2∆u � ëàïëàñèàí â ãèïåðáîëè÷åñêîé ìåòðèêå). Êîíå÷íî, ñõîäèìîñòè Plf(z)

òðóäíî îæèäàòü áåç íîðìèðîâêè.
Ïóñòü

Plf(z) =
Plf(z)

Pl1(z)
(3)

Îòìåòèì, ÷òî2

Pl1(z) �


(1− |z|) 1

2
−l, l > 0,

(1− |z|) 1
2 log 2

1−|z| , l = 0.
(4)

(íåâàæíî ïî êàêîìó îñíîâàíèþ áåðóòñÿ ëîãàðèôìû, íàì áóäåò óäîáíî âñþäó ñ÷èòàòü
îñíîâàíèå ðàâíûì 2).

Ïðè l > 0 ãðàíè÷íîå ïîâåäåíèå èíòåãðàëîâ Plf(z) òàêîå æå, êàê è ïðè l = 1
2
(îíî

áûëî îïèñàíî âûøå). Èíà÷å îáñòîèò äåëî ïðè l = 0. Â ýòîì ñëó÷àå ãðàíè÷íîå ïîâåäåíèå
îïåðàòîðîâ (3) èçó÷àëîñü â ðàáîòàõ [4]-[8], ãäå áûëî ïîêàçàíî, ÷òî Plf(z) ñõîäèòñÿ ê f(ϕ),
êîãäà z ñòðåìèòñÿ ê eiϕ, îñòàâàÿñü âíóòðè îáëàñòè{

z ∈ C : |z − eiϕ| < a(1− |z|)
(

log
2

1− |z|

)p}
. (5)

äëÿ êàæäîé ôóíêöèè f ∈ Lp[−π, π] ïðè ïî÷òè âñåõ ϕ ∈ [−π, π]. Ñëó÷àé p = 1 ðàññìîòðåí â
[4], à p > 1 � â [6]�[7]. Îòìåòèì, ÷òî îáëàñòè (5) ñóùåñòâåííî øèðå íåêàñàòåëüíûõ îáëàñòåé
(1) è äîïóñêàþò êàñàòåëüíûé ïîäõîä ê òî÷êå eiϕ, ïðè÷åì áîëüøåìó p ñîîòâåòñòâóåò
áîëüøàÿ ñòåïåíü êàñàíèÿ.

Äîêàçàòåëüñòâî ñõîäèìîñòè ïî÷òè âñþäó â ðàáîòàõ [4]�[7] îïèðàëîñü íà íåðàâåíñòâî
ñëàáîãî òèïà

µ {Lp (P0f) > λ} ≤ c

(
1

λ
‖f‖Lp

µ(X)

)p

, λ > 0, (6)

äëÿ ìàêñèìàëüíîãî îïåðàòîðà

Lpf(eiϕ) = sup

{
|f(z)| : | arg z − ϕ| < a(1− |z|)

(
log

2

1− |z|

)p}
,

ñîîòâåòñòâóþùåãî îáëàñòÿì (5). Èç (6) ðåçóëüòàòû î êàñàòåëüíîé ñõîäèìîñòè ïî÷òè âñþäó
Plf(z) âûâîäÿòñÿ ñòàíäàðòíûì ñïîñîáîì. Êðîìå òîãî, â [6]�[7] ïîêàçàíî òàêæå, ÷òî îáëàñòè
ïîäõîäà ê ãðàíèöå (5) âûáðàíû îïòèìàëüíî è íå ìîãóò áûòü ðàñøèðåíû.

2Çàïèñü f � g îçíà÷àåò, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ c > 0, òàêàÿ, ÷òî 1/c ≤ f/g ≤ c.
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Â íàøåé ðàáîòå [9] íåðàâåíñòâî (6) áûëî ðàñïðîñòðàíåíî íà ïðîñòðàíñòâà îäíîðîäíîãî
òèïà.

Ïóñòü X � êîìïàêòíîå õàóñäîðôîâî ïðîñòðàíñòâî, òîïîëîãèÿ êîòîðîãî çàäàåòñÿ
êâàçèìåòðèêîé d. Ýòî îçíà÷àåò, ÷òî ôóíêöèÿ d : X ×X → [0,∞) óäîâëåòâîðÿåò óñëîâèÿì

d(x, y) = 0 ⇔ x = y, d(x, y) = d(y, x), d(x, y) ≤ ad[d(x, z) + d(z, y)] (7)

äëÿ ëþáûõ x, y, z ∈ X (ïîñòîÿííàÿ ad ≥ 1 íå çàâèñèò îò âûáîðà ýëåìåíòîâ x, y, z â X) è
ñåìåéñòâî îòêðûòûõ øàðîâ

B(x, t) = {y ∈ X : d(x, y) < t}

îáðàçóåò áàçó îêðåñòíîñòåé òîïîëîãèè X. Â äàëüíåéøåì äëÿ ïðîñòîòû áóäåì ñ÷èòàòü, ÷òî
diamX ≤ 1.

Ïóñòü åùå µ � ïîëîæèòåëüíàÿ áîðåëåâñêàÿ ìåðà íà X, óäîâëåòâîðÿþùàÿ óñëîâèþ
îäíîðîäíîñòè

µ(B(x, t)) � tγ (8)

ïîðÿäêà γ > 0 (ïîñòîÿííûå ñëàáîé ýêâèâàëåíòíîñòè â (8) íå çàâèñÿò îò x ∈ X è
t ∈ (0, diamX]). Îáû÷íî òðîéêà (X, d, µ) íàçûâàåòñÿ ïðîñòðàíñòâîì îäíîðîäíîãî òèïà [3].
×åðåç Lp

µ(X), 1 ≤ p < ∞, îáîçíà÷àåì îáû÷íûå ëåáåãîâû ïðîñòðàíñòâà, ïîñòðîåííûå ïî
ìåðå µ.

Â ýòîé ðàáîòå ìû ðàññìàòðèâàåì îïåðàòîðû

P0f(x, t) =

(
log

2

t

)−1 ∫
X

f(y)

(d(x, y) + t)γ
dµ(y). (9)

Â ÷àñòíîì ñëó÷àå X = {z ∈ C : |z| = 1}, d � åâêëèäîâà ìåòðèêà è µ � ìåðà Ëåáåãà
(òîãäà γ = 1) ýòè îïåðàòîðû ñîâïàäàþò, ïî ñóùåñòâó, ñ (3) ïðè l = 0 (ñì. (4) è íèæå
ðàçäåë 3). Äëÿ íàñ ýòè îïåðàòîðû ïðåäñòàâëÿþò èíòåðåñ êàê ïðåäåëüíûé ñëó÷àé α = 0
îïåðàòîðîâ òèïà ïîòåíöèàëà íà ïðîñòðàíñòâàõ îäíîðîäíîãî òèïà∫

X

f(y)

(d(x, y) + t)γ−α
dµ(y), 0 < α < γ,

ãðàíè÷íîå ïîâåäåíèå êîòîðûõ ðàññìàòðèâàëèñü â íàøåé ðàáîòå [9].
Ââåäåì ìàêñèìàëüíûå ôóíêöèè

Lδu(x) = sup

{
|u(y, t)| : d(x, y) < at

(
log

2

t

)δ
}

, a > 0, x ∈ X, (10)

çàâèñÿùèå îò ïàðàìåòðà δ ≥ 0. Ïðè δ = 0 áóäåì îáîçíà÷àòü L0 = N (ýòî � "íåêàñàòåëüíàÿ"
ìàêñèìàëüíàÿ ôóíêöèÿ).
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Â ÷àñòíîñòè, â [9] íåðàâåíñòâî ñëàáîãî òèïà (6) áûëî ðàñïðîñòðàíåíî íà îáùèé ñëó÷àé
ïðîñòðàíñòâ îäíîðîäíîãî òèïà

µ {Lδ (P0f) > λ} ≤ c

(
1

λ
‖f‖Lp

µ(X)

)p

, λ > 0,

ãäå δ = p/γ. Ïðè ýòîì â [9] èñïîëüçîâàëñÿ ìåòîä, îòëè÷íûé îò ïðèìåíÿâøåãîñÿ â [4]-[7].
Èç òåîðåìû 1 â [9] òàêæå ìîæíî âûâåñòè òî÷íûå ðåçóëüòàòû î ãðàíè÷íîì ïîâåäåíèè

îïåðàòîðîâ (3) ïðè l < 0.

2 Îñíîâíàÿ òåîðåìà è åå äîêàçàòåëüñòâî

Ãëàâíîé öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî òîãî, ÷òî äëÿ p > 1 íà ñàìîì
äåëå ñïðàâåäëèâî áîëüøåå � íåðàâåíñòâî (6) ìîæíî óñèëèòü è çàìåíèòü íåðàâåíñòâîì
ñèëüíîãî òèïà, ïðè÷åì â îáùåé ñèòóàöèè. Èìåííî, èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1 Åñëè p > 1 è δ = p/γ, òî

‖Lδ (P0f) ‖Lp
µ(X) ≤ cp‖f‖Lp

µ(X),

ãäå ïîñòîÿííàÿ cp íå çàâèñèò îò f ∈ Lp
µ(X).

Â äàëüíåéøåì äëÿ ïðîñòîòû ñ÷èòàåì, ÷òî â (10) a = 1. Äëÿ äîêàçàòåëüñòâà íàì
ïîíàäîáèòñÿ ðÿä âñïîìîãàòåëüíûõ ôàêòîâ. Íà÷íåì ñ õîðîøî èçâåñòíûõ.

Ëåììà 1 Ïóñòü E ⊂ X è {B} � ëþáîå ñåìåéñòâî øàðîâ îãðàíè÷åííûõ ðàäèóñîâ,
ïîêðûâàþùåå E.

Òîãäà ñóùåñòâóåò êîíå÷íîå èëè ñ÷åòíîå ïîäñåìåéñòâî {Bj} ⊂ {B} ñî ñâîéñòâàìè

Bi ∩Bj = ∅ (i 6= j), E ⊂
⋃
j

ρdBj, (11)

ãäå ρd ≥ 1 çàâèñèò òîëüêî îò d.

Çäåñü ρB � øàð ñ òåì æå öåíòðîì, ÷òî è B, ðàäèóñà â ρ ðàç áîëüøå. Äîêàçàòåëüñòâî
ëåììû èìååòñÿ â [3].

Ñ ïîìîùüþ ëåììû 1 ñòàíäàðòíûì ñïîñîáîì [3] âûâîäÿòñÿ îáû÷íûå ñâîéñòâà
ìàêñèìàëüíîé ôóíêöèè Õàðäè-Ëèòòëâóäà

Mf(x) = sup
1

µ(B)

∫
B

|f | dµ,

ãäå òî÷íàÿ âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì øàðàì B = B(y, t), ñîäåðæàùèì òî÷êó x ∈ X.
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Ëåììà 2 Äëÿ êàæäîãî p ≥ 1 ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ cp, ÷òî
1) äëÿ âñåõ ôóíêöèé f ∈ L1

µ(X) è λ > 0

µ {Mf > λ} ≤ c1

λ
‖f‖L1

µ(X),

2) äëÿ âñåõ ôóíêöèé f ∈ Lp
µ(X)

‖Mf‖Lp
µ(X) ≤ cp‖f‖Lp

µ(X).

Ââåäåì ïàðàìåòðè÷åñêîå ñåìåéñòâî îáëàñòåé ïîäõîäà ê ãðàíèöå

DA,δ(x) =

{
(y, t) : d(x, y) < t

(
log

2

t

)δ

, A <

(
log

2

t

)δ
}

(12)

è îòìåòèì, ÷òî âòîðîå íåðàâåíñòâî, îïðåäåëÿþùåå DA,δ(x), ðàâíîñèëüíî òàêîìó

t < exp
(
1− A1/δ

)
= τA. (13)

Îïðåäåëèì òàêæå ñåìåéñòâî ìàêñèìàëüíûõ ôóíêöèé

LA,δu(x) = sup

{(
log

2

t

)−1

u(y, At) : (y, t) ∈ DA,δ(x)

}
, (14)

ñ ïîìîùüþ êîòîðûõ ìîæíî îöåíèòü îïåðàòîð Lδ (P0f). Ýòî ïîêàçûâàåò ëåììà 3 íèæå, â
êîòîðîé èñïîëüçóåòñÿ ñëåäóþùåå îáîçíà÷åíèå

u(y, t) =
1

µ(B(y, t))

∫
B(y,t)

|f | dµ.

ãäå f ∈ L1
µ(X). Òîãäà ÿñíî, ÷òî

Nu(x) = Mf(x), x ∈ X. (15)

Ëåììà 3 Ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ c, ÷òî

Lδ (P0f) (x) ≤ c

(
Mf(x) +

∞∑
ν=0

L2ν , δu(x)

)
.

äëÿ âñåõ x ∈ X è f ∈ L1
µ(X).
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Äîêàçàòåëüñòâî. Ïóñòü x ∈ X è ïàðà (y, t) ∈ X × (0, 1) óäîâëåòâîðÿåò óñëîâèþ

d(x, y) < τ = t

(
log

2

t

)δ

.

Ðàçîáüåì èíòåãðàë, îïðåäåëÿþùèé îïåðàòîð (9), íà òðè ÷àñòè∫
X

f(z)

(d(y, z) + t)γ
dµ(z) =

∫
B(y,t)

+

∫
t<d(x,y)≤τ

+

∫
d(x,y)>τ

≡ I1 + I2 + I3

è êàæäóþ èç íèõ áóäåì îöåíèâàòü îòäåëüíî.
Ïðåæäå âñåãî çàìåòèì, ÷òî

|I1| ≤ u(y, t).

Êðîìå òîãî, åñëè n =
[
log2

τ
t

]
+ 2, òî

|I2| ≤
n−1∑
ν=0

∫
2νt<d(y,z)≤2ν+1t

f(z)

(d(y, z) + t)γ
dµ(z) ≤

n−1∑
ν=0

(2νt)γ

∫
B(y,2ν+1t)

|f | dµ ≤

≤ c
n−1∑
ν=0

1

µB(y, 2ν+1t)

∫
B(y,2ν+1t)

|f | dµ ≤ c
n∑

ν=1

u(y, 2νt).

Íàêîíåö, åñëè m =
[
log2

1
τ

]
+ 2, òî

|I3| ≤
m−1∑
ν=0

∫
2ντ<d(y,z)≤2ν+1τ

f(z)

(d(y, z) + t)γ
dµ(z) ≤

m−1∑
ν=0

(2ντ)γ

∫
B(y,2ν+1τ)

|f | dµ ≤

≤ c
m−1∑
ν=0

1

µB(y, 2ν+1τ)

∫
B(y,2ν+1τ)

|f | dµ ≤ cmMf(x) ≤ c log
1

τ
Mf(x).

Èç ïîëó÷åííûõ íåðàâåíñòâ äëÿ I1, I2 è I3 ëåãêî âûòåêàåò óòâåðæäåíèå ëåììû 3.
Ñëåäóþùàÿ ëåììà èãðàåò êëþ÷åâóþ ðîëü. Ïðè åå äîêàçàòåëüñòâå ìû áóäåì ñëåäîâàòü

ñõåìå ðàññóæäåíèé èç ðàáîòû âòîðîãî àâòîðà [10], âèäîèçìåíÿÿ åå ñîîòâåòñòâåííî
ðàññìàòðèâàåìîé ñèòóàöèè.

Ëåììà 4 (îñíîâíàÿ) Äëÿ êàæäîãî p > 1 ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ cp, ÷òî

‖LA,δu‖Lp
µ(X) ≤ cpA

− γ
p ‖f‖Lp

µ(X) (16)

ïðè âñåõ f ∈ Lp
µ(X) è A ≥ 1.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì ëåáåãîâû ìíîæåñòâà ìàêñèìàëüíîãî îïåðàòîðà (14)

EA(λ) = {x ∈ X : LA,δu(x) > λ} , λ > 0.

Ðàçîáüåì èõ íà ÷àñòè ñëåäóþùèì îáðàçîì. Îïðåäåëèì íàòóðàëüíîå ÷èñëî kA èç óñëîâèÿ
2−kA−1 < τA ≤ 2−kA , îáîçíà÷èì

tA(x) = sup

{
t < τA : ∃ (y, t) ∈ DA,δ(x),

(
log

2

t

)−1

u(y, At) > λ

}

è äëÿ k ≥ kA ââåäåì ìíîæåñòâà

EA,k(λ) =
{
x ∈ EA(λ) : tA(x) ∈

(
2−k−1, 2−k

]}
.

Îíè èçìåðèìû è

EA,k(λ) ∩ EA,i(λ) = ∅, EA(λ) =
∞⋃

k=kA

EA,k(λ).

Ââåäåì òàêæå íåêîòîðóþ ìîäèôèêàöèþ íåêàñàòåëüíîé ìàêñèìàëüíîé ôóíêöèè

NAu(x) = sup

{
u(y, Aτ) : d(x, y) <

Aτ

4a2
d

, τ < τA

}
Òîãäà ÿñíî, ÷òî

NA(x) ≤ N(x), x ∈ X. (17)

Êàê è âûøå ââåäåì ëåáåãîâû ìíîæåñòâà

E(λ) = {x ∈ X : NAu(x) > λ} ,

è ðàçîáüåì èõ íà ÷àñòè

Ek(λ) =
{
x ∈ E(λ) : τ(x) ∈

(
2−k−1, 2−k

]}
,

ãäå

τ(x) = sup

{
τ < τA : ∃ y d(x, y) <

Aτ

4a2
d

, u(y, Aτ) > λ

}
.

Òîãäà ìíîæåñòâà Ek(λ) èçìåðèìû è

Ek(λ) ∩ Ei(λ) = ∅, E(λ) =
∞⋃

k=kA

Ek(λ).
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Îöåíèì ìåðó µEA,k(λ). Ïóñòü x ∈ EA,k(λ), òîãäà ñóùåñòâóåò òàêàÿ ïàðà (yx, tx) ∈ X ×(
2−k−1, 2−k

]
, ÷òî

d(x, yx) < tx

(
log

2

tx

)δ

, u(yx, Atx) > λ log
2

tx
≥ kλ. (18)

Ðàññìîòðèì ñåìåéñòâî øàðîâ

Bx = B

(
yx, tx

(
log

2

tx

)δ
)

, x ∈ EA,k(λ).

Ïî ëåììå 1 èç íåãî ìîæíî âûäåëèòü êîíå÷íîå èëè ñ÷åòíîå ïîäñåìåéñòâî {Bxj
} ñî

ñâîéñòâàìè
Bxj

∩Bxi
= ∅, µEA,k(λ) ≤ c

∑
j

µBxj
.

Ââåäåì íîâîå ñåìåéñòâî øàðîâ

B∗
xj

= B(yxj
, Atxj

) (j ≥ 1).

Ïóñòü

ϕ(t) = t

(
log

2

t

)δ

,

òîãäà, êàê ëåãêî âèäåòü, ñóùåñòâóåò òàêîå k0 ∈ N, ÷òî

ϕ(t) <
ϕ(τ)

4a2
d

ïðè 2k0t < τ. (19)

(ñì. (7)).
Ïîêàæåì, ÷òî ñïðàâåäëèâû âêëþ÷åíèÿ

B∗
xj
⊂

k⋃
i=k−k0

Ei(kλ), k ≥ k0 + kA. (20)

Ïóñòü x ∈ B∗
xj
è ïàðà (z, τ) òàêîâà, ÷òî

d(x, z) <
Aτ

2a2
d

, 2k0−k < τ < τA.

Òîãäà â ñèëó (7), (13), (18) è (19)

d(xj, z) ≤ a2
d [d(xj, yj) + d(yj, x) + d(x, z)] ≤
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≤ a2
d

[
txj

(
log

2

txj

)δ

+ Atxj
+

Aτ

2a2
d

]
< τ

(
log

2

τ

)δ

.

Ñëåäîâàòåëüíî, (z, τ) ∈ DA,δ(xj) (ñì. (12)), íî xj ∈ EA,k(λ) è 2k0−k < τ < τA, ïîýòîìó

u(z, Aτ) ≤ λ log
2

τ
< λ log 2k−k0+1 < kλ

Ýòî îçíà÷àåò, ÷òî x /∈ Ei(kλ) ïðè i < k − k0.
Ñ äðóãîé ñòîðîíû, òàê êàê txj

> 2−k−1, d(x, yj) < Atxj
, òî èç âòîðîãî íåðàâåíñòâà (18)

âûòåêàåò, ÷òî x /∈ Ei(kλ) ïðè i > k. Òàêèì îáðàçîì, âêëþ÷åíèå (20) äîêàçàíî.
Òåïåðü, èñïîëüçóÿ (20), ïîëó÷àåì ïðè k ≥ k0 + kA

µEA,k(λ) ≤ c
∑

j

µBxj
= c

∑
j

µBxj

µB∗
xj

· µB∗
xj

= ckpA−γ
∑

j

µB∗
xj

=

= ckpA−γµ

(⋃
j

B∗
xj

)
≤ ckpA−γµ

(
k⋃

i=k−k0

Ei(kλ)

)
. (21)

Ïîäîáíûì îáðàçîì, íî ñ ñóùåñòâåííûìè óïðîùåíèÿìè, äîêàçûâàåòñÿ è íåðàâåíñòâî

µ

(
kA+k0−1⋃

k=kA

EA,k(λ)

)
≤ ckp

AA−γµ

(
kA+k0−1⋃

i=kA

Ei(kλ)

)
(22)

Â ñàìîì äåëå, ïóñòü äëÿ êðàòêîñòè

SA(λ) =

kA+k0−1⋃
k=kA

EA,k(λ)

è x ∈ SA(λ), òîãäà ñóùåñòâóåò òàêàÿ ïàðà (yx, tx) ∈ X ×
(
2−kA−k0 , τA

]
, ÷òî

d(x, yx) < tx

(
log

2

tx

)δ

, u(yx, Atx) > λ log
2

tx
≥ kλ. (23)

Êàê è âûøå ðàññìîòðèì ñåìåéñòâî øàðîâ

Bx = B

(
yx, tx

(
log

2

tx

)δ
)

, x ∈ EA,k(λ).

Ïî ëåììå 1 èç íåãî ìîæíî âûäåëèòü êîíå÷íîå èëè ñ÷åòíîå ïîäñåìåéñòâî {Bxj
} ñî

ñâîéñòâàìè
Bxj

∩Bxi
= ∅, µSA(λ) ≤ c

∑
j

µBxj
.
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Ââåäåì íîâîå ñåìåéñòâî øàðîâ

B∗
xj

= B(yxj
, Atxj

), j ≥ 1,

òîãäà â ñèëó (23)

B∗
xj
⊂

kA+k0−1⋃
k=kA

Ek(λ).

Ïîâòîðÿÿ äîêàçàòåëüñòâî íåðàâåíñòâà (21), ïîëó÷èì (22).
Èç (21) è (22) íåòðóäíî âûâåñòè îöåíêó äëÿ íîðìû

‖LA,δu‖p
Lp

µ(X)
= p

∫ ∞

0

λp−1µEA(λ) dλ = p
∞∑

k=kA

∫ ∞

0

λp−1µEA,k(λ) dλ ≤

≤ c

∞∑
k=kA

kpA−γ

k∑
i=k−k0

∫ ∞

0

λp−1µEi(kλ) dλ.

Çàìåíÿÿ â ïîñëåäíåì èíòåãðàëå kλ íà íîâîå λ, ïîëó÷èì (ñì. åùå (17) è (15) è ëåììó 2)

‖LA,δu‖p
Lp

µ(X)
≤ cA−γ

∞∑
k=kA

∫ ∞

0

λp−1

k∑
i=k−k0

µEi(λ) dλ ≤ cA−γ

∫ ∞

0

λp−1

∞∑
i=0

µEi(λ) dλ =

= cA−γ

∫ ∞

0

λp−1µE(λ) dλ = cA−γ‖NAu‖p
Lp

µ(X)
= cA−γ‖Mf‖p

Lp
µ(X)

≤ cA−γ‖f‖p
Lp

µ(X)
.

è ëåììà 4 äîêàçàíà.
Óòâåðæäåíèå òåîðåìû 1 âûòåêàåò òåïåðü íåïîñðåäñòâåííî èç ëåìì 2-4.

3 Íåêîòîðûå îáîáùåíèÿ è ÷àñòíûå ñëó÷àè

3.1 Ëîêàëüíàÿ ôîðìà òåîðåìû 1.

Ïðåæäå âñåãî îòìåòèì, ÷òî äîêàçàòåëüñòâî òåîðåìû 1 íîñèò ëîêàëüíûé õàðàêòåð. Ýòî
ïîçâîëÿåò äîêàçàòü ñëåäóþùåå îáîáùåíèå òåîðåìû 1.

Òåîðåìà 2 Ïóñòü G ⊂ X � îòêðûòîå ìíîæåñòâî è p > 1. Òîãäà äëÿ ëþáîãî
êîìïàêòà K ⊂ G ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ cp(K), ÷òî äëÿ f ∈ L1

µ(X) ∩ Lp
µ(G)

âûïîëíåíî íåðàâåíñòâî

‖Lδ (P0f) ‖Lp
µ(K) ≤ cp(K)

(
‖f‖L1

µ(X) + ‖f‖Lp
µ(G)

)
.
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Äîêàçàòåëüñòâî â çíà÷èòåëüíîé ñòåïåíè ïîâòîðÿåò ðàññóæäåíèÿ, ïðîâåäåííûå âûøå.
Ïîýòîìó ìû îñòàíîâèìñÿ êðàòêî ëèøü íà èçìåíåíèÿõ, êîòîðûå íàäî ñäåëàòü.

Ïóñòü ÷èñëî ε > 0 äîñòàòî÷íî ìàëî. Ðàçîáüåì îïåðàòîð (9) íà äâå ÷àñòè

P0f(x, t) =

∫
B(x,ε)

f(y)

(d(x, y) + t)γ
dµ(y) +

∫
X\B(x,ε)

f(y)

(d(x, y) + t)γ
dµ(y).

Âòîðîå ñëàãàåìîå îöåíèâàåòñÿ ñâåðõó ÷åðåç c‖f‖L1
µ(X) ðàâíîìåðíî ïî x è t, à ïåðâîå

îöåíèâàåòñÿ òî÷íî òàê æå, êàê è âûøå (ñì. ëåììû 3 è 4), òîëüêî âìåñòî ìàêñèìàëüíîé
ôóíêöèè Õàðäè-Ëèòòëâóäà Mf áóäåò ó÷àñòâîâàòü óñå÷åííàÿ ìàêñèìàëüíàÿ ôóíêöèÿ

Mεf(x) = sup
1

µ(B)

∫
B

|f | dµ,

ãäå òî÷íàÿ âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì øàðàì B = B(y, t) ðàäèóñà 0 < t < ε,
ñîäåðæàùèì òî÷êó x ∈ X.

3.2 Âåñîâàÿ ôîðìà òåîðåìû 1.

Èñïîëüçóÿ òî æå äîêàçàòåëüñòâî, ìîæíî ïîëó÷èòü âåñîâîé âàðèàíò òåîðåìû 1. Äëÿ
ôîðìóëèðîâêè íàì ïîíàäîáÿòñÿ íåêîòîðûå îïðåäåëåíèÿ.

Íåîòðèöàòåëüíàÿ ôóíêöèÿ ν, îïðåäåëåííàÿ íà áîðåëåâñêèõ ìíîæåñòâàõ èç X,
íàçûâàåòñÿ âíåøíåé ìåðîé, åñëè îíà ìîíîòîííà è ñóáàääèòèâíà, òî åñòü

G1 ⊂ G2 ⇒ ν(G1) ≤ ν(G2), ν

(⋃
j

Gj

)
≤
∑

j

ν(Gj).

Åñëè f � áîðåëåâñêàÿ ôóíêöèÿ è ν � âíåøíÿÿ ìåðà íà X, òî ïîëîæèì

‖f‖Lp
ν(X) =

(
p

∫ ∞

0

λp−1ν{|f | > λ} dλ

)1/p

.

Äëÿ ìåðû ν ýòî � îáû÷íàÿ íîðìà â Lp
ν(X).

Òåîðåìà 3 Ïóñòü p > 1, 0 ≤ δ ≤ p/γ, β = p − γδ è ν � âíåøíÿÿ ìåðà,
óäîâëåòâîðÿþùàÿ óñëîâèþ

ν(B(x, t)) ≤ ctγ
(

log
2

t

)β

(24)

(c íå çàâèñèò îò x ∈ X è t > 0).
Òîãäà

‖Lδ (P0f) ‖Lp
ν(X) ≤ cp‖f‖Lp

µ(X),

ãäå ïîñòîÿííàÿ cp íå çàâèñèò îò f ∈ Lp
µ(X).
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Äîêàçàòåëüñòâî ñëîâî â ñëîâî êîïèðóåò îáîñíîâàíèå òåîðåìû 1, ëèøü â ìîìåíò
îöåíêè îòíîøåíèÿ ìåð νBxj

è µB∗
xj
â (21) è (22) íàäî äîïîëíèòåëüíî èñïîëüçîâàòü (24).

Òîãäà ìû ïîëó÷èì

νBxj

µB∗
xj

≤

ctγj

(
log 2

tj

)γδ

log 2

tj

(
log 2

tj

)δ

β

(Atj)γ
≤

c
(
log 2

tj

)γδ+β

Aγ
≤ ckγδ+βA−γ = ckpA−γ.

Îñòàâøàÿñÿ ÷àñòü äîêàçàòåëüñòâà ïðîõîäèò áåç èçìåíåíèÿ.
Òåîðåìà 1 ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì β = 0 òåîðåìû 3. Ïîñëåäíåé òàêæå ìîæíî

ïðèäàòü ëîêàëüíûé õàðàêòåð â äóõå òåîðåìû 2.

3.3 Ìíîãîìåðíûå àíàëîãè îïåðàòîðà (3).

Ðàññìîòðèì, íàêîíåö, äâà ÷àñòíûõ ñëó÷àÿ îïåðàòîðà (9), êàæäûé èç êîòîðûõ îáîáùàåò
îïåðàòîð (3) ñ λ = 0 íà ìíîãîìåðíûé ñëó÷àé. Ê íèì ïðèìåíèìû òåîðåìû 1-3.

Ïóñòü X = Sn−1 � åäèíè÷íàÿ ñôåðà â Rn, n ≥ 2, µ � ïîâåðõíîñòíàÿ ìåðà Ëåáåãà íà
Sn−1, íîðìèðîâàííàÿ óñëîâèåì µ(Sn−1) = 1, d(x, y) = |x− y| � åâêëèäîâà ìåòðèêà. Òîãäà
â óñëîâèè (8) γ = n− 1.

Ìíîãîìåðíûì àíàëîãîì (2) áóäåò îïåðàòîð

Plf(x) =

∫
Sn−1

[p(x, θ)]l+
n−1

n f(θ) dµ(θ),

ãäå

p(x, θ) =
1− |x|2

|x− θ|n
.

� ÿäðî Ïóàññîíà äëÿ åäèíè÷íîãî øàðà (ñì, íàïðèìåð, [11]). Ïðè âûáðàííûõ îáîçíà÷åíèÿõ
(9) èìååò âèä

P0f(x) =

(
log

2

1− |x|

)−1 ∫
Sn−1

f(η)

|x− η|n−1
dµ(η) �

(
log

2

t

)−1 ∫
Sn−1

f(η)

(|θ − η|+ t)n−1
dµ(η),

ãäå t = 1− |x|, θ = x/|x|.
Ïóñòü X = S2n−1 � åäèíè÷íàÿ ñôåðà â Cn = R2n, µ � ïîâåðõíîñòíàÿ ìåðà Ëåáåãà,

µ(Sn−1) = 1, d(ζ, ξ) = |1− 〈ζ, ξ〉| � íåèçîòðîïíàÿ êâàçèìåòðèêà (〈·, ·〉 � êîìïëåêñíîå
ñêàëÿðíîå ïðîèçâåäåíèå). Â ýòîì ñëó÷àå γ = n.

Ñåé÷àñ åñòåñòâåííûì ÿâëÿåòñÿ òàêæå èíâàðèàíòíîå ÿäðî Ïóàññîíà [12]

Pn(z, ζ) =
(1− |z|2)n

|1− 〈z, ζ〉|2n
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è ïî àíàëîãèè ñ (2) ìû ïðèõîäèì ê

Plf(z) =

∫
S2n−1

[p(z, η)]l+
1
2 f(η) dµ(η).

Îïåðàòîð (9) ïðèíèìàåò âèä

P0f(z) =

(
log

2

1− |z|

)−1 ∫
S2n−1

f(η)

|1− 〈z, η〉|n
dµ(η) �

�
(

log
2

t

)−1 ∫
S2n−1

f(η)

(|1− 〈ζ, η〉|+ t)n
dµ(η),

ãäå t = 1− |z|, ζ = z/|z|.
Â çàêëþ÷åíèå îòìåòèì, ÷òî âîçìîæíû è äðóãèå ïðèëîæåíèÿ òåîðåì 1-3. Ïðèìåðàìè

ìîãóò áûòü ãðàíè÷íîå ïîâåäåíèå èíòåãðàëîâ Ïóàññîíà â ïîëèêðóãå èëè íà ñèììåòðè÷åñêèõ
ðèìàíîâûõ ïðîñòðàíñòâàõ (ñì. [5]�[7]).
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È. Í. Êàòêîâñêàÿ, Â. Ã. Êðîòîâ
Íåðàâåíñòâî ñèëüíîãî òèïà äëÿ ñâåðòêè ñ êîðíåì êâàäðàòíûì èç ÿäðà

Ïóàññîíà

Àííîòàöèÿ

Ãðàíè÷íîå ïîâåäåíèå ñâåðòîê ñ ÿäðîì Ïóàññîíà è ñ êîðíåì êâàäðàòíûì èç ÿäðà

Ïóàññîíà ñóùåñòâåííî ðàçëè÷íî. Ïåðâûå èìåþò ëèøü íåêàñàòåëüíûé ïðåäåë. Äëÿ

ïîñëåäíèõ èìååò ìåñòî ñõîäèìîñòü ïî îáëàñòÿì, äîïóñêàþùèõ ëîãàðèôìè÷åñêèé

ïîðÿäîê êàñàíèÿ ñ ãðàíèöåé (P.Sj�ogren, J.-O.R�onning). Ýòîò ðåçóëüòàò áûë îáîáùåí

àâòîðàìè íà ïðîñòðàíñòâà îäíîðîäíîãî òèïà.

Çäåñü ìû äîêàçûâàåì îãðàíè÷åííîñòü â Lp, p > 1, è íåêîòîðûå âåñîâûå îöåíêè äëÿ
ñîîòâåòñòâóþùåãî ìàêñèìàëüíîãî îïåðàòîðà. Ðàíåå áûëî èçâåñòíî ëèøü íåðàâåíñòâî

ñëàáîãî òèïà.

Êëþ÷åâûå ñëîâà: ÿäðî Ïóàññîíà, êàñàòåëüíàÿ ñõîäèìîñòü, ïðîñòðàíñòâà

îäíîðîäíîãî òèïà.
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I. N. Katkovskaya, V. G. Krotov
The strong type inequality for convolution with the square root from Poisson

kernel

Àííîòàöèÿ

The boundary behaviour of convolutions with Poisson kernel and with square root from

Poisson kernel is essentially di�ers. The �rst ones have only nontangential limit. For the

last ones the convergence is over domains admittings a logarithmic order of the contact

with the boundary (P.Sj�ogren, J.-O.R�onning). This result was generalized by authors on

the spaces of homogeneous type.

Here we prove the boundedness in Lp, p > 1, and some weighted estimates for the

corresponding maximal operator. Earlier it was known only weak type inequality.

Key words: Poisson kernel, boundary behaviour, tangential convergence.
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