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Let K be a field of characteristic 0. In this paper we consider the problem of
determining when two elements in the free two generator group Fy, =< g, h > have the
same characters under all representations of F; into SLy(K).

Definition 1 The character class {w} of an element w € F; is the set of all elements
in Fy having the same characters as w under all representations of Fy into SLy(K).

Clearly, any representation p : F5 — SLy(K) is uniquely determined by the pair of
matrices (p(g), p(h)) € SLy(K) x SLy(K). Therefore, we may (and we will) identify the
points of SLy(K) x SLy(K') with the corresponding representations of Fy into SLy(K).
(In other words, SLy(K) x SLy(K) is the representation variety of Fy into SLy(K) (cf.
[3])). For arbitrary element w = w(g, h) € F> one can consider the function

Tw : SLo(K) X SLy(K) — K, (1w)(A, B) = tr(w(A, B))
It was proved by Horowitz [2] (cf. also [1]) that for any w € F,
Tw = Qw (Tga Ths 7_gh)a

where @, € Z[z,y, z] is a uniquely defined polynomial with integral coefficients. The
function 7, and the polynomial (), are called the Fricke character and the Fricke
polynomial of the element w € F5, respectively. For arbitrary elements u,v,w € Fj,
the following relations for the Fricke characters follow from the corresponding relations
for the traces of arbitrary matrices in SLy(K):

1)Tu*1 = Tu; 2)Tuv = Tou; 3)Tuvu*1 = Ty; 4)Tuv = TuTy — Typ—1-

The Fricke characters 7,4, 73, 74, are algebraically independent functions over K in view
of the following well known proposition (cf., for example, [2]).

Proposition 1 For any «, 3,y € K there exist matrices A, B € SLy(K) such that
7,(A,B) =trA = a, (A, B) =tr B = f3, Tn(A,B) =tr AB = 7.

Now using the Fricke characters we can rewrite Definition 1 as follows.
Definition 1' The character class {w} of an element w € Fy is the set

{w}={ue b |rn=m}={uveF|Q.,=Qu.}
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