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Complete quasi-hyperbolic operator-differential equations of even order with constant domains
were considered in [1, 2]. Quasi-hyperbolic operator-differential equations of even order with vari-
able domains in the case of a two-term leading part were analyzed in [3]. Complete hyperbolic
operator-differential equations of the second order with variable domains were investigated in [4, 5].
In the present paper, we generalize and improve the results of all above-mentioned papers and con-
sider complete quasi-hyperbolic operator-differential equations of even order with variable domains.
In applications, such equations include hyperbolic equations such that the coefficients in the equa-
tions and in the boundary conditions [3] smoothly depend on time, singular hyperbolic equations [4],
and “hyperbolic” equations of higher-order in the space variables, represented in the second part
of the present paper.

1. STATEMENT OF THE PROBLEMS

In a Hilbert space H with inner product (-, -) and norm |-|, we consider boundary value problems

de m—1 dk+1 m—1 dk dk
Ly (Am)u = (-1 pT + Z dtkAQkJrl Py + ; %AQI@( )dtk +Ando(u=f, (1)
du/dt’|,_ = d'u/dt’|,_,. =0, 0<i<m, 0<j<m-—2, m=12,..., (2)

on a bounded interval |0, T, where u and f are functions of the variable ¢ ranging in H and \,, > 1
is a numerical parameter. The linear unbounded closed operators A,(t) in H with ¢-dependent
domains D (A,(t)), s =0,...,2m — 1, are subjected to the following conditions.

I. For all ¢t € [0,T1], the operators Ay(t) are self-adjoint in H and satisfy the inequality

(Ao(t)u, u) > co(t)]ul®

for all u € D (Ao(t)), co(t) > 0, and their inverses are A;'(t) € Z([0,T], ¥ (H)) (where
Z(]0,T], ¥ (H)) is the set of linear operators in '(H), which are bounded with respect to ¢t € [0, T]

and in the norm) and have the strong t-derivative [6, p. 22] dAy'(t)/dt € . % ([0,T], ¥ (H)) in H
satisfying the inequality

— ((dAg'(1)/dt) 9,9) < i (Ag'(t)g.9) Vg€ H. (3)

To state constraints for A,(t), s > 0, we introduce appropriate spaces. By [6], for Ay (t) with
each t € [0,7T], we introduce the fractional powers AJ(t), |v| < 1, with domains D (A](t)). If we

equip D (Ag/@m) (t)) with the Hermitian norms |v],, = |AS/C™ ()u], then we obtain Hilbert spaces
we(t), lal < 2m, WO(t) = H.
I1. For each t € [0,T), the operators dA, ' (t)/dt have the strong derivatives

dAgH(t)/dY € Z(0,T], ¥ (H)), 2<j<m+1,
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with respect to ¢t in H, which satisfy the inequalities
|((de51(t)/dtj) guU)‘ < Céj)|9|f(m+1fj),t|v|fm,t Vg,v € H. (4)
III. For each t € [0,T], the operators A,(t) € % ([0,T], ¥ (W?*™=5(t),H)), s > 0, satisfy the
inequalities
](As(t)u,’u)] S Cs‘u’m—[(s+1)/2],t‘U’m—[s/Q],t Vu,v S (AO(t)) 9 (5)
where [-] is the integer part of a number, and have the strong ¢-derivatives [7]
d'A(t)/dt' € % ([0,T), & (W™ *+7(t), H)) , 7 >0, 1<i<[s/2], s> 0.

For each t € [0,T], the operators A (t), k =1,...,m — 1, are symmetric on D (Ay(t)) in H, and
the As(t), s > 0, satisfy the inequalities

(~DIHVRe ((d'Au(t)/dt") u,u) < cPNulf, oy, Yu € D (A1), (6)

where i =1fors =2k, k=1,....m—1landi=0for s=2k+1, k=0,...,m—1.
We use the following notion of strong derivative of variable unbounded operators A(t) [with
variable domains D(A(t)) in H| with respect to the parameter ¢ [7].

Definition 1. The operators A(t) are said to be strongly differentiable with respect to ¢ at
to € [0,T] on u(ty) € D(A(ty)) if there exist u(t) € D(A(t)) and t # to such that there exist

derivatives
t W (t6) = Jim {(u(to+ A1) — 1 (t0))/A0} € D(A (1))
W (1) = lim, {(A fo+ At)u (tg + A1) — Alto)u (10))/A} € H

in the strong sense in H and the limits «’ (¢y) and A’ () are independent of the choice of wu(t).
The value of the strong derivative A’ (¢y) of the operators A(t) on u (ty) at ty is defined as

A (to) u (to) = hl (to) —A (to) Ul (to) .
The set of all such u (¢y) forms the domain D (A’ (o)) C D (A (to)) of the derivative operator A’ (to).

The operators A(t) are said to be strongly differentiable with respect to ¢ in [0,7] on D (A'(t)) if
they are strongly differentiable with respect to ¢ at each ¢y € [0,7] and on each u (to) € D (A’ (to)).

IV. For each t € [0,T1], all operators A,(t), s > 0, satisfy the inequality
|(A5(t)A51(t)g,v)‘ < 6.20)|g|7[(8+1)/2],t|U|7[8/2],t Vg,v € H, (7)
the inclusion A,(t) (¢ Ay ' (¢)/dt’) € #([0,T], < (H)), 1 <j <[(s+ 1)/2], the inequalities

|(A() (@ AGH (1) /dt) g,v) | < €9 |g]-(as1) 2147 10|52 1.8

8
Vg,v € H, 2<j<I(s+1)/2], ®

and either inequality (8) with 7 = 1 or the inequality
[ (As(t) (dAGH (1)/dt) g.v)| < &gl o-1yapalvl o2 Vg,0 € H, (9)

inequality (8) with j = 2 and with 6@|g|,[(s+1)/2]+1’t|v|,[s/2]7t on the right-hand side, the inclusion
(dA,(8)/dt) (AA5" (8)/d) € ([0, T, 7 (H)),
the inequality
| ((dA,(1)/dt) (dAGH (t)/dt) g, v)| < ePlgl-io-1y/anelvl o210 Vg0 € H, (10)
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274 LOMOVTSEV

and the inequality
(—1)*Re (As(t) (dAG () /dt) g,9) <194, Vg€ H (11)

for s = 2k > 0; and if s = 2k + 1 > 0, then the operators Ay (t) (d4,'(t)/dt) are symmetric
on D (As41(t)) in H. For each ¢t € [0,T], the operators A (t), k = 1,...,m — 1, satisfy the
inequalities

(—1)* Re [(Azk(t)u, Ao(t)v) — (Ao(t)u, Az (t)v)]

! 12
< Cor|Ulom—k—1,t|V]2m—k,s Vu,v € D (Ao(t)) 12)
and the operators Ay,i1(t), K =0,...,m — 1, satisfy the inequalities

(=" Re (g1 (t)u, Ag(t)u) < Coppafuls, sy, Yu € D (Ag(t)). (13)

In inequalities (3)—(13), all constants c{’, ¢,, ¢, é9, &9, & > 0 are independent of g, u, v,
and ¢.

In the present paper, we prove the well-posed solvability of boundary value problems (1), (2)
in the strong sense for A,, > A in the case of higher-order complete equations. The proof is
performed by the modification and generalization of the well-known method of energy inequalities
in [8], unlike which we first derive a priori estimates for strong solutions of problems (1), (2) with
the use of smoothing operators AZ*(¢) and then, by using Lemma 8 in [9], show that the range of the
operators of problems (1), (2) is dense in the space of right-hand sides. Equations (1) contain only

leading terms, and the well-posedness of boundary value problems for equations with additional
lower terms is to be discussed in Remark 2.

2. INTERPOLATION INEQUALITIES

Throughout the sequel, we need the following auxiliary assertions. The following assertion deals
with the continuity of the derivative dA~!(¢)/dt in the corresponding pair of Hilbert scales of spaces
{wa@)}, lal < 2m.

Lemma 1. Let A(t) be linear self-adjoint positive operators in the Hilbert space H with
t-dependent domains D(A(t)). If their inverses A='(t) € Z(]0,T], ¥ (H)) have the strong deriva-
tive

dAN(t)/dt € 7 ([0,T), & (H, W™ P(1))) N7 ([0,T), % (W>"(t), W > (1)),
0<pB<1, in H for all t, then
|AYF= (1) (dATH(t) /dt) A* (x| < #|x| Vo e D(A%(1)), 0<a<l, (14)

zf<H>} ’

Proof. The operators .7 = . % = A°71(t) and .7~ = A'7P(t) (dA~1(t)/dt) satisfy Remark 7.1
in [6, pp. 177-179] in H; = H for all ¢; in particular, |27 x| < .#|.o/ x| for all x € H. By applying
the Heinz inequality (7.6) in [6, p. 178] to them, we obtain the estimate (14) for all ¢ and all
0 < o <1-— 3. The operators .o/ = . % = AP(t) and .7 = A7P(t) (dA~*(t)/dt) also satisfy the
above-mentioned Remark 7.1; likewise, by applying the Heinz inequality (7.6) from [6, p. 178] to
them, we obtain the estimates (14) for all ¢ and all 1 — § < o < 1. The proof of Lemma 1 is
complete.

The following assertion is a generalization of the Daletskii theorem [6, p. 231] to self-adjoint
operators with variable domains.

where

ATP(t) (dA=(t)/dt) A(t)

N = esssup { A2 (t) (dA™H(t) /dt) Hy’(H) ’

0<t<T

and the bar stands for the closure of operators by continuity in H.
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Lemma 2. Under the assumptions of Lemma 1, the operators A~7(t), § < v < 1, have the
strong derivative

. +oo 1
a4 . ® _ n / sTAWR(—s) A - O Ay R(=s)ds, B<~ <1,
R(—s) = (A(t) + )7,
for each t € [0,T] in H, and
|AP(t) (dAT(t)/dt) x| < #|x]  Va € H, B<y<l, (15)
|A-P(t) (dA7(1)/dt) AV (t)x| < A#|z|  Vze D(A(H), B<y<l. (16)

Proof. The integral representation of the derivative dA~7(t)/dt is obtained by the differentiation
of the integral representation of negative fractional powers A~7(t) [6, p. 137] for v > 3 by virtue of

the relation )
dR(—s)/dt = A(t)R(—s) (dA™"(t)/dt) A(t)R(—s),
the estimates || A%(t)R(—s)||, an S Ns/(L+ s)'7P s> 0,0 < 3 < 1, and the boundedness of the

operators A'7A(t) (dA ( )/dt) [and for v = 3, by virtue of the estimates (15) proved below].
If Q = AY(t)R(—s)A™ 5 (t) (dA~ (1) /dt) A(t)R(~s) and 2, € D(A(£)), then we have

)
(Qu,y)| = [(AT72(t) (dA™! (t) /dt) A(l_wQ( YA R(—s)z, ATV (L) R(—s)y)]
< H AT=A—0=072(t) (dA-1(t)/dt) A H | A2 () R(—s)a|

X !A(1+7)/2(t)R(—s)y|

for all ¢, where the bar stands for the closure of operators by continuity in H. By using inequali-
ties (14) for o < 1— 3 and the spectral expansion of the operators A(t) and by following [6, p. 230],

we obtain the estimates (15) with constants .Z, = #c,, where ¢, = (1/3) 0+°° o1+ 0) ?do.
If Q= A(t)R(—s)A=P(t) (dA1(t)/dt) AA*7(t)R(—s) and x,y € D(A(t)), then

(Qa,y)] = |(APFOD72(0) (dA™ (1) fdt) AP (1)) AC+2(0) R(—s)r, A /2(0) R(—s)y) |
< | ARG @AT@a AT | A @) R s)e]

X |A(1+7)/2(t)R(—s)y‘

for all ¢, where the bar stands for the closure of operators by continuity in H. Here we use
inequality (14) for 0 < « < 1 and the spectral expansion of the operators A(t); following [6, p. 230,
we obtain the estimate (16). The proof of Lemma 2 is complete.

The derivative dA™7(t)/dt is also continuous in an appropriatepair of Hilbert space scales
{wa@)}, lal < 2m.

Lemma 3. Under the assertions of Lemma 1, the estimates
|A7*ﬁ*“(t) (dA™7(t)/dt) A (¢ ‘ < M|z
Vo € D (A%(t)), ﬁ§7<1, 0<a<y,
are valid for each t € [0,T).

(17)

Proof. By the estimates (15) and (16), it suffices to apply Lemma 1 to the operators A7 (t)
instead of the operators A(t). The proof of Lemma 3 is complete.

We need interpolation inequalities in the negative Hilbert space scale {# 7}, —m < ¢ < 0,
where 779 = L, (]0,T[,W4(t)), with Hermitian norms || - ||,. The space Z#? is the set of all
functions w : [0,7] > ¢t — wu(t) € H for which u(t) € D (AY*™)(t)), ¢t € [0,T], and the functions
h(t) = AV (t)u(t) € #° = # = L,(10,T[, H).
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Lemma 4. Under the assumptions of Lemma 1, the inequalities

2 2

d'w

el (2) 2 .
' e ||, = T atm || + Cn (7) [lw]]5, T >0, 0<i<m, (18)
r diw 2 T d™w 2 ) A
/(T— ) I T/(T—t) rw dt+a§g(7)/(T—t)\w\2dt, (19)
dt it dt ot
0 0 0
T >0, 0<i<m,

are valid for § = 1/(2m) and for all w € W™, ™ = {w e # :dhw/dtt € 7,1 <k < m;
(dw/dt")|,_, = (Fw/dt/)|,_; =0,0<i<m—-1,0<j<m-— 2}, where ¢ (), &0 (1) > 0 are

constants independent of w and t.

Proof. The estimates (18) and (19) can be proved by induction over ¢ with the use of integration
by parts, the estimates (17), and the d-inequality 2ab < da?® + §b? for all § > 0.

In the derivation of a priori estimates for solutions of the boundary value problems (1), (2),
we need interpolation inequalities in the positive Hilbert space scale {#7}, 0 < ¢ < m, induced by
self-adjoint operators with variable domains.

Lemma 5. Under the assumptions of Lemma 1, the inequalities

diu||? dmu||? '
' e Hdt—m + o (Dul?, >0, 0<i<m,  (20)
i diu|? f dmu | ~ i
Ja-n|%  as<r [@-o| G drdiam [@ - ok, a (21)
0 m—t,t 0 0
>0, 0<i<m,

are valid for B = 1/(2m) and for allu € E™ (the spaces E™ are to be defined below, at the beginning

of Section 3), where the c(;,)nH(T), é(Qi,)nJrl(T) > 0 are constants independent of u and t.

Proof. The operators .oZ(t) = A(t)(I + €A(t))~! with domains D (.24 (t)) = H are bounded,
self-adjoint, and positive in H for all € > 0. One can readily show that

o272 (1) (dosiz(t) ft) s O], gy < A

-1 -8 (22)
o (8) (ds(8)/dt) D) gy <
for all ¢.

By applying the Heinz inequality (7.6) in [6, p. 178] to the operators .oz = % = Z°~1(t) and
T = o P(t) (doA(t)/dt) o1 (t), we obtain

[0 (Ao (t)/de) 7 (| < Ae] - Ve M, 0Zas<1-B (23)
for all ¢.

By integrating the integral representation of positive fractional powers .o/ (t) [6, p. 140], we ob-
tain

+oo

deZ(t)  sinmy N d.oZ(t)

T /5 R.(—s) 7 R.(—s)xds
0

Vo € D(A(t)), 0<vy<1-—p,
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for all t, where R.(—s) = (o£(t) +3s) " If Q = £ P(t)Ro(—s) (dof(t)/dt) 77 (t)R.(—s) and
z,y € D(A(t)), then

(Qu. )| = | (020 (dslt) ) o4O (1))
x RA—s)x,%“W(tmg(—s)y)

< [l PO (A (0) ) OO
x |02 ()R (~s)a]| o0V (OR.(—s)y

for all t. By virtue of (23) and the spectral expansions of the operators .oZ(t), we obtain
|7 0() (Ao (t)Jdt) /7 ()2 < Aslz|  YzeH,  f<y<1-46, (24)
for all t. If Q = .oZ 7 (t)R.(—s) (d.o£(t)/dt) o P(t)R.(—s) and z,y € D(A(t)), then
(@Qu.y)| = | (02 (0) (A (1)) o7 (0) 50 ()
X R.(—s)x, VQ/(l_V)/Q(t)RE(—s)y)‘
< (o D) (d o) ) B
‘&/“ VI2(H)R.(— HVQ/(l V/2(H)R.(— y‘

for all ¢.
By inequalities (23) and the spectral expansions of the operators .oZ(t), we have

|7 (1) (A (O/dt) 5, P (W)a| < A Jul  VaeH, B<y<1-B, (25)

for all t. By (24) and (25), the operators .o (t) satisfy inequalities (22) with constants .#Z ., instead
of #,, and inequalities (23) with .o/"(t) instead of o/(t) are valid for all ¢:

|0 () (dusr (1)) o+ ()] <

(26)
The operators .oZ(t) satisfy half of the assumptions of Lemma 1; i.e.,
1-3 -1
|2 7P () (dor ™ () /)], oy < A
for all t. Consequently, by Lemmas 2 and 3,
deZ(t i o dA(t
() _ sinmy / st OR(—) Y DR (—s)ds,  B<vy<l,
dt m dt
0
and .oZ(t) satisfies inequalities (15) and the corresponding part of inequalities (17):
77070() (e (1)) (0] < il o

vera ﬁ§7<17 OSQS’Y—ﬁ

By using integration by parts, the estimates (26) and (27), the Schwarz inequality, and the
d-inequality, by induction on i we obtain
2

du @)y, r>0 o<i<m

dtt

d™u
dtm

H&/(m z)/(2m)( )
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278 LOMOVTSEV

for all w € D(L,,), where the céz,zl +1(7) > 0 are constants independent of u, ¢, and ¢. By letting €
tend to zero and by using the well-known property (29) in [9], we obtain inequalities (17), which

can be generalized by the passage to the limit from the sets D (L,,) (see the beginning of Section 3
below) to E™.

Inequalities (21) can be proved in a similar way. The proof of Lemma 5 is complete.

3. UNIQUENESS OF STRONG SOLUTIONS

We first introduce function spaces and define strong solutions. As spaces of strong solutions of

the boundary value problems (1), (2), we take the Hilbert spaces E™ that are the completions
of the sets

D(L,,) = {u e 7 u(t)e D(Ay(t)), t€]0,T[;

"y d*u dE/? di+0/2y
W’%’W Stme%,SZO,...,Qm—l,
du
WE% s k=1,...,m—1;

d &’

R :O,i:O,...,m,j:O,...,m—Q}
at|,_, dtV|,_,

1/2
in the Hermitian norms |||ull|,, = (Hdmu/dthg + Hu||fn> . As spaces of right-hand sides of
Eq. (1), we take the Banach spaces F~(m=1) that are the completions of the set # in the norms

T

Y =gn-1y = sup /(fw)dt [vDm—1 ¢

veEREmM—1
where the Hilbert spaces E™=1 are the completions of the sets
g = {ve%: d*v/dth € 7#m7F 0<k <m,

(d'v/dt’)|,_, = (dv/dt")|,_. =0, 0<i<m-— 1}

1/2
in the Hermitian norms (||v||),,_1 = (ka;(f (T - t)_ld’“v/dtkHi_l_k> . The boundary value

problems (1), (2) correspond to linear unbounded operators Ly, (A,): E™ D D (L,,) — F~(m=1
with dense domains D (L,,). Throughout the following, we assume that the sets & are dense

in &#°, and here we restrict our considerations to one of sufficient conditions under which this
assumption is satisfied.

Lemma 6. If the inverse operators Ay'(t) € % ([0,T],#(H)) of positive self-adjoint operators
Ao(t) have the strong derivatives d? Ay*(t)/dt) € % ((0,T], < (H,W™7(t))), 1 <j<m, in H for
all t, then the sets Z™ are dense in F .

The proof is similar to that of Lemma 1 in [9].

Remark 1. The density of g™ in F is necessary for the construction of a meaningful dual
pair ™' C 2 C F~(™~1 in the sense of the representation of values of functionals from F~("~1)

via the inner product in &#. In applications to boundary value problems, the density of D™ in H
almost always takes place without any additional smoothness requirement for A;"'(t), since, as a
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rule, the set of all infinitely differentiable compactly supported functions lies in Z™ and is obviously
dense in 7.

Throughout the following, we assume that the operators L,, (\,,) can be closed; i.e., it follows
from the fact that u, — 0 in E™ and L,, (\,,) u, — f in F~™Y as n — oo for u, € D (L,,) that
f =0, and here we restrict our considerations to one of sufficient conditions for them to be closed.

Lemma 7. Let the assumptions of Lemma 5 with m > 1 and Lemma 6 be satisfied, let the
operators A,(t) satisfy inequalities (5), and let

dAFN(¢) /At € % ([0,T], & (H W™ (1)), 1<j<m-—1
Then each operator L., (\,) is closable.

Proof. After integration by parts, we find that, by virtue of (5) and (20), the values of the
antilinear continuous functional f € (Em_l)l on
vegm={oe I i(t) e D (A1), te[0,T); Aty e 7}

are

T

f(v) = lim (L (AN, v) dt

T

T 1
] d™u d™v — d’““un d*v
= Jm _/(dtm’W) dt+ —~ /(AQ’““ dth T ’W) at
0
mol o d*u,, d*v ’
A L A = D(L,,).
3 /< ) o ,dtk)dt—i—)\m/(un, o)ty =0, w,eD(Ly)
0 0
Let us show that 2™ is dense in E™!. Let

m—1
d*v dFw
T )2 (AL ALn=1-R)/@m) ¢y g — o
k—o/( ( "0 G ()G 0 Wweo
=07

for some function w € E™1. Here we set v = AZ'(t)h = (I +eAo(t)) ' h € 2™, ¢ > 0, where
d*hjdt* € 7,0 < k < m, and (d'h/dt")|,_, = (d'h/dt")|,_, = 0, 0 < i < m — 1, generalize
the resulting relation by the passage to the limit on all h € # such that (T' —t)"'d*h/dt* € #,
0<k<m-—1,and (d'h/dt")|,_, = (d'h/dt") =0,0<¢<m-—2,set h =w, and obtain the

relations

- d"w d*w
Z/ —t ( (t)A(m 1— k)/(2m)(t)W’Aém—l—k)/(Qm)( ) e > dt

k=07

|t=0 |t=T

m—1 k

T

’ d7AZY(t) dF T w 1 d*w

_ (m—1—Fk)/(2m) (m—1-k)/(2m)

- at fer—o2 (45 (A DL %) at
k=1 j=1 0

Here and throughout the following, Cg is the binomial coefficient. In these relations, the passage
to the limit as e — 0 in view of (29) implies that (|Jw|))?,_; = 0, i.e., w = 0. Since Z™ is dense
in ™1, we have f =0. The proof of Lemma 7 is complete.
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Then we construct the closures L,, (A\,) : E™ D D (L,,) — F=(m=1) of the operators Ly, (An,).
The domains D( m) of the operators L,, (\,,) contain all functions u € E™ for each of which

there exist a sequence u,, € D (L,,) and a functional f € F~("=1 such that |||u, — ul||,, — 0 and
(1L (Am) wn = fI) 1y — 0 @s n — oo. In addition, we assume that

Ly Ap)u= lim L,, (\) u, = f.

n—oo

Definition 2. The solutions of the operator equation L, (A\,)u = f, f € F-m=D m =12 ..,
are referred to as strong solutions of the boundary value problems (1), (2).

Let us derive a priori estimates that imply the uniqueness and stability of solutions.
Theorem 1. If conditions I and II1 are satisfied,
dA M (t)/dt € 7 ([0,T), < (H,W*™ (1)) N.%Z ([0,T), & (W>"(t), W '(t)))

form > 1, I™ are dense in 5, and the operators Ly, (\,,) admit the closures L, (\n) , then there

exist constants co(m) > 0 (independent of u) and sets Ay = [1,4o00[ for m =1 and A,, = [An, +00]
for m > 1 such that

ulllm < co(m) ([[Lmn M) ull) ) Vu€D(Ln),  VAn€ A,  m=1,2,... (28)

Proof. In the space H, we consider the smoothing operators A-*(t) = (I + sAo(t))fl, e >0,
with values in D (Ay(t)). They have the following properties [9]:
(1) the norms |AZ*(¢)[| 5y < 1, 0 < o < 1, are bounded uniformly with respect to ¢ and ¢, and

HA;O‘(t)v—vHO—>0 Yv e 7, 0<a<l, (29)

as € — 0;
(2) the operators AZ'(t) have the strong derivative dA_'(t)/dt € % ([0,T), ¥ (H)) in H.
By integrating only the term containing Ay(¢) by parts once in L,, (\,,), we obtain

r d*mu
2Re/ o=t (—q)m=1 <dt2m,A€1(t)J(t)u> dt

T
it L) d d du
+ 2Re Z dtkAng(t) o o Aun(t)| o AT (D ) dt

=1

+2Re0/T oT=t) (Al(t)E,Agl(t)J(t)u> dt "
30

+ (2m — 1)\, / e“ T (Ag(t)u, AZ' (t)u) dt

T

— 9Re / T (L, (Nu, AZM )T (t)u) dt
/eC<Tt>(T —t)®.(u,u)dt  Yu € D(L,), m=1,2,...,
0
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where J(t) = (T'—t)(d/dt)+(m—1) and & (u, u) = ((d (Ao() AT () /dt) u,u)—c (Ao (H) AT ()u, u).
In the form ®_(u,u), we use the formula

d (Ao(t)AZH (1)) Jdt = —Ag(t)AZH(t) (dAG ' (1) /dt) Ao(t) AT (t)

in [9], inequalities (3), and the first property of the operators AZ!(¢) and obtain
2
O, (u,u) < (cg” - c) ‘Aé/Q(t)Agl/Q(t)u‘ . (31)

If, in (30), we use the estimate (31) and let € tend to zero in the resulting inequality with regard
to property (29), then we obtain the inequalities

T T
d*muy du
o(T—t) m—1 c(T—t) -
2Re / (1) (—dt2m ,J(t)u > dt + 2 Re / (Al(t) I J(t)u) dt
0 0

m—1 T
T i d d*u
+2Re Z /eC(T 2 ([@Azkﬂ(t)a + %AQk(t)] W,J(t)u) dt
k=1 0
T T
+(@2m— DA, / T (Ao (t)u, u) dt < 2 Re / T (L, (M), T () dt
0 0

for all ¢ > c(()l). Hence, by integrating by parts m times in the first integral and k times in the

third integral and by using the symmetry of the operators Ay (t), k = 1,...,m — 1, we obtain
the inequalities

T 2
/ec(T—t) d"u
dtm
0
T

<2Re / eI (L (Nu, J(t)u) dt

0
d™u d [d™ e &' J (t)u
, - t
+2Re Z /< tm dt |: dtmflfz dtz :|) d

d2€c(T—t) dmu dm—QJ(t)u
- dt
+ (2m — 2) Re / o (dtm’ pre— >

0

m—1 .
o [ dFieeTY d d*u d'J(t)u
=) {2Rezc/ - ([A%H(t)@w%(t)} e )dt

k=1

+ (Ao (t)u, u)] dt

d d*u dFu
c(T—
(& ( £) <|:A2k+1(t)% + A2k(t):| W’ W) dt

T T
de“T=(T —t) d*u d*u dAgy(t) d*u d*u
A ZL TN g [ T - 2028 E 0 g
/ ( ) g dtk)dt /e ( t)( it dtt dik
0
T

m—1

+ (2m — 2 —2k)Re

o\ﬂ

dFtly dFly
k% 2Re/ dT=0(T — )(A2k+1(t)W7 dtk+1>dt
0

|
b
Il
o
—~
|

DIFFERENTIAL EQUATIONS Vol. 41 No.2 2005



282 LOMOVTSEV

T

T
du dmu|?
_ _ c(T—t) _ o c(T— t)
(2m — 2)Re /e (Al(t) o >dt (2m —1) c/ e dt
0
T
= @2m— 1A / e“T=1) (Ao (#)u, ) . (32)

0

If m = 1, then the right-hand side of inequality (32) without the first integral can be estimated
above in view of inequalities (6) for s = 1 and ¢ = 0 applied to the eighth integral on the right-hand
side by the quantity

T i l?
u
(2¢; —¢) / e T=(T —¢) I
0

T
dt+ (1 —X\) / e“T=0 (Ag(t)u, u) dt,
0

which is nonpositive for all ¢ > ¢, = max {c(()l), 201} and all A\; > 1.

If m > 1, then the right-hand side of inequality (32) without the first integral can be esti-

mated above in view of inequality (5) applied to the fourth, fifth, sixth, and ninth integrals and
inequality (6) applied to the seventh and eighth integrals of the right-hand side by the quantities

7,

m—1 ) T m
S [ 0| x| |5
‘ 0

dt+zczm+3/‘dtm

ar T
=0
m k—1 T .
i dku dzu
ey fo-o|G |G @
k=t =0 0 t m—k,t t m—i,t
m k—1 T 4
' d*u d'u
s | | dt
+Z' 2m+5/'dt’“ |
h=1 =0 0 m—1,t
f (33)
m—1 *) dku m—1 w d "
+ Z 02m+6 /(T t) W » tdt + Z 02m+7/ ‘ dtk n tdt
k=1 0 m—k, 1 ) b,
T 2
2o = (2= 1)) [ e T0@ 0| T di
0

T
= @2m = 1A / T2, dt,

0

where céz,zl p cé’i,f}rp > 0 are constants depending only on ¢, T, m, ¢/, and ¢,. In the first two sums

of these quantities, we use the d-inequality and the interpolation inequalities

diu|? 1-i 2 ; )
—z/m —i/m 1— — 2 0 0 .

‘ pTs . < m H P —|—T ( m) HUHO, T >0, <1< m,
T T T

diu|? o dmu . i (34)

T — : < gpioim [T — —im] - — /T— 2

/( 0| o4 dr < rim L /( e Cdigr ( m) (T — ) [uf2dt,
0 0 0

>0, 0<i<m,
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in [3], and in the remaining sums we use the d-inequality, inequalities (20) and (21), and

o
7(H)

Jul < [|A5* (1)

A(tu|  Yue D(AS(1), O0<a<l, (35)

for « = 1/2 and find first the constants ¢y, 5 > max{cél), 2¢9m—1/(2m — 1)} and then M\, > 1 such
that, for ¢ = ¢g,,45 and for all \,, > A,,, the expressions (33) are estimated above by the quantities

(1 = como) [[[ull[7,: comso > 0.
Thus, by estimating the left-hand sides of inequalities (32) (with ¢ = ¢, and Ay > 1 for m =1

and with ¢ = ¢y ys and A, > A, for m > 1) from below via |||u|||2, and by collecting similar terms,
after obvious estimates, we obtain the inequalities

T
Comaol||ull|lm < 2 ngp /(Lm Am) 1, 652m+8(T—t)J(t),U) dt /’vam
velk™
0

Since, by virtue of the inequalities

2 2

&
dtk

1 dk/U 2
(T —t)" — +8 (A j@m) + A1)/ (2m))

m—k—1
0<k<m-—1,

)
m—~k

2 H dF+1y
dtk

<877
m—1—k dtk+1

whose proof is similar to the proof of Lemma 5, and inequalities (20), (34), and (35), we have

(I

it follows that inequalities (28) are valid with constants cq(m) = 2¢am110/Cam19 and can be gen-
eralized by the passage to the limit from D (L,,) to strong solutions of the boundary value prob-
lems (1), (2). The proof of the theorem is complete.

e =0T ()o]]),, ) < camprol[0]]]m,

m—1 —
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