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B. B. EEHflllI·KPHBEll 

o EA3HCE TPAHCUEH)].EHTHOCTH nOJHI 4>YHKlJ,HH 
MHOrOOEPA31UI XAPAKTEPOB CBOEO)].HOH rp;y'nnbI 

(flpeOCTG8AeH.O aKaiJeMUlw.H B. fl. flAaTOH.OBbl.ll) 

nYCTb r < gl' ... , gm> - cB06o,nHa51 rpynna C o6pa3yIOlll,Hl'vIH gv ... , 
gm, K - none Hy.lJeBOH xapaKTepHcTHKH. MHoroo6pa3H5I npe,nCTaBJleHHH H xa· 
paKTepoB KOBe'lHO-nopOLK,neHHbIx rpynn H3Y'laJIHCb PH,nOM aBTopoB (HanpHMep, 
[1,3]) H HHTepec K HHM B03paCTaeT. TonO.lJOI'II'ieCKHe npM.\1eHeHH5I 3THX MHoro­
o6pa3HH ,naBbI B [2]. MafHYc B [4), paccMaTpHBa51 npe,nCTaBm~HHH p:1' -+ 

-'>- SLz (K), nOKa3aJl, 'lTO 6a3HC TpaHcueH,neHTHOCTH Ha,n K nOJlH ¢YHKUI1H 
MHoroo6pa3H5I xapaKTepOB X (1', SLz (K» 06pa3YIOT ¢YHKIlHH 't'g;. 't'gl gt ' 11:,,, 
1 ::::;;; i m, 2 j::::;;; m, 3 k::::;;; m. B HaCTOHlll,eH CTaTbe PCsYllbTaT MarHyca 
0606lll,aeTC5I sa npe,nCTaBJleBH5I npOHSBOJIbHOH CTeneHH. CnpaBe,nJlHBa 

TeopeMa. fIycmbX(1', GLn(K)) MHoeoo6pa3ue xapaKmepo6 npeocmae­
I!eHU/l cpynnbl l' e GLn (K). Tocoa p03MepHOCmb X (1', GLn (K» pa8Ha 
(m - t) nZ + 1 u ¢yHKU,UU 

i, j n 1, 2 k m,'T,g~
! 
(l m, 1::::;;; i 

3::::;;;s m) (1) 

o6pa3YlOm 6a3uc mpaHcu,eHoeHmHocmu nOAH K (X (1', GLn (K») Hai) K. 
LLJlH ,nOKa3aTeJlbCTBa TeopeMbI Heo6xo,nHMbI CJle,nYIOlllHe JleMMhI. 
.n e M Mal. fIycmb X (Xij) - «06w,aH» Mompuu,a nopHi)Ka n, ci)e xii 

He3aBUCU,ftble nepefoteHHble Hao K, u nycmb X-1 = (Yu). Tocoa nOlle K (xu Yii~ 
1 ::::;;; i, j n) H61lHemcH tf.ucmo mpaHcu,eHoeHmHblM pacumpeHueM nOJl.Il K cme­
neHU mpaHcu,eHOeHtnHOCmU (n 1)2. 

LLOK a3 a TeJl,b C T BO Jl e MM hI 1. ¥I3 paBeHcTBa XX- t X- t X = En CJle­
n n 

AyeT, 'lTO ~ Xih Yhi = 1 H ~ Xhi Yik = 1. CJle,nOBaTeJlbHO, ¢YHKUHH Xin Yni, 

k=1 k·=1 
Xni Yin' 1 i n, BhIpaLKaIOTC5I 'lepe3 <.j)YHKUHH Xij Yn, 1 i, j::::;;; n - 1. 
n03TOMY CTeneHb TpaHcueH,neHTHOCTH nOJIH K (Xu Yil> 1::::;;; i, n - 1) Ha,J; 
K He npeBocxo,nHT (n - 1)2. nOK3LKeM, 4TO 3JleMeBTbI Zij Xii Yn, 1::::;;; i, 
j::::;;; n - 1, aJlre6paH4ecKH He3aBHCHMhI HaA K. npe,nno.!JoLKHM npoTIlBHoe. 
nYCTb cymecTByeT HeHy.lJeBOH MHOrO'lJleH or (n 1)2 nepeMelffiblx P EK It 11' 

'12, ... , In-l n-l]' TaKOH, 'lTO P (Zil, 1::::;;; i, j n - 1) ~ O. nOKaLKeM, 4TO 
Tor,n2 cYlllecTByeT HeHy.!JeBoH MHOrO'lJ1eH Q OT n- nepeMeHHoH QEK [f11> 122' 
... , t ;n-l n-lJ, TaKoH, 'lTO eCJ1H 

{Xu x1n 
0 

X1 = , TO Q (Xii f ii , 1 i n- 1) 0, 

X n - 1 n-l 


\xn1 Xnn 


0 
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rlle tii i-IT llHaroHaJ1bHbIH :J.1eMeHT MaTpHlLbI XlI. CYll~ecTBoBaHHe ~1Horo­
t:m:eHa Q llOKalKeM no HHllyKUHH, UPOBOllH nOCJIellOBaTe.'IbHO cneUHa.llH3aUHH 

Xir-+ 0, i =1= j, 1 i, j < n - 1. HaJIH'IHe MHOrO' l.1eHa P llaeT HaM 6a3Y HH­

llYKUHH. TIpellnOJIOlKHM Tenepb, IlTO CYlll,ecTByeT FE K [f11' f22, ••. , f i, i 0 ' 

f i, j., f i. j, +1, ... , fn-l n-d, F 0, TaKOH, IlTO ll·llH MaTpIiUbI 

r~· . o 

I 0 ... 0 Xi, t, 0···0 Xio io •• , n 

. J 

F (an, ... , aio ;.' aio i. ' ... , a n - 1 n-l)~=O, rlle aiJ=xU bi;, bji-3,l1eMeHT Ha n03HUHII 

(j, i) MaTpHUbI X;-l. TIpell,CTaBHM F B BH.J,e F f~jo F l , fll,e dOH 

MHOrOlfJIeH Fl He lleJ1HTCH Ha fio i., HMeeM ai, i, Xio io ,i 0 

;C, • A- . 
~= ',1. 10 '0 10 , f,n:e Ai, i. - aJ1re6paHqeCKOe llonOJIHeHHe K Xi. jo B MaTpHue X2 • 

detX~ 
HeTpy,n:HO BHlleTb, 'ITO Ai. i. 0, CJ1ell,OBaTe.1bHO, ai. i. O. TaKHM 06pa30M, 

Fl (all> ai, i.' ai, i,' ... , an - 1 n-l) O. TIpoH3Bell,eM cneUHaJ1H3aUHlO 

Xi J' ~ O. TIVCTb ail' ail' Ix· .=0, i, j n 1. TIOCKOJlbKY 
o 0 '" ' lo Ju 

det X21xio '0'=0 =1= 0, TO ii;j KoppeKTHO 0l1pell,eJ1e Hbi. Kp0:Vle TOro, a; 0 j 0 O.1_ _ _ 

TorlLa Fl (al1' ... , ai, i • • 0, ... , an_1 n-l) O. TIocKaTIbKY F2=FJ.1fi. io=O=l=O, 
TO IIlaf HHlIYKUHH CJ.eJIaH H CymecTBoBalIHe MHoroqJleHa Q .,n:OJ(a3aHO. 

HTaK, MbI noJIyqHJIH, qrO CPYHKUHH ai Xii t ii , 1< i n - 1, aJ1re6paH­

qeCKH 3aBHCHMbI Ha,n: K. C lI,pyroH CTOpoHbI, JlerKO BblqHCJIHTb, qTO 

at = -..::.:.....~ = 1 + ( - 1),,-1-i+1 Cne;:r,OB'iTenbHO, 
detX1 

K l~lnXnl b 
;: ... , b) , f;:r,e b 

Xn Xn _ 1 n-l 

Tor,n:a K l =K(a1 , ••• , an _ 1)(b)=K (. , ... , ,b
\ 

. TIOCKOJ1bKY 
\ Xu X n - ln - 1 J 

B CPYHKUHlO b HeTpHBHa.'IbHO BXO;:r,HT X nn' TO, OqeBl1ll,HO, nOJIe Kl HMeeT CTe­

neHb TpaHcueH,n:eHTHOCTH 11 Hall, K. TIoCKOJlbKY Kl nOJ'IyqaeTC5I npHCOell,HHeHH­

eM J( noJIlO K (aJ , ••• , an-I) Oll,HOro 3JleMeHTa, TO CTeneHb TpaHcueHll,eHTHOCTH 

K (aI' ... , an_I) Hail. K paBHa n -- 1 H, C.lell,OBaTe,lJbHO, aI' ... , a _ aJ1fe6pa­n 1 
ll'IeCKH He3aBHCHMbI Hall, K. TIanyqeHHOe npOTliBOpeqHe ,n:0J(a3blBaeT .1eMMY 1. 

JIeMMa 2. flycmb 3aoalibl pal{uolia/lblibte ¢YHKl{UU fl' ... , fdEK(av ... , 
as, Xl' ... , X,.), zoe aI' ... , as' Xl' ... , Xc lie3aBucUMbW nepe~u,elilible liao I\. 
flpeonO/IOJlCUM, ttmo cyU{ecm8yem ~ (~1' ... , ~s) EKS, maKoe, ttmo ¢YliKII,UU 
fl (~l' ... , ~S' Xl' ... , Xc), 1< i <d, a~~ze6pautteCKu He3aeUCUMbl Hao K. Toz­
oa 13 Ks cyU{ecmfJyzm Henycmoe omKpblm'Je no 3apucCKO,Ulj noO.MliOJICeCmeo V, 
maKOe, ttmo O/iR /l1060zo Y= (Vl' ... , 1's) EV ¢yliKlI,UU fi (1'1' ... , 1'3' Xl' "" Xl') 
a,~ze6pautteCKu lie3a8UCu.Mbl Hao K. 

Ll 0 K a 3 aTe.1 b C T B 0 J1 e:vl M bI 2. PaCCl\lOTpI1M oT06palKeHl1e CPfj: Kr ~ Kd , 
onpell,eJI5Ie1\lOe CPYHKUI15IMH fi (~1' '''' ~8' Xl' .•• , X,.), 1< i d. TaK KaK 3TH 
CPYHKUHH aJIre6paHqeCKH He3aBHCHMbI Hall, K, TO 1m CPs n.lOTHO B l(d H no Teo­

peMe 0 pa3MepHOCTH c.laeB Mopcpl13Ma cymecTByeT TOqKa y E Kd, TaKa~, 'ITO 
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dim qJj31 (y) = r - d. PaccMoTpHM Terrepb oTo6paIKeHlIe F:Ks X K' --+ KS X Kd , 
orrpeJl,eJleHHOe rrocpeJl,cTBOM F (a l, ... , as, Xl' ... , x r ) == (aI' ... , as' fl' "', 
fd)' DYCTb t =dim F(KS X K'). TaK KaK F-l (~, y) = {M X qJj3' (y), TO 

dim F-l (B, y) r - d. OmITb B CII,lY TeopeMbI 0 pa3MepHocTli CJ10eB Mbl Jl,O,lJ­

IKHbl Hl'I'IeTb dim F-l (~, y) r + s - t, T. e. r - d > r s - t, OTKYJI,a t s +
+ d. 3HaqHT, t = s + d H F (KS X Kr) rrJlOTHO B KS X Kd. C'1eJl,OBaTeJlbHO, 

B Ks X Kd cyu.r.eCTByeT OTKpbIToe 110 3apIIccKoMY MHOlKeCTBO UcF (KS X Kr ), 
TaKoe, QTO Jl,vlH JIro6oro It EU dim P-1 (u) = r - d. DYCTb UlcKs x K' - OT­

KpbITOe MHolKecTBo, onpe;'l,eJlHeMoe HepaBNlcTBOM gl'" gd 0, rJl,e gl' .•. , gd­
3:1a MeHaTe.'11l CPYHKUHH fl' ... , fd' TIYCTb VI II V2 - npoeKUHH U H U l CO­
oTBeTCTBeHHO Ha KS. T orJl.a V = VI Il V2 - HCKOMoe OTKpblToe MHOlKeCTBO. 

B caMOM Jl,eJ1e, Jl,JIH y EV HeTpYJI,HO y6e)l,HTbCfI, 110,J:CQHTbIBafl, KaK H Bblme, 

pa3MepHOCTH LlloeB, QTO F ({ y} x Kr) rr.'10THO B {y} X Kd, a 3TO H eCTb YT­

BeplK,lJ,eHHe .'1eMMbL 

. Jl e '.-1 M a 3. JIycmo gl' ... , gt EK (aI' ... , as) aAz::6paWieCIW HeaaBltCU-
MoW Had K cfyYHI"quu u nycmo fl' .'" fdEK(a I , ... , as' Xl' ... , Xr ) yiJo8JZem­
80pftIOm YC;Z08UJV;/. .zeAtAtot 2. TOciJa fl' ... , fd a.1cf:6pall'teCKU He3aBUCW;/.bt HaiJ 
K(gl> ... , gt)· 

no K a 3 aTe Jl b C T BOT e 0 p e M bI. Pa3\iepHOCTb MHoroo6pa3HH xapaKTepOB 

X(f, GLn(K)) paBHa (m-l)n2 1 [5]. 
DepeH,lJ,eM K ,lJ,OKa3aTe.'JbcTBY ame6palfl!eCKOH He3aBHCHMOCTH CPYHKUHH (1). 

DycTb V nO,Il,MHOroo6pa3He B R (f, GL n (K)), COCTOHu.r.ee H3 npe;'l,CTaB.TfeHHK 

BliJl,a 

YI (2) 
YI -- D2 Z2 . . 0 Z;-IDZ1

, 

_(.th(1! ') 

( ( 
a .0 Yn (2) . 

'). z-I D- 1 )I) m m 

,
y" (m) 

qe Zk = (zu(k)), Dk=diag (d l (k), ... , dn (k)), k = 2, ... , m. 
DOKalKeM, QTO OrpaHHqeHH5I Ha V (PYHKUHiI (1) anre6paHQeCKH ne3aBHCHMbI 

Ha,lJ, K. }J,pyrm.U! CJlOBa:-.m, Heo5xo;'l,HMO rraKa3aTb, QTO rra>'1e F = K (tr y{, 
trY~YL tr YzY;, 1 i m, 1 j m, l~k, l 11-1, 2~s~m, 
3 r m) ll~leeT CTeneHb TpaHcueHJ,eHL'I;):TH (m - 1) 1 HaJJ. K. 3aMe­

TrIM. QTO pacmHpeHHE' KCtJi (j), 1~ i n. 1 j m)/K(tr Y{, 1 i m. 
1 j n) KOHeQHO, 110CKO,'1bKY 05a nOMI IlMelOT O,Il,I1HaKoBYro creneHb TpaHc­

ueH,Il,eHTHOCTH n m Ha;'l, K. CneJJ.oBaTeJ1bHo, [FI : FJ < 00, r,lJ,e FI = K (Yi (j), 
trY}Y;, trY2Y~' 1 i n,l j tn,l k, l~n-l, 2 s m, 3'~ 
~ r ~ m), rro::noMY ,lJ,OCTaTOQHO rrOKa3aTb, QTO CTeneHb TpaHcueH,Il,eHTHOCTI1 

FdK paBHa (m - 1) n2 1. PaccM::nplI\f 6amHl{) K c c FI , r,Il,e F2 
K (Yi (j), tr y}yls, 1 i 11, 1 j m, 1 k, l n - 1, 2 ~ s tn), 11 

rrOKalKeM, QTO CTeneHb TpaHcueHJJ,eHTHocTH nepBOro ::nalKa paBHa (m-l)(n-I)2+ 
1, a BToporo - (m - 2) (n - 1). B cYMMe 3TO ,lJ,aCT Tpe6yeMYro CTeneHb 

TpaHCueH,lJ,eHTHoc:nl. BHaQa.1e paccllwTpHM F21K. DyCTb xr (s, I) - r-II ,lJ,Haro-

HallbHblH 3,neMCHT MaTpHubI Y!. Tor,lJ,a 

" 
trY}Y~ ~y;(l)kxds, I). (2) 

i=1 
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0603H3'IIIM Z;' = (tii (S)). Tor,na H3 onpe,neJIeHHH Y 8 nOJIY'IaeM 

n 

xds, 1) = ! Zij (s) tii (s) Yi (s) I • (3 ) 
j=1 

'V13 (2) II (3) ,Kor,na np06eraeT 3Ha'IeHHH OT 1 ,no n, a k, 1- OT O,no n-1,. 
no.ny'IaeM paBeHCTBO 

PI (Zl1.(S~tl~(~)':'~ln.(S:tn.d~) .')p; = 
,Znl (S) tIn (S) ... Znn (s) inn (s) 

tr y~-In 
t y yn.-ltr YI r 1 s 

r,2l,e Pi 

(4 ,. , 

113 (4) c.'Ie;ryeT, 'ITO Fz=K(Y;(i), zkds)tlk(S), 1~i, k,f~n, 1~j 
m). 113 .'IeMMbI 1 BbiTeKaeT, 'ITO 3,'IeMeHTbI Zkl (S) ilk (S), 1~ 1, k n - , 

s m, aJlre6paw-!eCKH HesaBHCHMbI Ha,n K CJIe,nOBaTe,'IbHO, CTeneHb TpaHC-
ueH,2l,eHTHOCTH Fz HM K paBHa (m - 1) (n - 1)2 mn, 'ITO HaM H Tpe6oBa·· 
JIOC b. 

PaCCMOTpHM Tenepb paClllHpeHHe FI/F2' F1 = F;). (tr Y 2 y~, 3 r 

n - 1). o )Z_1 D-1 
. r r 

Yn (r}l 

.Yl (r)1 \ 

= tr (Z;-I D;I Y2Dr ZT) ( '. 0 1= yt{r)1 adr)+ ... + Yn (r)l a,,(r), 
o . /

Yn (r)l I 

r,ne ai (r) - i-il: ,nHaronaJIbHblil: 3.'IeMeHT MaTpHlJ,bI Zr- 1D;-IY2DTZr' OYCTb 1 npc 

. ('a1 (r») (. tr Y2 ) 

6eraeT 3Ha'IeHHH OT 0 AO n - 1. Tor,ll,a P, : =: .TaR 

,an (r) tr Y2 yrn-l 

KaK P,-HeBblpmK,ll,eHHaH MaTpHua, TO OTCIO,na C,'Ie,ll,yeT, 'ITO FI FJ. (ali (r), 

n. 
1~h n,3 r m). TaK KaK ~aR(r) trYz EF2 , 3 r m, TO 

k=l 

F2 (aR (r), 1 k n - 1, 3 r m). 4T06bI npHMeHHTb JIeMMY 3, He­

06xo,nHMo nOKasaTb, 'ITO cym,ecTByeT CneUHaJIl-!3aUl-Ifl Z,- AT EGLn (K), r =3, 
... , m, -+BEGL (K), TaKaH, 'ITO none K(bk(r), 1~k~n 1,3<rY2 n 
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m), rJI,e bh (r) - k-n JI,HarOHaJlbHbIH 3.'reMeHT MaTpmI,bI A;! D-;l B Dr Ar• 
HMeeT CTeneHb TpaaCneHJI,eHTHOCTH (m - 2) (n - 1) HaJI, K. npH 3TOM B 
,./WlDKHa 6bITb JI,HaroHa.rIH3HpyeMa. 

nO.10LKHM 

( 1 (O 1 
1 

. 0 0 
r= 3, ... , m, B 

0 
Ar 

0 1 
1) , 	 ,­

.. - 0 III )" 

UOCKOo1bKY Bn = En, TO B JI,HaroHamf3HpyeMa. J1erKO BblqHCJIHTb, qTO TIepBble 

n - 1 JI,HarOHaJIbHbIX 3JIeMeHTOB MaTpHIJ.bl A-;' D;l B Dr Ar eCTb _ 	 dz(r)
d (r) , 

1 

dz (r) d3 (r) dn _ 1 (r) dn (r) 
_ Mbl BHJI,HM, qTO K (b/i (r), 1 k

,d1 (r) dz(r) , d _ 2 (r) d _ (r)n n 1 

dn (r)1( dz(r)n- 1, r 	 r m ) . nOClleJI,Heem) = K d (r)' ... , d ()' 3
1 n-l r 

TIOJIe, OqeBHJI,HO, HMeeT CTeneHb TpaHCIJ.eHJI,eHTHOCTH (m - 2) (n 1) HaJI, K, 
qTO H Tpe6oBa.10Cb JI,OKasaTb. TeopeMa JI,OKa3aHa. 

ABTop BblpaLKaeT 6JIarOJI,apHOCTb aKaJI,eMHKY B. n. nJIaTOHOBY 3a BHHMaHHe 

K pa60Te. 

Summary 

The transcendence basis is constructed for the field of rational functions of the va­
.riety of representations of a free group. 
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