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B. B. BEHJ[111-KPHBEU 

o KOHPIHOA nOPO)l(AEHHOCTH KOJ1bU.A XAPAKTEPOB 
TPEXMEPHblX YHHMOAYJUIPHblX nPEACTABJ1EHM" rpynn 

II~C'LTLIiL""t<() wwoe,ltUlW)4 Ali BCCP B. fl. 

nYCTb G - npOHSBOJlbHaSI KOHetfHO-nOpOLK}l,eHHaH rpynna C o6pasyroruH­

ME gl, ..., gn. Jl.1H rrpmiSBOc1bHoro nO.151 K paCC,\WTpHM MHOLKeCTBO V(G, 
SL3 (K)) Bcex "umeMHhIX npe}l,CTaB.leHHIi p:G-+-SL3 (K), r}l,e SL3 (K)­
rpyl1IIa YHfIMO;WJ15IPHbIX MaTpHll TpeThero nOpR}l,Ka. V(G, SL3 (K)) '\lOLKHO 

eCTeCTBeHHhIM 06paSOM OTOLK}l,eCTBHTh C HeKOTophlM aJIrC6palflleCKHM no)],­

MHOLKeCTBOM B SL3 (l()X ... XSL 3 (K) (n pas). JlaR KaLK}l,OrO 3JleMeHTa 

gEG BBe)J,eM CJle}l,yroruYIO perYll5lpHYro CPYHKLLHro t(g) Ha V(G, SL3 (K)): 
[(g):p-+-trp(g), r;:r,e trp(g) - C:le.l MaTpHUbl peg). KOJlhLLO, nopoLK)J,eHHoe 

BCe;\!![ CPY;.lI\UIll1z\Ui t(g), g~G, o603Ha lllL\[ T(G, SL3(K)). ::>'1'0 KOJ1hlJ,0 6Y}l,eM 

Ha3brB2.Tb EO.lhllO.\! Xapal-;TeDOB Tpe:-:'.IepHhlx yHIL\lO)J,yaRpHhlx npe}l,CTaBJle­

Hllii rpyrr:!hI G li.1I! .l.ln Kpan:ona - KO.lhUO.\! xapaKTepoB rpynrrbI G. C}l,e­

·:Iae.\~ BeKOTOpb!e H26::IO.leHIIB 0 CPYHKTopIfa.l;'HbIX cBolIcTBax KOJleLL xapaK­

TepOB, EC.::I .\Ibi ll.\ree:\[ rD:\!O.\!OPCP1l3'\I rpynn q: :G-+-G', TO eMY COOTBeTCTByeT 

rD:\;D:\Wpcj:J1I3;\f KO.leLL xapaKTepOB q;:T(G, SL3 (K))-+-T(G', SL3 (K)), 
q:(t(g)) t(r:p(g)). Ecm1 r:p - 3IIlIMOpcj:JHSM, TO r:p TaKLKe 3nHMopcpHSM. 

HanpOTl:IB, HH'beKTHBHOCTb r:p He BaetfeT HH'beKTHBHOCTlI r:p. JlaJIee, ecmI L=:J 
paCIlIHpeHHe IIo.TIer!, TO V(G, SLa(K))cV(G, SL 3 (L)) II, Clle}l,OBa· 

Te.lbHO, cpyHKUHlI lI3 T (G, SLa (K)) 5IBJI5IroTCH npocTo OrpaHHtIeHII5IMH Ha 

V(G, SLaCK)) COOTBeTCTBYIOIllIIX cpyHKI,IJIH lIS T(G, SL3(L)). <PpHKe H 

KleIfH B [11 BBe,lH B paCClvlOTpeHIIe KO:lbUO xapaKTepOB ;:r,Byll'lepHhIX yHHMO­

,lIyJ1RpHhIX npe)J,cTaBJ1eHIfH rpynnhI G T (G, 5 LdK)) H BblCKa3a.1H npe}l,no.lJO­

LKeHHe, tITO OHO KOHelIHO rropOLK)J.eHO. KO.lbUO T(G, SL2(K)) Ha3bIBalOT 

KOJlhUOM xapaKTepOB <PpHKe. B 1972 r. [OpOBHU B [2] ;J,OKa3aJI, ~ITO CPYHK­

lJ,I1H t(gi l ' gi 2 ... gik.)' 1~il<i2<"'< n, nopoLK)J,aloT T(G, SL2(K)). 
OCHoBHhle pe3y.lbTaTbI 0 KO.lIbuax xapaKTepoB <PpHKe If IIX TeopeTHKo-rpyn­

IIOBbIX rrpHvloLKeHHHx :VIOLKHO HaihH B o630pe Mamyca [3J. 
B npeJ],JlaraeClwfI 3a~leTKe ,'l.OKa3hIBaeTCR cJleilyromaR 

Teo p e M a. KO.llbl.{O xapwaepo8 TpexhtepHblX YHU,~tOdY.'ZflPHblX nped­
CTaB.'zeHul1 lWHe'lHO nopoJ/CdeHHou cpynflbl G T(G, SLaCK)) lWlie'lHO no­
pOJ/CdeHo. 

KulIo'!.leBYIO pO.TIb B }l,OK33aTe,lbCTBe TeopeMbI IIrpaeT c.le}l,YIOllIa5I 

,11 e M M a. JI..;Zfl AI06blX g, hEG a.iweM 

t(g2h)=t(g)·t(gh) t(g-i)·t(h) t(g-ih). (1) 

OK a 3 aTe JI b C T B 0 JleMMhI. PaCCMOTpHM npOH3BOJIhHYro MaTpliLLY 

A (K), nYCTb UJ, a2, a3 - KOpHH ee xapaKTepnCTlfIlecKoro IlOJ1H!IOMa. no 

TeOpe\le [al\>1H,'!hTOHa - KWH A Y}l,OBJleTBOpReT ypaBHeHHIO 

AS - N tr A A (a1a2 a 1aa aps) - E = O. 

'ITO tr A-l = all a;-l ala2 alaS + "a2aa, nOCKonbKY 

a:la2~ 1. C YtIeTOM 3Toro IlOCJle,n;Hee ypaBHeHHe MOLKHO nepenHcaTb B BH;Qe 

AS-NtrA AtrA-l-E O. (2) 

YMHO}!{If)[ 06e l.JaCTH (2) Ha A -IB crrpaBa, r}l,e BESL3 ( K), H BOSbMeM cJle;Q: 

trNB=trA·trAB trA-l.trB+trA-1B. (3) 
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PaBeHCTBO (3) BbITIO.1H5IeTC5I JI,15I .1I06bIX MaTpHll, A, BESL3( K), a 3TO H 

03HaLI3eT cnp3Be)J,JIIiBOCTb YTBepiK)J,eHH5I JIeMMhl. 

.u 0 K a 3 aTe ,'1 h C T B 0 TeOpeMhI. fIOCKO,'1hKY npOII3BOJ1bHa5I KOHeLIHO­

rropO.IK,neIIHa5I rpyrrrra 5IB,15IeTCH 3I1I1MOpq:JHbIM 06pa30M CB060)J,HOt'I rpynIIhl, 

TO B CUJIY C)J,CJIaHHbIX rrepe,n cpOpMY,TfHPOBKOfI TeopeMbI 3aMetIalIHil ,lOCT3­

TOLIHO )J,OKa3aTb KOHeLIHYIO rrOpO.IK)J,NIHOCTb KO.1bua T(0, SLs(K)) ,n,'1H CBO­

60)J,HOH rpyrrnhI O. I1oK3)KeM, LITO cyll~eCTByeT TaIme rr3Typ3lIbHoe LIHC,10 iV, 
KOTopoe 33BHCHT OT 'UlCJ13 06pa3yIOllilIX gj, ..., gn rpYIII1hl 0, LITO ,n,'15:1 ,1IO­

60ro CJlOBa WEO cpYH!mHH t(W) Bblp3.iKaeTC5I B Blett: TIO.1HHOMa C ll,e• .'1hIMH 

K03cpCPHll,neHTaMH OT t(Wl ), ... , t(Wh), r,ne U7i J;:\IeeT BI!;:! Wi '" g~8 , 
i. 

ejE{-l, I}, 1 S, npHtIeM K3.IK)J,a5I 06p33YIOlli3H g. 3CTpeQaeTC5I B Wi He 

60JIee iV pa3. CIL1Y KOHe'IHoH Ilopo:tK)J,eHHOCTlI rpyIElh: G "3E;lX ClOB Wi 
KOHe'IHOe lJHC:lO, H OTCIO;:;,3 6YJIeT HeMetJ,JleHHO cne;rcm3 '::> :<G:iel,HaH nopOlK­

)J,eHHOCTh Ko.lhI~a T( 0, SLs(K)). 3a3.feTlIM, 'ITO KpO'.Ie CC.:;TI-!C ":e,:i,S'; (1) mIC­
eTCH O:ieBI:,lHOe COOTHorueHHe t(gh) t(flg) ;LJ:H , g. ': G, I10C r :O,1bI';:Y 

)1;,.:;51 .1106hIX ;vlaTpllll, H B lrAB trEA. 
lllar 1. B03bMeM g;r IE G, I1pIl:\le-

B wrore IL;eel 

, r 

33r1l1we:.. r 
'7 
L 

I';re 2,/~{-1, 1}, ~~e c6;::2aTE,~:L~~O 
LU2.~' 2. ~ E, l-q)O~;i0 Taro, 

,·,aGro 

OT 

(4)
\ , 

(5) 

11v 

t 

(6) 

HeCOXO)J,HlI:O, TO E. ejJymll,ii5ii\[ t (Vj'V z:" t (gjll':j' J 1) rrpEi':emr,[ urar 

1. B P23YJihTHTC IICT)'!mI, l.['W Ec:m W mICCT E3lf,1 II ) ;lCB,lCT20p5!eT (5), 
TO (V?j eCTh r,O,'lH!;C~: c ll,CclbI:lE I{C3¢¢mlEEH1a")}l OT t(W'l)"." (t¥l s) , 
I'JIe J:atK;:;oe Ccl0130 W', m\IeeT DH;:( II 13 h,D;,,IIO":: U? 06pasy!oma5'! f:; l BXO,J}IT 

l\lCHbWce lfHCcl0 ~CAI W'. (POPi),.lY ;l,OCTaTOLIHce tmeao 

pa3, Bblpa::anr B BIf,1!e I10.1HhO;,(l Ha,n; Z OT CPYHKll,lIii (T\:7 i ). ue \f'i ID.[e­

eT BtU 
e7) 

IrrpHLIel\[ B caOBa Vj o6pasyIOHla51 gl Ee BXOJIHT, 

3. DYCTb W }L\lCeT BHJI (7) H r:rpe,IIno.102KElIl. lITO gj BXO,J,llT B W no 

l\ICHblUeii l\Iepe 4 pa3a, T. e. W = gjWjgj-lW2 , r.ne WI He CJ.:iep:+:IIT gll a 
W 2 B CIWY (7) mleeT BII;:!, 

W 2 VjgjV2gjfU3, (8) 

r)J,e VI H V3 He cOnep.lKaT gj. Tor;:r,a HMeeM 

t(\\I) = i(gIWjgjlW'2) t(g1WjgjlU'72gjJ) .1e:inre) = 

W g~lW g-I)1 1 2 J • (9) 

K CPYHKHHH t (W1gjIW2gjl) 1:13 (9) npHMeHI:Il\[ npec6pa2oBaHlUI wara 2. Pac­


Cl\lOTPH:ll Terrepb CPYHKll,HIO t (V) = t (gjl1l1T 1 W'2gjl) Il3 ~9). Cor.1acHo (6): 
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t(V) = t (gjlWd .i(gjIW2gjl) - t «gj W1tl)·t (W2gjIW )
1 

-'- t (gIWjIW2g-iIWjl) t (gjlW1)·t (gj2W2 ) 

-- t (g1 \Vj l)·t (W2g1-IWj l) t (gl W-;'IW2gjIWjl). (I 0) 

K CPYHJ<:UIlIl t (gj"W 2) npHMeHHM Illar 1. OCTa.!IOCb paccMoTpeTb CPYHEUHTO 

t(gjWjl\F2g-;-"1'7j'l) H3 (10). I1o):(cTamI~,1 B~leCTO W2 ero 3na"Icrme H3 (8). 
I10,lY'l!!'I[ t (gjWjlW2g-iIWjl) t 1 (WrlU j ) g1 (U2gj IUagjlWi l » =~ 

t{g\.\,S1XZ)' r;l,e Xl = Wj-IUi< X2 U2g-iIU3gjIWj-l. Tenepb K (PYHl{UHH 

t (g t.\ ~IOlKno npmrenHTb (6), noc;:re qero npo):(eJlae~I mar 1, a nfHI B03­

):C:-',EOCTli H mal' 2. B pe3YilbTBTe t (tV) C ueJ1bl;'1I1 K03cpcpmU1eHTmm 

l{e?c3 [Wl), ... , t (V,,), I'):(e IG:Jjl\;:LCe i !1,,:eeT BII;"( (7) II B HalK):(oe Vi 06pa­

3YlOllIa51 BXOAET l\leHbillee 'lHCJIO pa3. l{e:-'I B IV. I1pO;'LcaaB 3TH :rpeo6pa30BaHHH 

JOCTaTOl{IlOe "IliUIO pa3, ~IOlKJiO C'HnaTb, 'lTO KajE;'l,oe Vi mrecr 011/1, 

L? ()~l (J 1) ' L~ I ' 

lWj gjlJ,j,:"zgl' 

I r:pl~qell! C,:'lOBa til j H W 2 

IlIaI' 4. TI)'CTb tv' 
,J7= Vjgjl 

!Xl He co):(c:plKaT. 
Cl'0'KP.,l'i;7 V (,-IV. 0' t'cl"'la:H 

. :\'UjA~~"\-~' \< 'Is 1 :2::> 1 \ ~ ) ... 

H&fIparmmaeTC5I I1fJOBeC~II 

rmI1 3To).! HV;1mo 

... , t (U,.,), rAe B 'I\2iT(­

Z~_5i g~ ~XJJ.~~T ~\:tE0E~e2 q!:C,-IO p~~, LIe:"f B W, TO npH 3TO:'I 

:':G:i:2r: g 1 ;rO.l~hES EC,JiITb 13 U i He 50,lee ):(ByX pa3. )J.P:)'­
,;;: ::1 ,'.~JS2··:I:. :,":eEbW8r 4ilC,;O gO!' ~:b: AO,TZHbl YBe,:mlJHBaTb 

t:;;:C,~O EXO;,:\,:reIW;; gl' 3a,,;eTlf:\', lITO YBe,;l!'leHl:e q;IC:;a 13xo1i<l1.ermi1 g ~,imKeT 
TO,lbJ{Q Epn npmleHCHlHI $Opr-.lY,::ibi (6), nYCTb W If! ~g2W3' 
gi He EXOAHT B \172, TO npm:eIH:i:We (6) He npImeAeT K YEC,lI1tJ'e­

Hmo Ql!C,la BXOlK)l,eHHil gl' TenePb 6v):(eili C,1e:\"'X'IllH~,I 06pa3mT: 
HplnleHHH npcocpa30BaHIUI maroB "1-3, 6y;re:\! YMeHbUJaTb lnic,lo BXo)l:,;reHHlr 

g2 Cna'laJla B Vb a 3aTCi\! (13 CII.'1y t (V12j·IV2l?'1) t (V2gjV 1gjl)) B V2 • B pe-

3y.lbTaTe Bblpa3ID,I t (W) 'lepe3 t n¥! . , , , i (lv",!,), npH'le:\! B J..:a}f(;rce Wi 06­
pa3YKlIuaH g( BXO;lHT He 6o~le~ 2 pa3, a 22 He 60,lEe 4 pa3. 3anHillell! W'i 
B HBJ:iO:I BlI,J,e tv; (V1g~lV2g~'V3) (V4g~'V)g~6V6)' me 8 i E{··-1, 0, I}, 

eC,lll 

6, aHa,10I'Hl{HbL\j )l,06be:'.-ICH Taro, L)To6bI 06pa3YlO­

maH g3 BXO;'l,JI,la 13 Eal!qoc Vi, 1 ~ i 6, He 60.lee 2 pa3, B cy~l~fe 3TO AaCT 
2He 60Jlee 12 3XO)K;rEHlIii g3' JI.1H o6pa3yIOluet'I gk nO"'1yl-HlM He 60Jlee 4. 3k -

BXOIK,QeHl!l1. OTCIOJa C:ieJ:LyeT, qTO 13 Ka"IeCTEe N l'IiOlKHO B351Tb 4· 3n- 2 , r)l,e 

n QHC,;10 o6pa3yIOIllIlx rpynnbI G. 3TO II 3aBepmaeT AOKa3aTeJlbCTBO EOHeQHOH 

nopolK,QeHHocTH KO.lbua xapaKTcpoB. 

B 3aK.'1IOlJeHHe aBTop CIIllTaeT CBOIlM ;rOJlrOi\l no6claro;rapHTb B. I1, n,;;a­

TonOHa 3a Heo):(HoKpaTHNc o6cY~J:LeHHH H COBeIN npE HarrHcaHHH ,Q8HHOfi 

pa6onI. 

Summary 

It. is proved that the ring of characters affording three·dimensional unImodular re­
presentations of a finitely generated group is generated. 
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