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Abstract—In the rectangle G = (0,1) x (0,7), we consider the family of problems
1 Ous 0O%uq

MW—W :f(x,t), ua(x,O):@a(x), ua(O,t)ZO, Ogag 1,

Oui(1,t)
ox

ar > a(x,t) > a9 >0, he Wi (0,T), o €Wi(0,T), ©a(0)=0, 0<ac<l,

— he), ua(1,t) — uq(a,t) _ ), 0<a<l,

uo(1,t) = h(t), —

co)=h(0), o) =h(0), LB =2O _p) gcaca sen)

It is well known that, for &« = 0 and a = 1, the corresponding problems with local conditions

are solvable, and the solutions are unique and belong to Wy (G).

We prove the existence and uniqueness of solutions of the family of problems with nonlocal
conditions for each o € (0,1). For the differences uq —up and uq —uq (0 < @ < 1), we establish
a priori estimates and use them to prove that if ¢, — ¢o as o — 0, then u, — vy and if
Yo — p1 as a — 1, then uy — u1.
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1. STATEMENT OF THE PROBLEM

In the rectangle G = (0,1) x (0,7"), we consider the family of mixed problems with nonlocal
conditions

1 Ou, Ou,

a(z,t) 8t 912
’Lba(l,t) — ’LLa(Oé,t)

Ua(2,0) = pq (), ua(0,t) =0, —a = h(t) (2)

= f(z,1), O0<a<l, (1)

and two mixed problems with local conditions:

1 8’1,L0 82 Ug

a(z,t) 8t  Ox? = f(@.1), (3)

Uo(x,o) = 900(1')7 u0(07t) = 07 u0(17t) = h(t)v (4)
a(acl ) % - %;1 = J@b), 5)

ui(x,0) = ¢ (), u1(0,t) =0, W = h(t). (6)
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A PRIORI ESTIMATES AND CONTINUOUS DEPENDENCE OF SOLUTIONS 435

We assume that the coefficient a(z,t) in Eqgs. (1), (3), and (5) is a continuously differentiable
function and

a; > a(z,t) > ag > 0, f e Ly(G), h € W, (0,T),
Yo 0,1 € Wy(0,1),  9a(0) = ©o(0) = 1 (0) =0,

) =h0), G =ho), LRy

It is known that if these assumptions hold, then there exist unique solutions of problem (3), (4)
and (5), (6), and these solutions have first derivatives with respect to ¢t and derivatives of order
< 2 with respect to x almost everywhere in . If the problem data are smoother, then so are the
solutions. In the present paper, we prove the existence and uniqueness of solutions of the family of
problems (1), (2) for each 0 < o < 1.

Problem (3), (4) is the limit of the family of problems (1), (2) as @ — 0, and problem (5), (6)
is the limit of the family of problems (1), (2) as @ — 1.

In the present paper, we prove a priori estimates for the differences u,, — u¢ and u, —u; and use
them to show that if ¢, — ¢¢ as a — 0, then u, — ug and if o, — ¢; as a — 1, then u, — u;.
Thus, we establish the following new important property: the solutions of mixed problems for
parabolic equations with nonlocal conditions in (2) change continuously as these conditions pass
into the local ones.

Note that a similar property was obtained in [1] for the mixed problems (1), (2) for the case in
which the nonlocal condition in (2) is replaced by the nonlocal integral condition

1

é / o (2,1) d = h(t) (7)

e’

and u, — ug as « — 0, where v, is the solution of problem (3), (4). Problems with a condition of
the form (7) were earlier studied in [2-7].

2. A PRIORI ESTIMATES AND THE EXISTENCE
OF GENERALIZED SOLUTIONS OF PROBLEMS (1), (2)

If we replace the unknown functions in problem (1), (2) by the formula
Ug(x,t) = vo(x, t) + zh(t), (8)

then, for the new functions v, (x,t), we obtain the problem

a(;, t) % - %2;; = fz,t) = f(x,t) - gh’(t), ©
00 (2,0) = Pa(x) = @a(z) — zh(0),  v.(0,t) =0, Ua(lyti - Za(a,t) _0 o)

for each v € (0,1).

Theorem 1. The solutions v, of problem (9), (10) satisfy the inequality

sup /lwa(ac)vi(ac,t) da:+/T/1 Yo () <%§’t)>2 dx dt

0<t<T

<C /1%(33)352(33) d$+/T/1¢a($)f2(ﬂf,t) drdt ), (11)
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436 YURCHUK, CHARIE KOKU

where the constant C' is independent of v, and

_J1 if 0<z<a
Yo=\(1-2)/(1—a) if a<z<Ll.

Proof. By integrating by parts, we obtain the identities

1
Yo Oa ) g L0 [Yaog _/_ Yo 2
-y Vo d 57 / T - dx, (12)
0%*v,, 0%v,, 1—az 0%v,
/ﬂ)a va = / 52 v, dx —/ T Vg dT, (13)
2 2 _
— aavzaya dxr = / <%> dr — %ﬂco’t)va(a_o’t)’ (14)

1 1
11—z 0%v, 1—z [(0v,\’ 0v,(a+0,1)
_/E 02 Uadm—/l_a <8—x> dw+Tva(a+O,t)

1
1 0v,,
— 1 — o %'I}a dx, (15)
2 [ ov, 0 e d = 02 (1,1) — v (a,t) = 0 (16)
8.T [e% - Y e} b - .

(e

By multiplying both sides of Eq. (9) by e*""94,v,, by integrating the resulting relation with
respect to « from 0 to 1 and with respect to t from 0 to 0 < 7 < T', and by using identities (12)—(16),
we obtain

3 J Zfza( )) (x, T da:+// o(r= D (2 <8va(aj T)>2 dx dt

e w(ox ey dos // 0 0) e i) d

/ / o) ala <<‘9ag;t> +ca<m,t)> o2 (1) da dt. (17)

a?(z,t)

da(x,t)
ot

on the right-hand side in (17) is nonpositive, and we omit it. The second term on the right-hand
side in (17) can be estimated by the quantity

QCT
—T sup /d)a a:tda:—l— //d)a (z)f?(z,t) d dt,

0<t<T

We choose the constant ¢ in (17) so as to ensure that — < ca(z,t). Then the third term
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where £ > 0 is an arbitrary number. After that, from (17), we obtain the inequality

va(,)\’
zalfzpa 2 (z,1) da:+/ Yoz ( o > dx dt

cT QCT

/wa 7))@ (z )d:):—l— /d)a fga:t)da:dt

+ - T sup /1[)a (18)

0<t<T

whose right-hand side is independent of 7. Then we take the least upper bound (sup) with respect
to 0 < 7 < T on the left-hand side of this inequality and set ¢ = 1/(a;T). As a result, we obtain
inequality (11), where

C = T max (2a1/a0,4T6CT 2)
The proof of Theorem 1 is complete.

Let us proceed to the proof of the existence of a strong generalized solution of problem (9), (10).
For the solution of problem (9), (10), we introduce the space E, with the norm

||va||E = sup /wa 2 (z,t) da:+//?[)a <7t)>2 dx dt

given by the left-hand side of (11). The right-hand side f of Eq. (9) and the initial data @, are
considered in the space F, of vector functions Fa = (@a, f ) with the norm

/1/1a da:+/ Yo (x fga:t)da:dt
given by the right-hand side of inequality (11). Problem (9), (10) corresponds to the operator
1 0v, %0,
L, = (L,,10), Lov, = a % — 8;}2 , lvy, = v, (2,0), mapping E, into F, with domain

11—«

1,t) — t
D(L,) = {va e W2U(G) : va(0,8) =0, Lall) = va(a:l) :0}.
In a standard way, one can show [8, p. 92 of the Russian translation| that the operator L, : EF,
is closable. Its closure will be denoted by L., and the domain of L, will be denoted by D (l_}a).

Definition. A solution of the equation L,v, = Fa € F, is called a strong generalized solution
of problem (9), (10).

In other words, a function v, is called a strong generalized solution of problem (9), (10) if there
exists a sequence of functions v, , € D (L,) such that |[v,, — ”aHEa — 0and |[Lovan — Follp, — 0
as n — oo. For the sequences v, ,, € D (L,), we have the inequalities

[vanlls, < ClLavanl, (19)
which follow from Theorem 1. By passing to the limit in (19), we obtain the inequality
2 = 2
leall?, < C|Zaval%. (20)
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438 YURCHUK, CHARIE KOKU

which implies that the strong generalized solution of problem (9), (10) is unique and the range of
L, satisfies R (Ea) = R(L,). Therefore, to prove the existence of a strong generalized solution,
one should show that R (L,) is dense in F,. In turn, since the range of the trace operator [ is dense
in Ly(0,1) with weight 9, it suffices to show that the relation

// (i%— 82;::2>%( )g(z,t) dzdt =0, (21)

where v, ranges over Dy (L,) = {v, € D(L,) : vo(2,0) =0} and g € Ly(G), implies that g = 0.
In (21), we set

t x 1
,Ua .T,t — eC(TfT) / €T — g(é.? T) d _x/ o g(éJT) d dT 22
@t = | [ - o%e D de o [vae e de (22)
0 0 0
B Pog(z,t) )
Then g(z,t) = a(x,t)w, and from (21), we obtain
[ Dy Pu. v, O
o(T—t) Vo OVa Yo O Vo —
/ / e alo) < ot 0x20t " Oa? 8t8m2> dw di =0. (23)
00
Just as in (12)—(16), we prove the identities
T 1 S )
o(T—t) GV U Va o(T—t) a
/ / U (2) 5 oo dwdt = / / nes ( o 8t> dz dt, (24)

// c(T— tw va d dt — /w < >2d.’13
o e 8t8 2 “
9 2
n / / (ac_ %) eccrt)%(x)(%;;) dzdt.  (25)
00

Take ac > da/0t. Then, by using identities (24) and (25), from (23), we obtain the inequality

’ (T—t) 0%v, \°
c(T'— @ <
/6 %(az) <8x8t> dxdt <0,
0

which implies that v, = 0. By virtue of (22), we conclude that g = 0. Thus, there exists a strong
generalized solution of problem (9), (10), and inequality (18) holds.

3. A PRIORI ESTIMATES FOR THE DIFFERENCES u,, — uy AND u, — u;

By u(z,t) we denote either the solution wug of problem (3), (4) or the solution u; of prob-
lem (5), (6). Let us introduce the new function

v(z,t) = u(z,t) — xu(l’t) — u(a,t). (26)

1l—«a
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The function v is a strong generalized solution of the problem

1Lov 0% x ou(l,t)  Ou(a,t)
et o @0 a(l—a)| ot ot |’
u(1,0) — u(e, 0)

v(z,0) = p(z) —x T

U(lv t) B U(Oé, t)
0, _
11—«

9

v(0,t) = =0,

where ¢(x) is one of the functions py(x) and ¢;(z), depending on the problem to be considered.
The difference w, = v — v, is a strong generalized solution of the problem

du(l,t)  Ou(a,t)

1w, Pw, =z |, ot ot
a Ot 022  a wit) = 1-a ’
wa(l‘,O) =P —=Pa =T |:U(1’0) — U(a’O) - h(O) ’
l1-o
. wa(lvt) - wa(avt) _
wa(ovt) =0, 1—a =0,
and w,, satisfies the inequality [see (11)]
2
sup /wa (x,t) da:—l—/ Yoz <M> dz dt
0<t<T ox
| 1 (1,0) —ula,0)
w(1,0) — u(a,
<20 | [bula)lota) — pale)* do+ [ va@)a? | MRS o) do
0 0
_— ; ou(l,t)  du(at) |’
x / ot ot
—_— — . 2
+/ oz |10 — dar (27)
00

Inequality (27) remains valid if we use the inequality ¥, (x) > 1 —z on its left-hand side and the
inequality ¥, (z) < 1 on the right-hand side. We apply the resulting inequality to the difference

u(l,t) —u(a,t) h(t)} ,

11—«
where u(z,t) is either the solution u of problem (3), (4) or the solution wu; of problem (5), (6).
As a result, we obtain the a priori estimate

u—ua:wa—l—aj[

1 T 1 8 a 2
1— —u?d //1— Yo _ ol g0 dt
s /( Do —walde+ [ [(1—2) (52~ Slel a
0 00
T / 8“0(a7t)
ah(t) —up(a, t) 2 | N () = —5—
<
C /|g00 (@)’ d:r+/ 0 — dt
0

2

. ah(Ol) : ;oo(a)
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440 YURCHUK, CHARIE KOKU

where ug is the solution of problem (3), (4), and the a priori estimate

1

71
sup /(1—m)|u1—ua|2 dm—i—//(l—m)
0<t<T ) )

0

2

Ouy _ Qua|™

dr Oz

wy(1,8) — u (o, t) 2

<c 1o - ga@f do+ [ |2 =2000 g
Ouy(L,t)  Ouy(at) ? ,
L |__ot — o | | ar+ 901(1i - Zl(a) _ho)] (29)

where u,; is the solution of problem (5), (6). Note that the constants C' in inequalities (11) and
(27)—(29) are in general different but independent of the parameter «, the solutions ug, u,, and u;,
the initial data of the problems, the coefficient a, the right-hand side f of the equations, and the
function h.

4. CONTINUOUS DEPENDENCE OF SOLUTIONS OF PROBLEM (1), (2)
ON THE PARAMETER «

Theorem 2. If

T
i [ Ipa(e) — eo(o)]” do =0, (30)
0
then
1 71 5 o
: U, u
ilil}) 02151"/(1 — ) [t — ug|? da:+//(1 — ) e 8—330 dxdt| =0. (31)
00

0

Proof. Since the solutions of problem (3), (4) satisfy the relations

T T 5 e
lin% up(a, t) dt =0, lim %‘ dx =0

a—0

and lim,, .o ¢o(a) = 0, it follows from (30) and inequality (28) that relation (31) holds.

To complete the considerations, it remains to show that, for each function ¢, € WJ(0,7T)
satisfying the conditions ¢,(0) = 0 and ¢,(1) = h(0), there exist functions ¢, € W} (0,T) such
that ¢, (0) =0, (¢a(l) — @a(@))/(1—a) = h(0), and relation (30) is valid. Obviously, one can take
©a() = wo(z) — z ((ah(0) — @o(a))/(1 — @)). The proof of Theorem 2 is complete.

Theorem 3. If
lim / 0a() — o1 ()] da =0, (32)

then
1

T 1
lim | sup /(1—m)|ua—u1\2 da:—i—//(l—x)
a—=0 | o<t<T

00

0

2

Oua _ 0wl oat| = o (33)

ox ox
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Proof. Since the solutions of problem (5), (6) satisfy the relation

- . | Ou(Lt)  dui(at) 2

. ui(1,t) —ui(at) ot oty _
ilinl/ 1Y )| + —— W | dt=o
0

and lim M iy
a— -«

is valid. To complete the considerations, it remains to show that, for each function ¢, € W, (0,7T)

satisfying the conditions ¢;(0) = 0 and ¢/ (1) = h(0), there exist functions ¢, € W} (0,T) such

that ¢, (0) =0, (pa(l) — @a())/(1 —a) = h(0), and relation (32) holds. Indeed, one can take

(0), it follows from condition (32) and inequality (29) that relation (31)

The proof of Theorem 3 is complete.
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