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MIpUEMJIEMBIM ISl 3aJ1a4, HOCSIIMX MPHUKIaTHON XapakTrep. OTMETHM Takke, UYTO 3ajadu, CBSI3aHHBIE C pac-
CMOTpEHHEM KyOU4YEeCKH aHH30TPOITHBIX TBEPABIX 1e(hOPMHPYEMBIX TN, HEOCTATOYHO MOJTHO U3yUeHBI K Ha-
CTOSILLIEMY BPEMEHH. B CBsI3U ¢ 3TUM NPOBENECHHOE UCCIIENOBAHNE BHOCUT OIIPENEICHHBIN BKIIAJ B U3y4EHUE
TaKOTO POjia TBEPIBIX Ne(POPMUPYEMBIX TEI.
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Muxaun Anamonveeuy JKypaskoe — 10KTOp PU3NKO-MAaTEMAaTHUECKUX HayK, podeccop, 3aBeay o Kadespoil TeOpeTHUEeCKOH
U TIPUKJIAJHOM MEXaHUKH, IIEPBBII IPOPEKTOP.

Cepzeii Muxaiinoeuy bocakoe — xannunar pru3nKo-MaTeMaTHIECKUX HAaYK, TOLEHT KadeIphl TEOPETHIECKON 1 MPUKIIATHON MEXaHHKH.

Hznam Muxaiinosuy Mapmeinenko — accucteHt kadeapsl Boicuieil marematnku Ne 1 Benopycckoro HalmoHaaIbHOTO TEXHHYE-
CKOT'O YHUBEPCUTETA.

VIIK 539.3
B. B. KOPOJIEBIY (YEXMS), JI. I. MEJIBEJIEB

UHTEI'PAJIBHBIE YPABHEHUS BOJIBTEPPA 2-ro POJA B 3ATAYAX
HECUMMETPHUYHBIX KOJTEBAHUU IIOJIAAPHO-OPTOTPOITHBIX
JUCKOB IIEPEMEHHOMU TOJIIIHUHBI

B nanHoii pabote pemraercs B 00IIeM BU/ie 3a1a4a BHIHYKICHHBIX HEPE30HAHCHBIX HECHMMETPUYHBIX MaJIbIX H3THOHBIX KoyeOa-
HUH TTOISIPHO-OPTOTPOIHBIX JIICKOB IIEPEMEHHOH TOMIUHEL JluddepeHnnansHoe ypaBHEHHE B YaCTHBIX IIPOM3BOIHBIX, OTHCHIBA-
I0IIee BBIHYKACHHBIC N3rHOHBIE KoNeOaHUs AUCKA 1OJ BO3AEHCTBHEM IapMOHMYECKOH MOMEpeuHoi Harpy3KH, CBOIUTCS CHaJana K
I depeHIIMAIBHOMY YPAaBHEHHIO B YACTHBIX IIPOU3BOIHBIX JJIsl aMILTHTY/IbI IPOrHOO0B. 3aTeM aMILIUTYAbI IPOruO0B packKiaablBatoT-
cs1 B psiasl ypee 1o ymioBoil koopanuHate. B pesynbrare nomydaercs: 6eckoHEUHast CHCTEMa HEOJHOPOAHBIX OOBIKHOBEHHBIX Au(de-
PEHUHMATIBHBIX yPaBHEHUH 4-r0 MOpsIKa /Ul paauanbHbIX QYHKIUH aMIuIUTyapl nporu6oB. Januslie qudepeHiyanbHbe ypaBHeHUS
CBOZIAITCS K JIMHEIHBIM HHTETPAIbHBIM YpaBHEHUsIM Bonbsreppa 2-ro poza. Pemenns 3Tux nHTerpanbHbIX ypaBHEHUH 3aIUCHIBAIOTCS C
HCTIONB30BaHUEM Pe30IbBeHTHI. [IpuBomsaTCs pacueTHsIe (GOPMYITBI T H3THOAIOMNX U KPYTSIINX MOMEHTOB, IIOTIEPEYHbIX YCUIINH 1
¢byHKuuK nporuda, a Takxke GopMyIbl pacyeTa HOpMaNbHBIX U KacaTeIbHBIX JUHAMUYIECKUX HANPsHKeHUH B TUcKe. B cirydae HyneBoit
MONIePEYHOM Harpy3KH UMeeM 3ajiady pacyeTa CIIeKTpa 4acToT CBOOOJHBIX KoJieOaHU AucKa.

Kniouesnle cnosa: aHn30TPOIHS; NWIHHAPHUIECKast OPTOTponHs; JuddepeHuanbHble 1 HHTETPaIbHbIE yPABHEHUS H3THOHBIX KO-
nebGaHuii; pe30IbBeHTa; N3rnoOaroNe U KPyTAIe MOMEHTHI; TIoNepeyHble CHIIbl; QYHKIUS Mporuda; HOpMajbHbIE U KacaTellbHbIe
JMHAMHAYECKHE HANPSHKEHHs; CBOOOIHEIE KOJIeOaH!s AUCKA.

In this work is solved in general form the problem of forced non-resonant asymmetrical small flexural vibrations of polar-ortho-
tropic disks of variable thickness. A differential equation in partial derivatives, describing the forced flexural vibrations of the disk
under the influence of a harmonic transverse loading, comes down at first to the differential equation in partial derivatives for the
amplitude of bending. Then the amplitude of bending are laid out in Fourier series by the angular coordinate. As a result it turns out in
an infinite system of inhomogeneous ordinary differential equations of the 4-th kind for radial functions of the amplitude of bending.
Given differential equations come down to linear Volterra integral equations of the 2-nd kind. Solutions of these integral equations are
written using the resolvent. The calculated formulas for bending moments and torsion moments, shear forces, for the function of bend-
ing and formulas for calculating the normal and tangential dynamic stresses in the disk are given. In the case of zero transverse loading
have the problem of calculating the spectrum of free vibrations of disc.

Key words: anisotropy; cylindrical orthotropy; differential and integral equations of bending vibrations; resolvent; bending and
torsional moments; shear forces; bending function; normal and tangential dynamic stresses; free vibrations of disc.

PaccMmoTpumM 3a1aqy HECUMMETPUYHBIX MAJIBIX U3THOHBIX KOJIEOAHUH TOHKOTO KOJIBIIEBOTO aHU30TPOITHOTO
JIMCKa TIEPEMEHHOMN TONIIUHEI /(7), 3aBUCSIICH OT palaIbHOTO PACCTOSHUSA 7. JIMCK W3TOTOBJICH U3 MaTepra-
J1a, 00JIaIafoIEero MIHHIPHICCKON aHN30TPOIUEH, MPUYIEM OCh aHU30TPOIIHH COBIATACT C TEOMETPHICCKON
OCBIO JIUCKA, U B KaXKJI0M TOUKE UMEIOTCS TPY B3AMMHO OPTOTOHAJIbHBIE MJIOCKOCTH YIIPYTOM CUMMETPUH — TaK

Has3bIBaeMas LMIMHAPHYECKask OPTOTponHs. BHyTpeHHUI paquyc KOIbLEBOro Aucka 0003HaYMM 7, @ BHEIL-

Huii — R. TonmuHa qncKa Ha BHYTPEHHEM KOHTYpe paBHa /1, .

Usrubaromas Harpy3ka B 00IEM CITydae MOXKET COCTOSATh U3 IIOBEPXHOCTHBIX U 0OBEMHBIX Harpy30K, HOp-
MaJIBHBIX K CPEAMHHON MMOBEPXHOCTH JANCKA, 4 TAKXKE U3 HArPY30K, pacrpelesIeHHbIX 10 KpasiM JIUCKa, B BHIIE
N3rH0arOIMX MOMEHTOB U MONEPEYHBIX CHIL.
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MaremaTuka M1 HHPOPMATHKA

BBeneM nnnuHAPHUYECKYIO CUCTEMY KOOpAUHAT 7,0,z , TOMECTUB Hayallo B TOUKE MEPeceueH s OCH aHU30-
TPOIIHHU CO CPEAMHHOMN MIIOCKOCTBIO AHUCKA.

PacueTs! nuckoB OyzeM MPOBOANTE B paMKax KIaCCHYECKOH TEOPHH TOHKMX ITUIACTHH, OCHOBAaHHOM Ha TH-
note3ax Kupxroda.

O003Ha4YMM MEepeMEIECHHS TOYCK CPEIMHHON MOBEPXHOCTH JMCKAa B HAINIPABICHUH OCH z yepe3 w(r,0,1),
npu 3ToM JuddepeHuransHOe YpaBHEHHE MajlbIX H3TMOHBIX KOJIeOaHUH MOJISIPHO-OPTOTPOITHOTO AUCKA Iepe-
MEHHOM TOJILIMHBI MO/ BO3JAEHCTBUEM BHEIIHEN PACIpEAcICHHON U MEPEMEHHON BO BPEMEHM IMONEPEUHOU
Harpysku ¢q_(r,0,t) umeer Bup [1]

w 2(’53w k2 O’w kP ow 2c+v,) 0'w  2(ctv,) Ow

D - + =" - +
n(r )[ rort ot P or P orton? P oroe?

2(n+ve +k)62w+k2 o'w ]+le1[2 (2+v9)82w_k_26_w+ )
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= (—9’)’9; k> ==2:F E, —momymu FOHTra 115 pacTshKeHHS — COKATHS TeJla B HAMIPABICHHH OCeil 7 1
E E r 0
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r

e Dll(r): — HUJIUMHAPUYCCKAs KCCTKOCTb n3ruoda HOHHpHO—OpTOTpOHHOﬁ IJIaCTUHBI;

0 coorBeTcTBEHHO; G,,— MOAYNb CIBUra; Vv, — Kodddumuent IlyaccoHa; p — IUIOTHOCTh MaTepHaa JUCKa.
Beipasum msrubaromme M, M, kpytammid M, MoMmeHTHI U nonepednsle ycunusa Q.,0, 4depe3 QyHK-

nuto nporuda w(r,0,t) mucka [2]:

Mr<r,e,r)=—Dll(r)[%+ver<%g—f+r%g;?n,
M, (r,0,t) ==D,,(r)[v,, ‘Z%”Jr kz(%aa—v: + rizg%v)],
M ,(r,0,) =—cD, (r )[1 aa:ae rl ?g} )
Qr<r,e,t>=—D“<r)[(§72” 162W Vi s ;gg —F%Z;Z”)—

1 0°w L L ow arDll o’w low 10w
—— + Vv, +— ,
o0 )] [a 2 V"’(r or 100’ )l

3 3 2
0,(r.0.1)= Dn(r)[(c+ve,)1 e
afD11 1 w1 ow
dr roréd 69)
ITycts m3rubaromas Harpyska q_(7,0,t) U3MEHsAETCS BO BpEMEHH 110 TapMOHUYECKOMY 3aKOHY C 4aCTOTOM

k(=

)=

(), He COBIAIAIONICH HU ¢ OMHOM M3 COOCTBEHHBIX YaCTOT KOJeOaHMA TUCKa («HEPE30HAHCHBIN CITydai»):
q.(r,0,t)=q,(r,0)sinQ, 3)
BCJIEZICTBUE YETr0 AUCK OYJIET UCIBITHIBATD B OOILEM CITyUae GbIHYICOCHHblE HeCUMMempUdHble U3eubHble Kosle-

6anus. Torna yuakmmro nporuda w(r,0,7) MOXHO IIPEACTAaBUTH B BUC
w(r,0,t) =W (r,0)sin Q. 4)
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[oncranoBka Beipaxkenuii (3) u (4) B ypaBuenue (1) nact auddepeHnmaibHoe ypaBHEHUE IS aMIUTUTYABI

W (r,0) HECUMMETPUYHBIX U3THOHBIX KOJIEOaHUHN OJIIPHO-OPTOTPOITHOTO TUCKA EPEMEHHON TOJIIMHBL:

o'w L 2etvy) o'w kK o'w D), 1\o'w D, 1|1 &w
" > gt 2+ — —+2(c+vy)| —— -+
or r oro6” r° 00 D, r)or D, r)r’oro
D (2+vy) D, K low | by [2(etve )+ kK Dy 2(ctv +K) |1 o
A | | Vg, L+ > -5
D, r Dy or D, r D, r r- 00

+[ve, D KD, K ] LW _ph()O* ,_ 4,(,0) ”

r D, r)r o D, (r) D, (r)
[IpencraBum ammuatyny W (r,0) HeCHMMETPHUYHBIX KOJICOAHWH AMCKA M PACIPEIACIICHHYIO MOTICPECIHYIO

Harpysky ¢,(7,0) B Buze cienyromux psanoB Oypee:
W(r,0)=W,(r)+ > W (r)cosn®+ Y WP (r)sinnb, (6)

n=l1 n=1

q,(r,0)= q(()o) (r)+ Z qfl” (r)cosnB + z q(z) (r)sin no.

n=1

[lepBoe cnaraemoe B paznoxeHun W (r,0) yduThIBaeT 0CECUMMETPHYHYIO COCTABISIONIYIO H3rK0a JucKa.
Crnaraemble, comepiaiiue coS 76, COOTBETCTBYIOT CHMMETPHYHBIM cocTaBisiromumM (yukiun W (7,0) orHo-

curenbHo miockoct O = 0, a cnaraemele, comepxkamiue Sin 70, — 00paTHO CHMMETPHYHBIM.
[oncrasnsas paznoxenus (6) B ypaBHeHHE (5), TOTyIrM OECKOHEYHYIO CHCTEMY OOBIKHOBEHHBIX audde-

PEHIMABHBIX ypaBHEeHHit 4-ro nopsiaka s Gynxuuit W, (r), W (r) (i =1,2):

4 ! " 24+ ' 2
(n=0) e &+ aw | D ( ver)&_k W o
dr Dll dr Dll r Dll dl”
+| v D_l”l_k_lell k| 1dw,  ph(rQ’ W= q"(r)
“D, r D, rlrdr D,r) ° D,r)
(n>0)
d4W<i) s D], _,_l 4w o D_1”1+(2+Ver)D_]'1_|:2(c+Ver)”2+k2} W )
D, r dr’ D, r D, 72 dr?
Vo DI} C+Ve,)n2+k2]D_l'l+[2(c+ver)n2+k2] dw® B ©
r’ Dy, r dr

2V9r Dl”1 [ C-i-Ve +k2}n D! +|:2(C+Ver+k2)—k2n2:|n2 +ph(l’)Q2 W(i)_CI,(,i)(f’)
r* D, Dy, rt Dy, (r) D)

OcecuMMeTpUYIHbIC H3THOHBIE KOJICOAHHUS MO PHO-OPTOTPOITHBIX IUCKOB IIEPEMEHHOM TOJIIIUHBI, OTUCHI-
BaeMble auddepeHINAIBHEIM ypaBHeHHEM (7), OBITH HAMH paHee pacCMOTPEHEBI B pabote [3].
3anumrem ypaBHeHHE (8) B BHIC

d W“ d W“’ d’w” awy’ a,"(r)

n__4 (n) +2a (n) +6a (n) W(l) ’ 9
+a,(r) a," (r)——— e (r) ) oG ©)
! n 2 ’ 2 s
me a(f)=2| 2L = &Jr( +Ver)&_[2(c+v9,2)n all
Dy r D, r D, -
oL vy DL [2etvy)r 4k ] oy [2(ctvy ) 44 ]
a;" (r)= : " 3 ’
2 r D11 r D r
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Ve Dy, [2(c+v9,)+k2]n2D_{l+[2(c+ver+k2)—k2n2}n2 +ph(r)Q2
r* D, r Dy, rt Dy, (r)

0 1
a )(”)=—g

CaeneM 3azauy pemieHust anddepeHInaIbHoro ypaBHeHus (9) K pelieHnIo COOTBETCTBYIOLIETO JIMHEHHO-
ro HHTErpajbHOro ypaBHeHust Bonbsreppa 2-ro poaa. [lonaraem

d'w)’

e =b,"(1). (10)
[locnenoBarensHO MHTETpHUPYS BeipakeHue (10), momydum
@
aw u j bO (s)ds + W (r,),
awe - . e .
= j(r —s P (s)ds + W (1) (r = 1) + W (1), (11)
(l) I cee . e . . .
d ZVn =Ll —srp0 (s)ds + %W;’) ()= 1)+ WO () = 1) + W (),
»

W00) = [ =5 B0 s+ ) =)+ ()0 =)+

WO () = 1) + WO (7).

31ech HCIIONB30BAIOCH N3BECTHOE TOXKIecTBO upuxite [4]:

Tn-1

jdrljdrz jf(r )dr, =

o o

11)! j (r—s)""" f(s)ds.

npas
[loncraBuB B ypaBHenue (9) BMecTo GyHKINH Wn(’) () u ee POM3BOAHBIX MPaBbie YacTH Bhipaxenuii (10)
u (11), momyynM MCKOMbIE HHTErpasIbHBIE YpaBHEeHHUS Bonbsreppa 2-ro poaa:

b0 () =2 K, 50 (5)ds + g0 (), (12)

K

e ynucioBsie mapamerpel: A =—ln=1,2,3..;i=1,2.

(n)
K, (r,5)= Ifll (1) +a" (r)(r=s)+a" (r)(r =s)" +a” (r)(r —s)’ J — SIIPO HMHTErPaNbHBIX yPaBHEHUIA;
2 (r) — cBOGOHbIC WICHBI HHTErPATBHBIX yPABHEHHIT, HMEIONIIE BHII

; O°K (r,r, i aan 1) s 6[(” ) oy,
g = TEald o ) TR o SR o i ) +
4.’ (r)
Dy (r)

Tak, mpyu M3MEeHEHUH TOJIIMHEI A(7') JUCKA IO CTENIEHHOMY 3aKOHY

h(r) = h, [FLJ , aeR,
0

anpo K, (7,s) unterpaisHoro ypasuenus (12) umeer Buz

A4 AP 4 40 4 g AP 24" +34"
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me A4 =2(3a+1), 4" = {(9&2 +1)+[(30w9k —k2)—2(c+v9,,)-n2}},

A" =%(3a—1)[(30w9, —kz)—2(C+Ver)'”2}

2
A = _%{(3a_1)[(3ave, ~k*)=2(c+vy,) |- (" ‘l)kz}’
2(k2 —Vé,,)prozan

Eyhy

OOmiee perieHre JIMHEHHOTO HHTErPAIbHOTO ypaBHEeHHs Bonpreppa 2-ro pona (12) 3anumercs ¢ momo-

A, =-

IO pe3onveenmul R (r,s;\) B Buze [4]:

b (r)= %j R, (r,s:M)g,” (s)ds + g, (r). 13)
3neck pyHkuus R (r,s;A)onpenensercs QyHKIMOHAIBHBIM PAIOM
R,(r,s5;0) =D MK\ (r,9), (14)
m=0

KOTOPBIi CXOUTCST aOCOTIOTHO M PABHOMEPHO /Uil HenpepbiBHOro siqpa K, (7,5) .

Toemopsrowuecs nim umepupogannvie siopa K ,51" )(,§) ONPENENSIOTCS 110 CIEAYIONIM PEKYPPEHTHBIM
dbopmynam:

K](”)(r,s) =K, (r,5),

K (r,5) = [ K, (r, )K" (t,9)dt, (15)

m—1

K\ (r,5) = [ K, (r, 0K\ (1,9)dt.

Ecin cBoGosbie uiens g\ () nenpepwiBue B 7, R], a smpo K, (r,s) wenpepwisuo pu 7, <7 < R,

7, < s <r,To IMHEHHOE UHTErpajbHOe ypaBHeHHe Bonbsreppa 2-ro posa (12) nmeer npu 1r0060M napamerpe

A (A # 0) eqMHCTBEHHOE HEMPEPHIBHOE pellieHue, onpeaensemMoe dhopmynoii (13).
OtMmeTuMm, 94TO MHTETpaNbHBIE YpaBHEHUs BoibTeppa 2-ro poa MOKHO peliaTh U JpyrHMH aHaTUTHYECKHU-
MH U YHCJIEHHBIMU METOJaMH, yKa3aHHBIMH, HarIpumep, B pabote [5].

[pencraBum u3rubaroime MOMEHTBI M (r,0,t),M,(r,0,t), KpyTSLIHe MOMEHTBI

M, ,(r,0,t)=M, (r,0,t) nnonepeansie ycunus Q (r,0,t),0,(r,0,t) B Buzne creayomux psgos Oypbe:

r,n
n=l1 n=1

M (r,0,1) = {Mr(o) (r)+ ZM“) (r)cosnO + ZMfzn) (r)sin ne} sin Q¢,

N
n=1 n=l1

My (r,0,t) = {Mé‘” (r)+ Y M) (r)cosn+> " M (r)sin ne} sin Qf,

r0,n
n=1

M (r,0,t)= M, (r,0,f) = {z MY (r)sinnd+ Z M) (r)cos n@} sin Q¢,
n=1

0.(r,0,t) = {Qf(” (r)+Y.0" (r)cosnb+ > 02 (r)sin ne} sin O,
n=1 n=1
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Q,(r,8,t) = {Z O (r)sinnd + Z O (r)cos ne} sin Q1.

r0,n

3mech Mr(o)(r),Mr(f;(r),Méo)(r),Méfi(r),M(’) (),0"(r), Qr(’;(r) Q(’) (r) BBIpaXkaroTCs wepes paspe-

maroume GyHKIUHA b,ii) (), X () no dbopmynam:

M) =Dy [ K (r25) X ()ds + K W ) -

o

KO (For) . KO
LR T oy
Os Os’

MO (r)==D, (N[ P ()b (s)ds + KL (1 W (7)) =

r.,n

To

_ﬁKgr)(r,ro) » 0’K (")(r 7y)

. (")(r )
W (r) + —’ o
aS n (0)

Wy (ry) = W, (),

M (r)=-D,, (r)[j. K;loe) (r,8) X (s)ds + KZ(WO: (ANADE

K(O) rr KO,
( O)W)(ro)"‘ Ml)( 0)
Os

M) =Dy [ K s)b“>(s>ds F K (1 PO () -

i

Wy(ry)],

aK““(rr) KQ(rn) K (rn)
Mg V2707 (,)( )+ 8—0 n(l)(ro) T0 n(,>(r0)]’
M, ()= (=)D, ("I j K (r )b (s)ds + Ky (ror W (1) -

GK(”) (r,1) ... 0’K (”) ryry) .

Ky (r.1)
WO )+ —’ -
6S n (0)

W (r,) - w2 )l

0 (r) =—Dn(r)[fKé?)(nsw(s)ds+K(Q‘?’UJOW"V&(%)—

)

oKL (r,1) .. 0 K(O)(r 7)
2 W (1) + 2 W ()]
0s Os>

0 (r)==Dy, () j K (r )b (s)ds + K (r,r WO (1)~

[

(n)( )

(n)
. aKQr (rgrO) (l)(}"o) _

W(i) ,
aS n (1’0)]

(l) 83K(Q'I'_)(}",I”0)
w,"(r,) + T

O ()= (D7D, (O K (.58 (5)ds + K5 (1 O (1)~

o

8K(")(r %) WO )+ (Z) 1)
—_— }/‘ —_—
Os noe Os’

TJIe repenaroyHbie (BecoBble) (DYHKIIMHA UMEIOT BH/T
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2
K(O)(I" S)Z l+v (F_S) (F—S) K(n)(’,. S)= 1+v (V;S)_rﬁv M (V—S)'
M, \"> or 2 ’ M, ’ or 2]/‘ or 61” ’

2
Kf;e)(r,s)= ver+k2(r2;s) (r—s), Kj(\;'e)(r,s)= v, +k’ (rz_s)—nzk2 (r6—s) (r—s);
r

r r
(n) (’”_S)z (7_5)3 (0) D 1 S (”_S)z
KM’IO(V,S)=I’1C R s Ky (r,s) =1+ D—H+; (r—s)+ VerD—H—T m et
, , v it + k2 R
K3 (r,s)=[1+ Dy 1 (r—s)+ Ve,&_[(c Vo, )1 J (r=s) _
' T » r 2r

2 D}, [(C+V9V)+k2] (r_S)3 .

o VeVD_“_ r 6r* 7
, 2 _ ' 272 —_ <V
K3 (r,s)=n —(C+Ve’)+ L K (r=s) ¢BDu 7k (r=s) j) (r—s).
! r D, r ) 2r D, r 6r

®Oynukims X (7) sABIsleTCs pelieHHeM HHTETPAIbHOTO ypaBHEHHUs Bosbreppa 2-ro poaa, pacCMOTPEHHOTO
B pabore [3].

Hocrosiuusie Bemuuunet W (7;), Wo(’”o ), Wo(”o ), Wo(’”o)a W), Wn(i) (7)), Wn(i)(ro),

Wn(l)(ro) ONPEIEIIAOTCS U3 TPAHUYHBIX YCIOBUI Ha KOHTYpax JUCKa:

1. ECJ'II/I BHyTpeHHI/Iﬁ I/I/I/IJ'II/I BHCHIHI/Iﬁ KOHTYP AUCKA KECTKO 3aACJIaH WX 3alEMJICH, TO
ow(r;,0,1)
0

7

w(r,,0,1) =0, 0, (i=1,2),

e n,=r,, =R
2. JIyis IapHUPHO OTEPTOro Kpasi IUCKa
w(r,0,6)=0, M (r,0,t)=0.
3. Jlnst cBOOOJHOTO Kpast JCcKa
1 OM,,(1,,0.1) _
500

1

M, (1,0,)=0, O.(r,0,0)+ 0.

VIOBJIETBOPHB HANJCHHOE PEUICHHE WHTErPAIBHOTO YpPaBHEHHUSI 3aJaHHBIM TPAHUYHBIM YCIOBHSM,
MOJKEM PAaCCUMTaTh MO U3BECTHBIM (opmyinaM Hopmanbusie G, (7,0,z,1),04(r,0,2,¢) u KacarenbHbie

T,6(7,0,2,1),7, (7,0,2),7,_(7,0,¢) qMHAMHYECKHE HATIPSKEHHS B JUCKE, BOSHUKAIOIINE IIPU €ro H3ruoe 1moj
BO3JICHCTBHEM MIEPUOANYECKH U3MEHSIOIIEHCS BO BPEMEHU PACIIPEIEICHHOM MONIEPEYHOM Harpy3Ku:

Gr(r’e’zat)zzwa Ge(Vae,Z,t)=Zw,
h(r) h(r)
Tre(l",e,z,[) = ZM,TFZ(V,G,I) :M,TQZ(V,e,f) — Qg(raeat).
e (r) h(r) h(r)

B ciyqae, ecim nonepeunas Harpyska ¢, = 0, To mMeeM 3amady pacuera CIIEKTpa YaCTOT C60000HbIX Kole-
Oanutl TUCKa. YIOBIETBOPSS HalIEHHOE peIlIeHNEe HHTETPAIBHOTO YpaBHeHHs Bonsreppa 3a1aHHBIM TpaHUY-
HBIM yCJIOBHSIM, M3 YCIIOBHUSI PaBEHCTBA HYIIO OTIPENEITUTENs], COCTABICHHOTO M3 CTOSIIUX MPH MOCTOSHHBIX
WHTETPUPOBAHNS 3HAUCHUH (PYHKIMI B TPAHUYHBIX TOYKAX, TOJTYIHM YACHIOMHOE YpasHeH e, KOTOpoe pellia-
€TCS aHAJTMTHYECKUMU WIIM YACICHHBIMA METOIAMH.
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B. B. BObKOB

K BOITPOCY YNCJIEHHOI'O MOAEJINPOBAHUSA HAYAJIBHBIX 3A 1AY

Ipemnaraercsi coco® YMUCICHHOTO MOJACIMPOBAHHS HAYAIBHBIX 337a4, OPHEHTUPOBAHHBIN Ha Pa3pabOTKy MPUOIIKEHHBIX Me-
TOJIOB MEPEMEHHOTO TOpsiaka u mara. OTIHYUTEIBHON Y4epToil 3TOro crocoda SBsIeTCS KOHCTPYKTHBHAS CBSI3b MPHEMOB OICHKH
JIOKaJBHOW TOTPENTHOCTH METO/Ia M aJlTOPUTMA IMOCIIEIOBATENEHOTO MOBHIIICHHS €T0 MOps/IKa TOYHOCTH. B 0cHOBe crocoba nexar
MOHSTHUSI JIOKAJIbHOU MPOM3BOJHON MPHOIMKEHHOTO PELICHHs, 33[aBaeMOr0 N30pPaHHBIM METOIOM, U JuddepeHInanTbHON HeBI3KU
(KaK TOYHOTO PEIICHUS UCXOTHOM 3a7a4i Ha MOJICTUPYIOIIEH, TaK U MPUOIMKEHHOTO Ha UCX0nHOH nuddepernmansHoi). Jan ciocod
MaTEMaTHYECKOTO OIHCAHUS JOKAIFHON MOTPEITHOCTH 3aMEHBI MCXOJHOTO SBOJIONMOHHOTO YPaBHEHHUS €T0 allpPOKCHMHUPYIOIIUM.
PaccMoTpeHsl pa3nuyHble BAPHAHTHI MPEACTABICHHS HAYaIbHOW 3a1a4d JUIs JIOKAIBHOH HOTPELIHOCTH COOTBETCTBYIOLIEIO METO/A
MpUOIKEHHOTO petieHus. [Ipennokenbl GOpPMbI 3aaHus TAKOH 3a/1aud ¢ KOHCTPYKTUBHBIM BBIJICICHHEM TTTaBHOW YacTH (Ha Iare
JIICKPETH3aIIH) TIOTPEITHOCTH METO/Ia U €€ TIPOU3BOIHO, Oa3upyromrecs Ha aloCTepHOpHON HHPOPMALIUU O MOJETUPYIOIIEM pe-
ureHud. [10CTpOCHBI U HCCIIeJOBAHBI BADHAHTHI MMOCICA0OBATEIFHOCTEH JIOKAIIBHOTO YTOUHEHHS MIPUOIMKSHHOTO PEIICHNST HCXOAHOM
3anaun Koiu, B TOM 4KCIie TO3BOJSIONINX MOJHUMATh Ha JBa MOPSIKA TOUHOCTh MPHUOIIKCHUS Ha OJTHOM 3Tare YTOYHCHHUS.

Knroueswie cnoea: >BomonmonHoe YpaBHEHUE; HAYaJIbHAA 3a/1a4a; YUCICHHOEC MOACINPOBAHUE, ,ZII/I(I)(I)epeHL[I/IaHLHaﬂ HEBs3Ka, Io-
TPEHIHOCTD allpoOKCUMaluK; JIOKaJIbHasA MOrp€uIHOCTh METOAA.

In this paper we propose an approach to numerical modeling of initial value problems, oriented to the development of approximate
methods of variable order and step size. This approach is characterized by the constructive connection between the local error estima-
tion technique and the algorithm of consecutive increase of the order of exactness. The approach is based on the notions of the local
derivative of approximate solution and the differential residual (for both the exact solution on approximate problem and the approxi-
mate solution on original differential problem). A way of mathematical description of the local error arising from the replacement of
the original evolutionary equation by the approximating one is given. Different options for representation of an initial value problem
describing the local error of a corresponding numerical method are considered. A form of such Cauchy problem with constructive
representation of main part of the error of method and its derivative, based on a posteriori information about the sought solution, is
proposed. Local refinement sequences for the approximate solution of Cauchy problems are constructed and investigated. They include
techniques that allow to increase the order of exactness by two on each refinement stage.

Key words: evolutionary equations; initial value problems; numerical modeling; differential residual; approximation error; local
error of method.

Bbynem npenmnonarars, uto 3agada Ko
w'(x)=flx, u(x)), r<x<r+r, (1)
u(t)=y )

HUMECT CAMHCTBCHHOC PCUICHUC, 06.]'[3,[[8.}01]166 HeOGXOILPIMOﬁ TTTIaJKOCTBIO. I[J'IH €€ YHCJIICHHOI'O aHaJIn3a CTa-
HEM HCIIOJIB30BaTh METOIbI BUIA

[y(t+h)—y]/h=p(t,h,y,y(t+h)), 0<h<r. (3)

OyHKIUA y(x) = y(t + h) MIPU3BaHa YMCICHHO MOJICITNPOBATh PEIICHUE U (x) 3amauu (1), (2) c coxpaneHnemMm
HanbOoJee BaXKHBIX €r0 XapaKTEePHUCTHK.

Yacro (cM., Hanpumep, [1, c. 214-220], [2, c. 376]) 006 ypoBHe npubmmkeHus nuddHepeHInaIbHOrO ypaBs-
Henus (1) pasHocTHBIM BHAa (3) CyasaT MO BETMYMHE HEBSI3KH (t + h) MOCJIETHETO0 HAa TOYHOM PEUIEHUU
WICXOIHOM 3a1a9H:
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