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1 Introduction

We consider the accelerated life time model: By some covariate X the time to fail-
ure may be accelerated or retarded relative to some baseline. The influence of X is
described by some positive function ψ, and we may write T = T0

ψ(X)
, where T0 is the

so-called baseline life time and T is the observable life time. We will assume that T
is an absolute continuous random variable (r.v.) and that the covariate X does not
depend on the time. For simplicity of presentation let X be one-dimensional. For
statistical application a suitable choice of the function ψ is important and the problem
of testing ψ arises. A survey of test procedures for testing ψ under different model
assumptions is given in Liero (2008).
The aim of the present paper is to propose a test procedure for testing whether the
function ψ belongs to a pre-specified parametric class of functions

F = {ψ |ψ(·) = ψ(·; β), β ∈ Rd}. (1)

For data without censoring this problem was already considered in Liero (2008). In
this paper we assume that the i.i.d. life times Ti are subject to random right censoring,
i.e. the observations are

Vi = min(Ti, Ci), ∆i = 1(Ti ≤ Ci) and Xi, i = 1, . . . , n

where the Ci’s are i.i.d. censoring times. Furthermore we assume that the Ti’s and the
Ci’s are conditionally independent given the Xi’s.
The inference is based on the log transformation of the lifetime model to a regression
model: The conditional expectation of Y = log T given the covariate X has the form

E (Y |X = x) = µ − log ψ(x) with µ = −
∫

log z dS0(z) = E (log T0),

where S0 is the survival function of the baseline life time T0. Thus we can translate the
considered problem into a problem of testing the regression function in a nonparametric
regression model

Y = log T = m(X) + ε,

where m(x) = µ − log ψ(x), and with ε = log(T0) − E(log(T0)) E (ε|x) = 0,
and E (ε2|x) = σ2 for some σ2 > 0. For identifiability we assume ψ(0) = 1. Test
problem (1) is translated into the following problem

H : m ∈M versus K : m 6∈ M where



M = {m |m(·; β, µ) = − log ψ(·; β) + µ, β ∈ Rd, µ ∈ R},
that is we have to check whether the regression function has a parametric form or
alternatively that this regression is nonparametric. As test statistic a weighted L2-
distance between a parametric and the nonparametric regression estimator is proposed.
To formulate the corresponding test procedure one has to investigate the properties of
nonparametric estimators for regression functions under censoring.

2 Nonparametric regression estimation under cen-

soring

The nonparametric estimator of m under censoring is based on the weighted Kaplan–
Meier estimator for the conditional survival function which was introduced by Beran.
Let F be the conditional distribution function (cdf) of the transformed variable Y given
the covariate. The Beran estimator of kernel type is given by

F̂n(y|x) = 1−
∏
Zi≤y
∆i=1





1− Wbni(x,X)∑
j

1(Zj ≥ Zi)Wbnj(x,X)





.

where Wbni are the kernel weights defined by

Wbni(x,X1, . . . , Xn) =

1
bn

K
(

x−Xi

bn

)

1
bn

∑n
j=1 K

(
x−Xj

bn

) .

and the Zi’s are the transformed observations Zi = log Vi. Here K : R → R is
a kernel function, bn is a sequence of bandwidths tending to zero as n → ∞ and
X = (X1, . . . , Xn). We estimate the regression function m(·) =

∫
y dF (y|·) by

m̂n(x) =

∫
y dF̂n(y|x).

Let H be the conditional cdf of Zi. Then the following equalities are true:

m(x) =

∫
y dF (y|x) = E

(
1− F (Z−|X)

1−H(Z−|X)
Z∆|X = x

)
and

m̂n(x) =

∫
y dF̂n(y|x) =

n∑
i=1

Wbn,i(x,X)
1− F̂n(Zi−|x)

1− Ĥn(Zi−|x)
Zi∆i

where Ĥn is the weighted empirical cdf of the observations.
The proposed test uses the asymptotic normality of the L2-distance of the nonpara-
metric estimator from the hypothetical parametric regression. To prove such a limit
statement a so-called i.i.d. presentation for a truncated version of m̂n is derived.
Due to the right censoring we truncate at a point y∗ with y∗ < supx τx, where τx =



inf{y|H(y|x) = 1} is the upper bound of the support of H. That is, instead of m̂n and

m we consider m̂∗
n(x) =

∫ y∗

−∞ y dF̂n(y|x) and m∗(x) =
∫ y∗

−∞ y dF (y|x).
Under suitable smoothness conditions on the density g of the covariate X, on the
conditional cdf H and on the conditional subdistribution function of the uncensored
observations defined by HU(y|x) = P(Z ≤ y, ∆ = 1|X = x) 1one can show

m̂∗
n(x)−m∗(x) =

n∑
i=1

Wbni(x,X) η(Zi, ∆i|x) + Rn(x) with (2)

η(Zi, ∆i|x) = y∗(1− F (y∗|x))ξ(Zi, ∆i, y
∗|x) −

∫ y∗

−∞
(1− F (s|x))ξ(Zi, ∆i, s|x) ds

ξ(Zi, ∆i, s|x) =
1(Zi ≤ s, ∆i = 1)

(1−H(Zi|x))
−

∫ s

−∞

1(Zi ≥ w) dHU(w|x)

(1−H(w|x))2
,

and sup
x

Rn(x) = OP

(
(nbn)−3/4(log n)

3
4

)
as n →∞.

The proof is based on similar arguments as in Akritas and Du (2002).
Applying now standard methods for proving asymptotic normality of the integrated
squared error of nonparametric curve estimators to the approximating sum in (2) we
obtain the following limit statement: Set

Qn =

∫
(m̂∗

n(x) − m∗(x))2a(x) dx

where a is a known weight function and assume that nbn →∞ and n2/9bn → 0. Then
under appropriate smoothness conditions on the underlying functions

nb1/2
n (Qn − en)

D−→ N(0, ν2)

where

en = (nbn)−1κ2

∫
ρ2(x)a(x) dx ν2 = 2κ1

∫
ρ4(x) a2(x) dx with

ρ2(x) = (g(x))−1

∫ y∗

−∞
(y∗(1− F (y∗|x))− Ax(s; y

∗))2 dHU(s|x)

(1−H(s|x))2
.

Ax(s; y
∗) =

∫ y∗

s

(1− F (t|x)) dt, κ1 =

∫
(K ∗K)2(x) dx and κ2 =

∫
K2(x) dx.

1The explicit assumptions are given in Liero (2010).



3 Formulation of the test procedure

For the estimation of the parameter ϑ in the hypothetical parametric regression there
are several proposals in the literature; we refer to Ritov (1990) and Bagdonavičius/Nikulin
(2001). These authors give conditions for

√
n-consistency of such estimators which is

sufficient for our purposes. Taking such ϑ̂n one has to determine an estimator for
m∗(·; ϑ). With the estimator β̂n the Breslow estimator Λ̂n0(t; β̂n) for the cumulative
hazard function of T0 is constructed based on estimated hypothetical baseline observa-
tions V̂0i = Viψ(Xi, β̂n). Then an estimator of S0 is given by the well-known relation

Ŝn0(t; β̂n) =
∏
s≤t

(1 − ∆Λ̂n0(s; β̂n)).

Finally the hypothetical truncated regression function is estimated by

m̃∗
n(x; ϑ̂n) = −

∫ y∗

−∞
y dŜn0( eyψ(x; β̂n)).

Now let us formulate the test procedure: The hypothesis m ∈ M, that is ψ ∈ F is
rejected if

Q̂n ≥ z1−α
ν̂

nb
1/2
n

+ ên

where Q̂n =
∫

(m̂∗
n(x)− m̃∗

n(x; ϑ̂n))2a(x) dx is the estimated L2-distance and z1−α is the
(1− α)-quantile of the normal distribution; ên and ν̂2 are the estimated standardizing
terms.
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