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-MXGDUTRXIDM� jV hZJ qKJWJVhJY qUqJK hZJ VJ@JWWUKo @HVYPhPHVW Hn HqhPdUEPho nHK xNUWPEPVJUK
WoWhJdW IPhZ dP}JY KJWhKP@hPHVW UVY PV@HddJVWNKUmEJ YJEUoW PV qZUWJ UVY @HVhKHE [UKPUmEJW UKJ
FP[JV� jV YP|JKJVh Hn FJVJKUE qKHmEJdW! IPh@Z UKJ @HVWPYJKJY PV �9� ! hZJ PV[JWhPFUhJY qKHmEJd
PV@ENYJW dP}JY KJWhKP@hPHVW AtB� sVEPXJ �5�! hZJ UqqKHU@Z NWJY mo NW! UEEHIW qKHmEJd KJWJUK@Z
IJKJ hZJ dUqqPVF YJW@KPmPVF KJWhKP@hPHVW Hn U hUWX ZUW PV{VPhJ @HYPdJVWPHV! hZUh PW hoqP@UE nHK
WoWhJdW IPhZ hZJ dP}JY KJWhKP@hPHVW� DW UFUPVWh �t�! VJ@JWWUKo @HVYPhPHVW Hn HqhPdUEPho PV @UWJ Hn
@HVhPVNHNW PVPhPUE nNV@hPHV UKJ qKH[JY�

�� `GDhAF_ |DG_TAOXIDM� �J @HVWPYJK hZJ nHEEHIPVF qKHmEJd

I =
∫ t1

t0

f0 (x (t) , x (t−Θ) , u (t) , u (t− τ)) dt→ inf A9B

NVYJK hZJ KJWhKP@hPHVW
ẋ(t) = f (x (t) , x (t−Θ) , u (t) , u (t− τ)) , A5B

g (x (t) , u (t)) ≤ 0, t ∈ [t0, t1], AtB

χ (u (t)) ≤ 0, t ∈ [t0 − τ, t0], A)B

x (t1) = x1, AuB

x (t) = ϕ (t) , t ∈ [t0 −Θ, t0], AyB

IZJKJ [J@hHK nNV@hPHV ϕ PW @HVhPVNHNW HV [t0 − Θ, t0]! x1 ∈ Rn PW {}JY! t0, t1,Θ > 0, τ > 0 UKJ
{}JY VNdmJKW! hZJ W@UEUK nNV@hPHV f0 UVY hZJ [J@hHK nNV@hPHVW f ∈ Rn, g ∈ Rm UKJ @HVhPVNHNWEo
YP|JKJVhPUhJY IPhZ KJWqJ@h hH UEE hZJPK UKFNdJVhW! χ ∈ Rs PW EPVJUK� eZJ @HVYPhPHVW A5B , AtB
UVY A)B UKJ nNE{EEJY U@@HKYPVFEo nHK UEdHWh UEE t ∈ [t0, t1] UVY UEdHWh UEE t ∈ [t0 − τ, t0] UVY hZJ
KJWhKP@hPHVW AtB nNE{EEJY hZJ @HVYPhPHVW Hn FJVJKUEPho� nHK UVo (x, u)! WUhPWnoPVF AtB! hZJ WoWhJd Hn
[J@hHKW gradugj(x, u), j ∈ J(x, u) PW EPVJUKEo PVYJqJVYJVh� _JKJ mo J(x, u) IJ YJVHhJ hZJ WJh Hn
PVYP@JW j ∈ {1, 2, · · · ,m}! nHK IZP@Z gj(x, u) = 0�

)u




� 0FRFPPOG[ RDMUIXIDMP D| DaXI_OAIX[� fJh [J@hHK nNV@hPHV ϕ(t) PW {}JY! hZJ [J@hHK nNV@hPHV
x(t) PW UmWHENhJEo @HVhPVNHNW! hZJ [J@hHK nNV@hPHV u(t) PW PVhJFKUmEJ HV [t0 − τ, t1] ! P�J� x(t) ∈
W n

1,1[t0, t1]! u(t) ∈ Lr1[t0 − τ, t1]! hZJ nNV@hPHVW f0, f ∈ Rn, g ∈ Rm UKJ EPVJUK IPhZ KJWqJ@h hH
@HVhKHE qUKUdJhJKW UVY WUhPWnoPVF @HVYPhPHV Hn >@HV[J}Pho> AWJJ [2]B! hZJ KJWhKP@hPHVW A)B nNE{E hZJ
@HVYPhPHVW Hn FJVJKUEPho! hZJV NWPVF hZJ fUFKUVFJ aKPV@PqEJ Hn hUXPVF KJWhKP@hPHVW H| nKHd �)�! IJ
HmhUPV hZJ nHEEHIPVF hZJHKJd�

bQFDGF_ �� %�� (x(t), u(t)) 
� 	 �����
�� �� ��� ������� �� � �4� '��� ����� �"
��
����
��
��� ψ0 ≥ 0 � ψ(t) ∈ W n

1,1[t0, t1]�ν(t) ∈ Ls∞[t0 − τ, t0] 	�� μ(t) ∈ Lm∞[t0, t1]� ���� ��	��

��� ������
�� ����
�
��� 	�� ���$����

μj (t) ≥ 0, μj (t) gj (x (t) , u (t)) = 0, j = 1,m, t ∈ [t0, t1] A:B

νk (t) ≥ 0, νk (t)χk (u (t)) = 0, k = 1, s, t ∈ [t0 − τ, t0], A7B

H[t+ τ, u (t+ τ)] = min
u∈{u|χ(u)≤0}

H[t+ τ, u], t ∈ [t0 − τ, t0] A*B

H[t, u(t)] +H[t+ τ, u(t+ τ)] = min
u∈{u|g(x(t),u)≤0}

H[t, u] +H[t+ τ, u], t ∈ [t0, t1 − τ ], A9+B

H[t, u(t)] = min
u∈{u|g(x(t),u)≤0 }

H[t, u], t ∈ [t1 − τ, t1], A99B

dψ

dt
=
∂� (x (t) , x (t−Θ) , u(t), ψ0, ψ (t) , μ (t))

∂x(t)
+

+
∂� (x (t+ Θ) , x (t) , u(t+ Θ), ψ0, ψ (t+ Θ) , μ (t+ Θ))

∂x(t−Θ)
�t ∈ [t0, t1 −Θ], A95B

dψ

dt
=
∂� (x (t) , x (t−Θ) , u(t), ψ0, ψ (t) , μ (t))

∂x(t)
�t ∈ [t1 −Θ, t1], A9tB

	��

(ψ0, ψ(·)) �= (0, 0), A9)B

�����

H[t, u(t)] ≡ H (x (t) , x (t−Θ) , u (t) , ψ0, ψ (t)) ≡

≡ ψ0f
0 (x (t) , x (t−Θ) , u (t) , u (t− τ))−

n∑
i=1

ψi (t) f i (x (t) , x (t−Θ) , u (t) , u (t− τ)) ,

� (x (t) , x (t−Θ) , u(t), u (t− τ) , ψ0, ψ (t) , μ (t)) ≡

H (x (t) , x (t−Θ) , u (t) , u (t− τ) , ψ0, ψ (t)) + μ (t) g (x (t) , u (t))

UVY hZJ KJWhKP@hPHVW A:B,A9tB UKJ nNE{EEJY nHK UEdHWh UEE t�
a K H H n� eZJ qKHmEJd (1)− (6) @UV mJ qKJWJVhJY UW U qUKhPUE @UWJ Hn UV J}hKJdJ qKHmEJd

f0(w) → inf | F (w) = 0, fi(w) ≤ 0, (i = 1, n), w ∈W, A9uB

@HVWPYJKJY PV [4]� sWPVF eZJHKJd 9 nKHd [4] IJ ZU[J� nHK UVo WHENhPHV ŵ Hn hZJ qKHmEJd A9uB!
hZJKJ J}PWh VNdmJKW λi ≥ 0, i = 0, n UVY UV JEJdJVh y∗ Hn hZJ @HVONFUhJ WqU@J Y ∗! WN@Z hZUh! hZJ
@HVYPhPHVW

UB (λ0, λ1, ..., λn, y
∗) �= (0, ..., 0),

mB λifi(ŵ) = 0, i = 1, n,
@B L(ŵ, λ0, λ1, ..., λn, y

∗) = minw∈ W L(w, λ0, λ1, ..., λn, y
∗),

YB
∑n

i=0 λi
∂fi(ŵ)
∂w + (F ′(ŵ))∗y∗ = 0

UKJ nNE{EEJY� LKHd WhUVYUKY hKUVWnHKdUhPHVW AWJJ [3]B Hn hZJWJ @HVYPhPHVW IJ KJ@JP[J @HVYPhPHVW
A:B,A9)B�

)y



dF|FGFMRFP

;< "��)����-�� #
'
� $����.������ "
�
 LS#)&+.2 A)(=2&+" $! 2$!&.) #(A(2(5$�.2 "A.�&" HH C< >.#-< �*"#&+"
,-&()*< ;�	9< I< ;< �(< E< 6< ���J��	<

�< +�7� 	
0
� ��)������� '
�
 ,-&()* (' &S#)&+.2 A)(=2&+"<T?%""$.!U< >("�(8� ;�9
<

E< ���.�-�� 3
 OA#$+.2 A)(�&""&" $! "+((#-��(!4&S +$!$+$P.#$(! A)(=2&+" HH C(%)!.2 (' >.#-&+.#$�.2
��$&!�&"< ����< I< ;
�< �(< E< 6< E��J
��<


< ���.�-�� 3
,-& @.5).!5& 6)$!�$A2& (' #.D$!5 )&"#)$�#$(!" (7 .!/ $#" .AA2$�.#$(! #( 2$!&.) (A#$+.2 �(!#)(2
A)(=2&+" $! #-& A)&"&!�& (' +$S&/ )&"#)$�#$(!" .!/ /&2.*" HH >&+($)" (! FL>6V< ;��9< I< ;;< 6< ;��J;��<

<��� #�*�!�" �!��&#'�=!�> ?' '(� �"@A!�%���&�
��@'

:�o� 4� ��mn����

 �e���f���e ����������� g������ � h����� ��< i������ ;;� 		
�;� �������� j���k
��
�����	����

��''0���#0 # ��8��$& �- 2���(� $.;� �%'��8� �#;� �9�∫
T
g0(u(t), t)dt→ min, u ∈ V, A9B

∫
T
gi(u(t), t)dt = ai, i = 1,m,

V = {u ∈ Lr∞ : u(t) ∈ U, t ∈ T}.
S���'��%#0 2���(� % �#33��� 4#�$& �� 3��0�! #';�$&2�. ;���0�  ��

yi =
∫ t

t0

gi(u(τ), τ)dτ, i = 0,m.

� ��2�$&���� ;�$�(��0 �# �0#(�'�#� %��#� � # ��8��$& �� 2���(# A9B

ẏi(t) = gi(u, t), yi(t0) = 0, i = 0,m,

y0(t1) → min, yi(t1) = ai, i = 1,m, u ∈ V.
S�'�& Y ⊂ Rm+1 , 0 �/�'�%� ��'�#/#0�'�# y , '#'��0� % 0�0� � %��0� # t1 A%�;��$��

��0;���B� � ;��'��� '�%� Rm+1 ;���0�  �< y = (y0, y1, ..., ym) 2���(� ;���'��%$.��'. %
�� �( �0�� �� 3��0�

y0 → min, yi = ai, i = 1,m, y ∈ Y. A5B

�$. (#'$�  �8� ���� #. ���� 2���(# %�2&0�0 2� �' �%� 0���� ;���0���#2�4## 4�$�%��
3� �4## �5�� S�#%���0 �' �% �� '��� ��� #. 0������

S�'�& y∗ = (y∗0 , y∗1, ..., y∗m) , ���� #� 2���(# A5B� �1��2��0 3� �4#- , '%����� ' ;���0��,
��0 β

S(y, β) = (y0 − β)2 +
m∑
i=1

(yi − ai)2

# '3��0�$#���0 %';�0�8���$& �- 2���(� ;�����#��%� #.  � 0 �/�'�%� Y

S(y, β) → min, y ∈ Y. AtB

S�'�& y(β) = (y0(β), y1(β), ..., ym(β)) , ���� #� ���� 2���(#!

β∗ = min{β : S(y(β), β) = 0}

):


