
jV @HV@ENWPHV IJ VHhJ! hZUh hZJ @HV@KJhJ UEFHKPhZd nHK KJUEPQUhPHV Hn hIH,EJ[JE ZPJKUK@ZP@UE
dPVPdU} qKHFKUd hJKdPVUE @HVhKHE qKH@JWW PV YPW@KJhJ,hPdJ YoVUdP@UE WoWhJd A9B 6 AuB @UV mJ
YJW@KPmJY HV hZJ mUWJ Hn hZJ UEFHKPhZdW nHK WHE[PVF qKHFKUd hJKdPVUE @HVhKHE qKHmEJd IZP@Z UKJ
qKHqHWJY PV IHKX �)��

eZJ KJWNEhW HmhUPVJY PV hZPW KJqHKh UKJ mUWJY HV �9� 6 �)� UVY @UV mJ NWJY nHK @HdqNhJK
WPdNEUhPHV UVY nHK HqhPdUE YPFPhUE @HVhKHEEPVF WoWhJdW YJWPFVPVF nHK U@hNUE hJ@ZVP@UE! J@HVHdP@!
UVY HhZJK dNEhP,EJ[JE @HVhKHE qKH@JWWJW� TUhZJdUhP@UE dHYJEW Hn WN@Z WoWhJdW IJKJ @HVWPYJKJY!
nHK J}UdqEJ! PV IHKXW �9� 6 �t��

eZPW IHKX IUW WNqqHKhJY mo hZJ pNWWPUV \UWP@ pJWJUK@Z LHNVYUhPHV! aKHOJ@h VH� +:,+9,++++7�

dF|FGFMRFP

;< $����)�� /
/
 ��- &����.�� 	
+
 :.+&�,-&()&#$�.2 1(!#)(2 6)(=2&+"< �A)$!5&)� �&)2$!� ;���<

�< $������)�� 	
(
 1(!#)(2 .!/ O="&)4.#$(! %!/&) 3!�&)#.$!#*� �.%D.� >("�(8� ;�99<

E< &����)�� 	
 
>$!$+.S L"#$+.#$(! .!/ 1(!#)(2 $! F$"�)&#&�,$+& F*!.+$�.2 �*"#&+"< 3).2" �#.#& 3!$4&)"$#*
6%=2$"-&)� LD.#&)$!=%)5� ;��9<


< &����)�� 	
 
 025()$#-+ '() �(24$!5 . 6)(=2&+ (' ε�OA#$+.2 6)(5).+ 1(!#)(2 '() F&"�)&#&�,$+& F*!.+$�.2
�*"#&+ HH 1(!#)(2 ,-&()* .!/ ,-&()* (' :&!&).2$P&/ �(2%#$(!" (' V.+$2#(!JC.�(=$ LK%.#$(!"< 0="#).�#" ('
�!#&)!.#$(!.2 �&+$!.)< 3).2" �#.#& 3!$4&)"$#* 6%=2$"-&)� LD.#&)$!=%)5� ����< 6< ;9	J;9�<

-0�� ,5 ��3��� ��4�0 �55��- �� -�� ��� ,5 .�����4
�,04� ��; �,3��4 �� � ����5��� ����0�

b� bRQF_IPDNO1' @� `AOJQDN2

1 3!$4&)"$#* (' 04&$)(� 04&$)( E�;�� 6()#%5.2
���	��������

2 3!$4&)"$#* (' Q.2&" � 0=&)*"#8*#-� 0=&)*"#8*#- �_�E E�b� 1&)&/$5$(!� 3Wc
(! 2&.4& ')(+ 3!$4&)"$#* (' 04&$)(� 6()#%5.2

�"�����������

�J UKJ @HV@JKVJY IPhZ U WqPVVPVF WHEPY mHYo dH[PVF PV U ZHdHFJVJHNW dJYPNd� eZJ dJYPNd
PW J}hKJdJEo KUKJ{JY! WH hZJ nKJJ qUhZ EJVFhZ Hn hZJ dJYPNd qUKhP@EJW PW dN@Z EUKFJK hZUV hZJ
mHYozW WPQJ� jV WN@Z U @UWJ! hZJ PVhJKU@hPHV Hn hZJ mHYo IPhZ hZJ dJYPNd @UV mJ YJW@KPmJY PV
hJKdW Hn ���� �������	� <��! IZJKJ U �HI Hn qHPVh qUKhP@EJW nUEEW HV hZJ mHYozW WNKnU@J� JU@Z
qUKhP@EJ PVhJKU@hW IPhZ hZJ mHYo UVY YHJW VHh IPhZ HhZJK qUKhP@EJW� �J WNqqHWJ hZUh hZJ dJYPNd
qUKhP@EJW WhUo Uh KJWh! hZUh PW! hZJ UmWHENhJ hJdqJKUhNKJ Hn hZJ dJYPNd JxNUEW QJKH� jV U nKUdJ Hn
KJnJKJV@J dH[PVF nHKIUKY hHFJhZJK IPhZ hZJ mHYo! IJ ZU[J U qUKUEEJE �HI Hn qUKhP@EJW nUEEPVF HV
hZJ mHYo�

�J VJFEJ@h hZJ UVFNEUK dHdJVhNd Hn qUKhP@EJW� JU@Z qUKhP@EJ PW PYJVhP{JY IPhZ U dUWW qHPVh
hZUh UqqKHU@ZJW hZJ mHYo! dUXJW WJ[JKUE AdUomJ VHVJB KJ�J@hPHVW nKHd PhW WNKnU@J! UVY hZJV FHJW
UIUo� DEE KJ�J@hPHVW UKJ WNqqHWJY hH mJ 	��������� ��	��
��

jV hZPW qUqJK! IJ KJWhKP@h HNKWJE[JW hH hZJ hIH,YPdJVWPHVUE @UWJ� cHVWPYJK U mHYo @HVhUPVJY
PV U @PK@EJ Hn KUYPNW r UVY @HVhUPVPVF hZJ @HV@JVhKP@ @PK@EJ Hn KUYPNW r − ε IPhZ ε � r� �VJ @UV
PdUFPVJ U @PK@EJ Hn KUYPNW r WEPFZhEo YUdUFJY VJUK hZJ mHNVYUKo! KJWNEhPVF PV U ����� �
����� eZJ
WZUqJ Hn hZJ mHYo @UVVHh @ZUVFJ PV hPdJ� Ph @UV HVEo mJ hKUVWEUhJY HK KHhUhJY� bJVHhJ mo ϕ(t)
hZJ KHhUhPHV UVFEJ Uh hZJ dHdJVh t! mo ω(t) hZJ UVFNEUK [JEH@Pho Hn hZJ mHYo! ω(t) = dϕ/dt! UVY
EJh �v(t) mJ hZJ [JEH@Pho Hn hZJ mHYozW @JVhJK Hn dUWW� fJh NW UFKJJ hH @HNVh H| hZJ KHhUhPHV UVFEJ
UVY hZJ UVFNEUK [JEH@Pho @EH@XIPWJ�

_JKJ IJ @HVWPYJK hIH qKHmEJdW UW nHEEHIW� APB YJhJKdPVJ hZJ nHK@J Hn hZJ dJYPNd KJWPWhUV@J
U@hPVF HV hZJ mHYo! {VY hZJ dHdJVh Hn hZPW nHK@J IPhZ KJWqJ@h hH hZJ mHYozW @JVhJK Hn dUWW! UVY
PV[JWhPFUhJ hZJPK YJqJVYJV@J HV hZJ �WZUqJ Hn hZJ KHNFZVJWW�! UVY APPB UVUEoQJ hZJ dHhPHV Hn
hZJ mHYo PV hZJ dJYPNd! hZUh PW! WhNYo hZJ nNV@hPHVW ω(t) UVY �v(t)� aKHmEJd APB PW qKPdUKo IPhZ

)t



KJWqJ@h hH qKHmEJd APPB� jV hZJ qUqJK! IJ IPEE YJ[HhJ hZJ dUPV UhhJVhPHV hH qKHmEJd APB! ZU[PVF
ONWh hHN@ZJY NqHV qKHmEJd APPB� IJ IPEE KJWhKP@h HNKWJE[JW IPhZ YJYN@PVF JxNUhPHVW Hn dHhPHV UVY
WHE[PVF hZJWJ JxNUhPHVW nHK WHdJ WPdqEJ qUKhP@NEUK @UWJW�

aUWWPVF hH dHKJ J}U@h nHKdNEUhPHVW! YJVHhJ mo B hZJ qHWPhPHV Hn hZJ mHYo Uh hZJ PVPhPUE
dHdJVh Hn hPdJ� B PW WNqqHWJY hH mJ U @HVVJ@hJY WJh IPhZ qPJ@JIPWJ WdHHhZ mHNVYUKo WN@Z hZUh
Br−ε(a) ⊂ B ⊂ Br(a), a ∈ R2, ε � r! IZJKJ Br(a) WhUoW nHK hZJ @PK@EJ Hn KUYPNW r IPhZ hZJ
@JVhJK Uh a� eZJ dUWW Hn hZJ mHYo PW YPWhKPmNhJY PVWPYJ B IPhZ WHdJ YJVWPho� IJ WNqqHWJ hZUh hZJ
@JVhJK Hn dUWW @HPV@PYJW IPhZ hZJ @JVhJK Hn mHhZ @PK@EJW� bJVHhJ mo M hZJ dUWW Hn hZJ mHYo! UVY
mo I PhW dHdJVh Hn PVJKhPU� �VJ ZUW I ≤ Mr2� �J qUo WqJ@PUE UhhJVhPHV hH hZJ hIH qUKhP@NEUK
@UWJW� AUB hZJ mHYozW dUWW PW NVPnHKdEo YPWhKPmNhJY PV B! WH hZUh I = Mr2/2� UVY AmB hZJ dUWW
PW @HV@JVhKUhJY HV hZJ mHNVYUKo ∂B! WH hZUh I = Mr2�

eZJ KJWPWhUV@J nHK@J U|J@hPVF hZJ mHYo B! �R(B,ω,�v, ϕ)! UVY hZJ dHdJVh Hn hZPW nHK@J!
RI(B,ω,�v, ϕ)! YJqJVY HV hZJ WZUqJ Hn hZJ mHYo! hZJ UVFEJ Hn KHhUhPHV ϕ! hZJ UVFNEUK [JEH@Pho ω!
UVY hZJ [JEH@Pho Hn hKUVWEUhPHV �v�

jV hJKdW Hn hZJ [UENJW Hn hZJ U[JKUFJY KJWPWhUV@J nHK@J UVY hZJ U[JKUFJY dHdJVh Hn hZJ nHK@J!
�R(B,ω,�v) = 1

2π

∫ 2π
0

�R(B,ω,�v, ϕ) dϕ, UVY RI(B,ω,�v) = 1
2π

∫ 2π
0 RI(B,ω,�v, ϕ) dϕ, hZJ JxNUhPHVW

Hn YoVUdP@W ZU[J hZJ nHKd

M
d�v

dt
= �R(B,ω,�v), I

dω

dt
= RI(B,ω,�v).

�J WZUEE WJJ hZUh hZJ WhNYo Hn hZJ [UENJW �R UVY RI PW VUhNKUEEo KJYN@JY hH hZJ WhNYo Hn hZJ
mPEEPUKY PV hZJ J}hJKPHK Hn hZJ KHhUhPVF mHYo B�

eH JU@Z WJh B Hn U @JKhUPV WZUqJ IJ UWWPFV U dJUWNKJ νB @ZUKU@hJKPQPVF hZJ EUI Hn mPEEPUKY
W@UhhJKPVF HV B� eZJ [UENJW �R UVY RI UKJ YJ{VJY hH mJ nNV@hPHVW Hn hZJ [UENJW νB , ω! UVY �v!
IZJKJ νB PW U dJUWNKJ @ZUKU@hJKPQPVF hZJ EUI Hn mPEEPUKY W@UhhJKPVF HV B� �J @UE@NEUhJ hZJ J}U@h
[UENJW �R UVY RI nHK WHdJ WqJ@PUE [UENJW Hn νB AUVY hZNW nHK WHdJ WqJ@PUE XPVYW Hn KHNFZ mHYPJWB�
jV FJVJKUE! IJ YJ{VJ hZJ WJh Hn UEE qHWWPmEJ [UENJW Hn �R! RI ! IZJV ω UVY �v UKJ {}JY UVY νB hUXJW
UEE qHWWPmEJ [UENJW� jV HhZJK IHKYW! IJ UVWIJK hZJ nHEEHIPVF xNJWhPHV� IZUh [UENJW @UV hUXJ hZJ
KJWPWhUV@J nHK@J UVY PhW dHdJVh U@hPVF HV U KHNFZ NVPh @PK@EJ�

�ZPEJ IJ EHHX hZKHNFZ UEE qHWWPmEJ �WZUqJW Hn KHNFZVJWW hZJ [UENJW Hn [J@hHK (�R, RI) @H[JK U
{}JY hZKJJ,YPdJVWPHVUE WJh� eZJ qKHmEJd Hn YJhJKdPVUhPHV Hn hZPW WJh PW nHKdNEUhJY PV hJKdW Hn
U [J@hHK,[UENJY THVFJ,MUVhHKH[P@Z qKHmEJd UVY PW WHE[JY VNdJKP@UEEo nHK WHdJ {}JY [UENJW Hn
hZJ qUKUdJhJK λ = ω/v� _JKJ IJ NWJ VNdJKP@UE WPdNEUhPHV Hn hZJ qKHmEJd NWPVF U WN@@JWWPHV Hn
hKUVWqHKhUhPHV qKHmEJdW hZUh UKJ WHE[JY NWPVF gqKJWW WHE[JK�

jn HV U WqPVVPVF mHYo dH[PVF PV U dJYPNd U@hW U hKUVW[JKWUE nHK@J KJWNEhPVF PV YJ�J@hPHV Hn
hZJ mHYozW hKUOJ@hHKo! hZJV IJ YJUE IPhZ hZJ WH @UEEJY 3	���� �)���� sWNUEEo hZJKJ UKJ @HVWPYJKJY
U WqZJKJ HK U @oEPVYJK dH[PVF PV hZJ YPKJ@hPHV HKhZHFHVUE hH PhW WoddJhKo U}PW� jn hZJ YPKJ@hPHV
Hn hZJ hKUVW[JKWUE nHK@J @HPV@PYJW IPhZ hZJ PVWhUVhUVJHNW [JEH@Pho Hn hZJ nKHVh qHPVh Hn hZJ mHYo!
hZJV hZJ qKHqJK TUFVNW J|J@h hUXJW qEU@J� jn hZJWJ YPKJ@hPHVW UKJ HqqHWPhJ! hZJV ������� TUFVNW
J|J@h H@@NKW�

�J WZHI hZUh UEhZHNFZ mHhZ KJ[JKWJ UVY YPKJ@h TUFVNW J|J@hW UKJ qHWWPmEJ PV HNK dHYJE! hZJ
KJ[JKWJ J|J@h PW dHKJ @HddHV UVY PW dHKJ WhKHVFEo J}qKJWWJY hZUh hZJ YPKJ@h HVJ�

eZJKJ J}PWh U VNdmJK Hn qUqJKW! WJJ �9! 5! )! u�! hZUh WhUhJ hZUh PV hZJ @UWJW Hn dH[JdJVh PV
J}hKJdJEo KUKJ{JY dJYPU hZJ KJ[JKWJ TUFVNW J|J@h hUXJW qEU@J! UVY WhNYo hZPW qZJVHdJVHV� jV
hZJWJ WhNYPJW hZJ dJYPNd PW WNqqHWJY WH KUKJ{JY hZUh hZJ YJW@KPqhPHV PV hJKdW Hn nKJJ dHEJ@NEUK
�HI PW qHWWPmEJ�

jV HNK HqPVPHV! hZJ KJ[JKWJ TUFVNW J|J@h PV WN@Z XPVY Hn dJYPU PW @UNWJY mo hIH nU@hHKW�
APB rHV,JEUWhP@ @HEEPWPHVW Hn qUKhP@EJW IPhZ hZJ mHYo� D qUKh Hn hZJ hUVFJVhPUE @HdqHVJVh Hn hZJ

dHdJVhNd Hn qUKhP@EJW PW hKUVWdPhhJY hH hZJ mHYo! KJWNEhPVF PV @KJUhPHV Hn U hKUVW[JKWUE nHK@J�
APPB TNEhPqEJ @HEEPWPHVW Hn qUKhP@EJW IPhZ hZJ mHYo HKPFPVUhPVF nKHd hZJ nU@h hZUh hZUh hZJ

mHYozW WNKnU@J PW VHh @HV[J} mNh @HVhUPVW dP@KHW@HqP@ @U[PhPJW�

))



�J mJEPJ[J hZUh hZJ dJhZHYW YJ[JEHqJY PV hZJ qUqJK @UV mJ J}hJVYJY hH hZJ hZKJJ,YPdJVWPHVUE
@UWJ UVY hH hZJ @UWJ Hn dJYPU IPhZ VHVQJKH UmWHENhJ hJdqJKUhNKJ�
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-MXGDUTRXIDM� jV hZJ qKJWJVhJY qUqJK hZJ VJ@JWWUKo @HVYPhPHVW Hn HqhPdUEPho nHK xNUWPEPVJUK
WoWhJdW IPhZ dP}JY KJWhKP@hPHVW UVY PV@HddJVWNKUmEJ YJEUoW PV qZUWJ UVY @HVhKHE [UKPUmEJW UKJ
FP[JV� jV YP|JKJVh Hn FJVJKUE qKHmEJdW! IPh@Z UKJ @HVWPYJKJY PV �9� ! hZJ PV[JWhPFUhJY qKHmEJd
PV@ENYJW dP}JY KJWhKP@hPHVW AtB� sVEPXJ �5�! hZJ UqqKHU@Z NWJY mo NW! UEEHIW qKHmEJd KJWJUK@Z
IJKJ hZJ dUqqPVF YJW@KPmPVF KJWhKP@hPHVW Hn U hUWX ZUW PV{VPhJ @HYPdJVWPHV! hZUh PW hoqP@UE nHK
WoWhJdW IPhZ hZJ dP}JY KJWhKP@hPHVW� DW UFUPVWh �t�! VJ@JWWUKo @HVYPhPHVW Hn HqhPdUEPho PV @UWJ Hn
@HVhPVNHNW PVPhPUE nNV@hPHV UKJ qKH[JY�

�� `GDhAF_ |DG_TAOXIDM� �J @HVWPYJK hZJ nHEEHIPVF qKHmEJd

I =
∫ t1

t0

f0 (x (t) , x (t−Θ) , u (t) , u (t− τ)) dt→ inf A9B

NVYJK hZJ KJWhKP@hPHVW
ẋ(t) = f (x (t) , x (t−Θ) , u (t) , u (t− τ)) , A5B

g (x (t) , u (t)) ≤ 0, t ∈ [t0, t1], AtB

χ (u (t)) ≤ 0, t ∈ [t0 − τ, t0], A)B

x (t1) = x1, AuB

x (t) = ϕ (t) , t ∈ [t0 −Θ, t0], AyB

IZJKJ [J@hHK nNV@hPHV ϕ PW @HVhPVNHNW HV [t0 − Θ, t0]! x1 ∈ Rn PW {}JY! t0, t1,Θ > 0, τ > 0 UKJ
{}JY VNdmJKW! hZJ W@UEUK nNV@hPHV f0 UVY hZJ [J@hHK nNV@hPHVW f ∈ Rn, g ∈ Rm UKJ @HVhPVNHNWEo
YP|JKJVhPUhJY IPhZ KJWqJ@h hH UEE hZJPK UKFNdJVhW! χ ∈ Rs PW EPVJUK� eZJ @HVYPhPHVW A5B , AtB
UVY A)B UKJ nNE{EEJY U@@HKYPVFEo nHK UEdHWh UEE t ∈ [t0, t1] UVY UEdHWh UEE t ∈ [t0 − τ, t0] UVY hZJ
KJWhKP@hPHVW AtB nNE{EEJY hZJ @HVYPhPHVW Hn FJVJKUEPho� nHK UVo (x, u)! WUhPWnoPVF AtB! hZJ WoWhJd Hn
[J@hHKW gradugj(x, u), j ∈ J(x, u) PW EPVJUKEo PVYJqJVYJVh� _JKJ mo J(x, u) IJ YJVHhJ hZJ WJh Hn
PVYP@JW j ∈ {1, 2, · · · ,m}! nHK IZP@Z gj(x, u) = 0�

)u


