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Abstract

The stochastic model of processes of claims and rewards processing in insur-
ance company was examined. The state of insurance company at a fixed moment
of time is described by Markov process with continuous time and finite number
of states. The theory of Markov processes with incomes is used for forecasting of
expected incomes in insurance company.

1 Introduction
Let’s examine the functioning of insurance company, which concludes uniform agree-
ments of insurance. Total number of agreements, concluded by company up to moment
of time t, t ∈ [0; T ], is described by the function of time K(t), moreover K(t) ≤ N ,
where N – number of inhabitants of region in which company functions. Each of the
company’s clients can be found in one of the following states: C0 – in the "waiting"
stage (it does not necessary to contribute reward, the insurance case did not occur);
C1 – in the stage of estimation of the produced action; C2 – in the stage of estimation
of the contributed reward; C3 – in the stage of payment on the action or payment to
reward. A change of client’s state occurs in accordance with the diagram, represented
at Fig. 1.

Figure 1: Diagram of a change of clients states

Let µ01(t)∆t + o(∆t), µ02(t)∆t + o(∆t) – probability of the presentation of action
and reward in the time interval [t, t + ∆t] respectively, i.e. probabilities of transition
from state C0 to Ci, i = 1, 2. Transit time from state C1 to C3, from C2 to C3,
from C3 to C0 are distributed according to the exponential law with the intensities
µ1, µ2, µ3 respectively. It means that servicing time of clients by each of m1 claim’s
estimators is distributed according to the exponential law with the intensity µ1, by
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each of m2 rewards estimators – with the intensity µ2. Servicing time of clients by each
of m3 cashiers we consider also distributed according to the exponential law with the
intensity µ3.

The vector

k(t) = (k, t) = (k1(t), k2(t), k3(t)), (1)

can describe the state of insurance company at the moment of time t, where ki(t) –
number of clients, who are located at the state Ci at the moment of time t, i = 1, 3;

the number of clients in the state C0 equals k0(t) = K(t) −
3∑

i=1

ki(t). It is obvious that

k(t) is Markov process with the continuous time and finite set of states.

2 Differential equation for incomes prediction in
insurance company

It is obvious that the income of insurance company is concerned with obtaining of
rewards from the clients, and an expenditure is caused by payment on the actions and
expenditures for the clients care. In other words R3, R1 and R2 – are losses of insurer,
concerned with the care of clients in the payment stage, in the estimation stage of the
produced action and in the estimation stage of the contributed reward accordingly; R01

– loss that concerned with the payment on the action, R02 – income from the entering
of insurance reward. In addition to this, we will consider that the insurance company
derives revenues in the amount R arbitrary units for the unit of time during its stay in
the state (k, t). Following theorem is proved.

Theorem 1. Density of the distribution of the income v(x, t), when it is differentiable
on t and twice piecewise continuous differentiable on xi, i = 1, 3, accurate to terms
with infinitesimal order ε2(t) = (1/K(t))2, satisfies the following partial differential
equation:

∂v(x, t)

∂t
= −

3∑
i=1

Ai(x, t)
∂v(x, t)

∂xi

− ε(t)

2

3∑
i=1

3∑
j=1

Bij(x, t)
∂2v(x, t)

∂xi∂xj

− 3ε′(t)K(t)v(x, t)+

(2)

+

[
R − K(t)

3∑
i=1

µi min(li(t), xi)Ri + K(t)

(
1 −

3∑
j=1

xj

)
(µ02(t)R02 − µ01(t)R01)

]
,

where

Ai(x, t) =
3∑

j=1

µjqji min(lj(t), xj) − µ0i(t)

(
1 −

3∑
j=1

xj

)
, µ03(t) = 0, (3)

Bii(x, t) =

3∑
j=1

µjq
∗
ji min(lj(t), xj) − µ0i(t)

(
1 −

3∑
j=1

xj

)
, i = 1, 3, (4)
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qji =

⎧⎨⎩
1, j = i, i = 1, 3,
−1, j �= i, i = 3,
0, in other cases;

q∗ji =

⎧⎨⎩
−1, j = i, i = 1, 3,
−1, j �= i, i = 3,
0, in other cases;

Bi3(x, t) = µi min(li(t), xi) = B3i(x, t), i = 1, 2, li(t) = mi/K(t), i = 1, 3.

Let vG(t) – x-average magnitude of income in case when initial state (x, t) change in
space G(t). It is possible to show that vG(t) satisfies the following differential equation:

d
dt

vG(t) = vG(t)

(
3∑

i=1

∂Ai(x,t)
∂xi

− 3ε′(t)K(t)

)
+ 1

mes(G)
×

×
∫∫∫
G

[
R − K(t)

3∑
i=1

µi min(li(t), xi(t))Ri + K(t)

(
1 −

3∑
j=1

xj(t)

)
×

× (µ02(t)R02 − µ01(t)R01)] dx.

(5)

3 Example
Let’s examine functioning of insurance company that concludes single-type insurance
contracts. Total amount of insurance contracts concluded to point of time t describes
by time function

K(t) = 40000 +
40000

2 sin(2πt/364) + 10
.

Other parameters of insurance company functioning following:

µ01(t) = 0.0001 +
0.0003

4 sin(2πt/364) + 10
, µ02(t) = 0.001 +

0.01

10 sin(2πt/364) + 30
;

µ1 = 0.01, µ2 = 0.03, µ3 = 0.1, m1 = 3, m2 = 2, m3 = 1,

R = 10, R01 = 400, R02 = 40, R1 = 3, R2 = 1, R3 = 0.3, vG1(0) = 5000.

Then, according to equation (5), time dependence of average expected income rep-
resented by Fig. 2.
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Figure 2: Prediction of expected income
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