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Abstract

The paper aims at assessing the forecast risk and the maximum admissible
forecast horizon, where a distortion is caused by a simple first-order bilinear
process. The concept of the p-maximum admissible forecast risk is proposed and
discussed. It has been evaluated for monthly inflation series for 141 countries.
The dominant maximum admissible forecast horizon for non-systematic inflation
is equal to 8 months, while for the headline inflation it is equal to 19 months.

1 Introduction
In earlier paper [2] the concept of maximum admissible forecast risk due to a distortions
resulted from a bilinearity have been introduced. In this paper this concept has been
extended in such a way that it allows for (a) defining the p-maximum admissible fore-
cast risk, which corresponds to the pth fractile of a particular statistic measuring the
bilinearity and (b) the evaluation of the maximum admissible forecast horizon where
there is a certain type of non-linearity in the process, defined (or approximated) by
a simple first-order bilinear process. It has been directly applied to forecasting of a
non-systematic part of inflation in 141 countries.

2 Econometrics of the risk assessment problem
Consider a simple stationary bilinear process BL(1, 0, 1, 1) for yt, that is:

yt = αyt−1 + βyt−1ut−1 + ut, t = 1, 2, . . . , T, (1)

where α and β are the parameters and {ut} is a sequence of i.i.d. random variables
with zero expected value (both unconditional and conditional on past information),
variance σ2 and finite higher moments. Let us consider forecasting from (1) outside T ,
initially assuming the knowledge of α but not β. In this case the forecasting scheme is
analogous to that from a linear AR(1) model, that is:

yf
T+τ = αyf

T+τ−1 = ατyT , for τ = 1, 2, . . . .
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Such scheme creates an evident additional risk related to the fact that the bilinear
coefficient β is not known. The problem might be to some extent relaxed if it is
possible to estimate the parameters of (1) econometrically. Let us assume that there
exists statistical data on inflation for the period t = 1, 2, . . . , T , and, prior to forecasting
for the periods T +τ , it is possible to estimate the parameters α and β. Denoting these
estimates respectively by α̂ and β̂ and using some initial values y0 and u0, it is possible
to obtain the estimates on ut recursively as:

ût = yt − α̂yt−1 − β̂yt−1ût−1, t = 1, 2, . . . , T.

This might help in constructing a one-step ahead forecast as:

yf
T+1 = αyT + βyTuT .

However, for the forecast horizons longer than one, there is no possibility of recovering
uT+τ , τ = 1, 2, . . .. In this case the forecast from the estimated (1) converges quickly,
with the increase in τ , to the forecast from a simple AR(1) model and is based upon
information on a single parameter α, since:

yf
T+τ = α̂yf

T+τ−1 = α̂τyT + α̂τ−1β̂yT ûT .

Nevertheless, the econometric estimates can, to some extent, help with establishing
the admissible risk level, which can, in turn, lead to establishing the maximum ad-
missible forecast horizon, that is the maximum value of risk, r, for which, given the
so-calld δ-admissible bilinear distortion level (see below), the absence of uT and β̂ in
the forecasting process do not lead to the increase of the expected mean-squared er-
ror of the forecast (MSE(τ)) over the predefined admissible level. In [2] we define
the δ-admissible distortion level β+(δ, τ) as the maximal distortion level β+ for which
the instability coefficient κ(τ) does not exceed a priori given level δ of the relative
increment of the risk. More precisely, we have:

MSE+(τ) =
σ2(1 − α2τ )

1 − α2
+ β2

+σ4Υ + o(β2
+),

κ(τ) = β2
+σ2Υ + o(β2

+),

β+(δ, τ) =

√
δ

σ
√

Υ
+ o(β2

+), (2)

where
Υ = 2

1 − ατ

(1 − α)2
+

1 − α2τ

(1 − α2)2
− 2

α2τ−1

(1 − α)
.

The practical problem lies in the fact that the δ-admissible bilinear distortion level is
unknown and has to be arbitrarily fixed. Below we present a scheme which might help
to overcome this problem. Let ξβ be a well-defined statistic for β with the argument
β̂. In particular it can be the Student-t statistic for β, that is (β̂ − β)/S(β̂), where
S(β̂) is the standard deviation of β̂, or the normalised estimate of β, that is S(ut)β̂,
where S(ut) is the estimated standard deviation of ut. Denote by β̂p

ξ|β=0 such value of β̂
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which corresponds to the pth fractile of the distribution of ξβ for β = 0. Knowing β̂p
ξ|β=0

and α̂, it is possible to find the p-maximum admissible forecast risk δp

β̂
(τ) which can

be obtained by solving (2) for δ with β+(δ, τ) = β̂p
ξ|β=0 and S(ut) in place of σ. Since,

in practice, a normalisation for a unitary variance of ut is required, it can be achieved
by using β̃+(δ, τ) = β̂p

ξ|β=0S(ut) rather than β+(δ, τ). It is convenient to interpret the
p-maximum admissible forecast risk δp

β̂
(τ) as the risk which is associated with ignoring,

in the forecasting scheme, the β parameter if it is equal to the unusually high (or low)
estimate of β, in the case where the hypothesis that β = 0 is true. Whether the value
of β̂ is "unusually" high (or low) is decided by using tail percentiles like 0.05 or 0.95.

In order to investigate the finite sample properties of such statistics, the following
Monte Carlo experiments have been preformed. The data generating process is (1)
with β = 0 and ut ∼ i.i.d N(0, 1), which reduces it to a simple AR(1) process with a
random initial value. The parameter α varies as 0.25, 0.5 and 0.75, T varies as 75, 100
and 250 and, for each sets of parameters and each T , 10000 replications are generated.
In each replication the parameters α and β are estimated by the constrained maximum
likelihood method (CML) used for the Kalman Filter representation of (1), where the
constraint is the stationarity condition (see [1]).

Table 1 shows the Bera-Jarque measures of normality for the empirical distribu-
tions of the estimates of β and their Student-t statistics, t(β̂). It indicates that the
convergence to normality is relatively slow here. This prompts the question whether the
percentiles of the standard normal distribution can be used as the critical values for the
t-ratios of the estimated β parameters. Table 2 shows the empirical percentiles of the
simulated distributions of the t-ratios for the CML β estimates in comparison with the
percentiles of the standard normal distribution, which is the asymptotic distribution
for the CML estimates.

Table 1: Bera-Jarque statistics for the CML estimates of β and their t ratios
T α = 0.25 α = 0.50 α = 0.75

for β̂
75 326.6 (0.00) 777.6 (0.00) 341.8 (0.00)
100 71.12 (0.00) 86.42 (0.00) 127.3 (0.00)
250 1.64 (0.44) 1.76 (0.41) 3.00 (0.22)
500 2.20 (0.33) 1.03 (0.60) 0.25 (0.88)

for t(β̂)
75 61.32 (0.00) 7843 (0.00) 839900 (0.00)
100 8.25 (0.02) 40.26 (0.00) 1317 (0.00)
250 0.57 (0.75) 0.86 (0.65) 0.90 (0.64)
500 3.36 (0.18) 1.91 (0.36) 0.56 (0.75)

Results in Table 2 suggest that, although the finite sample distributions of the
Student-t ratios are not normal and the tails of the distributions are heavy, especially
for the large values of α and small samples, the differences are not very substantial.
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With some caution, percentiles of normal distribution can be used here for testing the
significance of the estimates of β.

Table 2: Simulated percentiles of t(β̂)
percentiles

99% 97.5% 95% 90% 50%
α = 0.25 2.39 1.97 1.67 1.28 0.00

T = 75 α = 0.50 2.46 2.01 1.68 1.29 0.00
α = 0.75 2.54 2.11 1.75 1.33 0.00

α = 0.25 2.35 1.95 1.61 1.27 0.00
T = 100 α = 0.50 2.35 1.98 1.65 1.27 0.00

α = 0.75 2.44 2.05 1.68 1.30 0.00

α = 0.25 2.29 1.95 1.65 1.26 -0.02
T = 250 α = 0.50 2.33 1.85 1.60 1.25 0.01

α = 0.75 2.39 1.89 1.61 1.25 -0.01
∞ 2.33 1.96 1.64 1.28 0.00

Figures 1A-1C show the computed values of δ0.95
β̂

(τ) obtained by solving (2) for δ,
that is:

δp

β̂
(τ) =

(
β̂p

ξ|β=0

)2

σ2Υ,

where β̂p
ξ|β=0 has been selected alternatively by three criteria: percentiles of β̂ (Fig-

ure 1A), percentiles of t(β̂) (Figure 1B) and percentiles of normalised β̂, that is
β̃ = S(ut)β̂, where S(ut) is the estimated standard deviation of ut (Figure 1C). These
are compared with their sample estimates δ̂p

β̂
(τ):

δ̂p

β̂
(τ) =

(
β̂p

ξ|β=0

)2

S2(ut)Υ̂,

where Υ̂ is computed as Υ in (2), except that the estimates α̂ are used here rather
than α.

Figures 1A-1C indicates, that although the estimates of the 5% admissible forecast
risk are biased (either negatively, as in Figure 1A, or positively, as in Figures 1B and
Figures 1C), its values stabilize quickly with the increase of forecast horizon and, for
the horizon greater than 9, they are virtually constant. Similar is observed for different
sample sizes and different values of α. Generally, it appears that the criterion of
selecting β̂p

ξ|β=0 according to the percentiles of t(β̂) is most advisable, since the bias of
the estimates is usually the smallest.
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Figure 1: True and estimated 5% maximum admissible forecast risk
T = 100, α = 0.5, 10000 replications
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3 Risk assessment and forecast horizon for worldwide
inflation

The concept of p-maximum admissible forecast risk can be applied in practice for
assessing the rationale of forecasting of the headline (H) non-systematic (NS) parts
of inflation and, in particular, evaluating the maximum forecast horizon for which
the bilinear distortions do not cause the risk in excess of the admissible value. The
systematic part of inflation has been estimated, and then separated from the headline
inflation, by the Hodrick-Prescott smoothing.

For the empirical analysis a panel of monthly time series of annual inflation rates
(that is, on the basis of the corresponding month of the previous year) for a wide number
of countries have been used. The data are taken from the International Monetary Fund
database (see http://www.imfstatistics.org/imf). Out of the data set for 182 countries,
series for 141 countries have been selected. The series which were incomplete, with
a substantial number of missing or systematically repeated observations, have been
eliminated. For the remaining series, in a few obvious cases infrequent missing values
have been interpolated and some obvious mistakes in data corrected. The data set
covers the period from August 1957 to May 2005, but for most countries the series
have been shorter. The data length varies from 103 observations for Ireland to 584 for
Venezuela. The data are not seasonally adjusted and outliers greater than 5 standard
deviations of the series have been truncated (there were very few of them). For each
country the parameters of equation (1) have been estimated by the CML Kalman
Filter method. It turned out that appropriate scaling of data creates a problem for
the optimisation algorithm and for most series convergence have been achieved only
for series in logarithms.

The analysis is based on the evaluation of β̂0.90
ξ|β=0 coefficients, that is where the

selection criteria being the 90th percentile of the t(β̂) statistic. The corresponding
δ̂0.90
β̂

(τ ∗) values, where, τ ∗ = 24 represents the remote forecast horizon, for which the
values of δ0.90

β̂
(τ) are, for all countries, virtually independent from τ . The estimated

maximum admissible forecast horizon for which the effect of bilinearity does not exceed
the maximal admissible distortion level computed at risk equal to δ̂0.90

β̂
(τ ∗), τmax, is

defined as such forecast horizon τ for which β̃ ≈ β+

(
δ̂0.90
β̂

(τ ∗), τ
)
.

For the NS inflation, for 11 countries (including Japan, United States, Finland,
Netherlands and Switzerland), the attempt to compute Hessian for the evaluation of
matrix of second-order moments failed, and therefore testing for the significance of the
estimated β coefficient was not possible. For H inflation, there were 3 only such cases
(Belgium, Fiji, and Zimbabwe). For the remaining countries, the estimated bilinear
coefficient for the NS inflation is, in most cases, insignificant; there are only 24 signifi-
cant (at the 5% level of significance) bilinear coefficients. However, for the H inflation,
there are as much as 85 significant bilinear coefficients. This is hardly surprising since
smoothing is in all cases reduces the stationarity measure of inflation in terms of both
α and β. Exception here is Armenia, where, for the NS inflation, the stationarity
constraint was reached and hence further comparisons are not possible. Nevertheless,
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it should be noticed that there is a positive and significant rank correlation between the
total persistence measure, defined as: Φ̂ = α̂2 + β̂2S2(ut), for the NS and H inflations.
The Spearman’s rank correlation coefficient (with p-values obtained by bootstrapping
the residuals) is equal to 0.38, with t-ratio of 4.87 and p-value< 0.0011. Since one
would expect that NS inflation should not be related to H inflation, this would sug-
gest that the Hodrick-Prescott filter does not, in general, fully eliminate the systematic
component here.

The distribution of countries according to the maximum admissible forecast horizon
for the NS inflation is given in Table 3.

Table 3: Distribution of τmax for NS inflation
τmax No. of countries

smaller than 6 35
between 6 and 9 61
between 10 and 14 33
greater than 13 11

It can be noticed that the developed countries are mainly placed among countries
with a relatively short horizon. For instance, among countries with the horizon smaller
than 6 there are Austria, Germany, Cyprus, Hong Kong, Netherlands and Luxem-
burg. At the same time, newly emerging market economies from the former centrally
planned economies are often placed among countries with the longest horizon. In par-
ticular, horizon of length of 13 and more has been detected for Ukraine, Kyrgyzstan,
Kazakhstan, Romania, China, Russia, Azerbaijan, Belarus and Poland.

Significant rank correlation has been also observed for the τmax values computed for
both types of inflation. Its value is equal to 0.37, with t-ratio of 4.75 and p-value smaller
than 0.001. Hence, the longer admissible forecast horizon of H inflation results also
longer forecastability of NS inflation. This might be partially related to the fact that
the systematic part of inflation is smoothed out imperfectly. However, it is interesting
to see that among countries with the greatest differences in ranks for the length of the
maximum admissible forecast horizon between the NS and H inflations are often newly
emerged market economies from Eastern Europe, namely Ukraine and Romania (rank
difference is 54), Belarus, Hungary and Poland (62), Estonia (64), Kyrgyzstan (72),
Russia (86), Bulgaria (88), Lithuania (95), Kazakhstan (98) and Moldova (108). This
could be interpreted as a relative efficiency of the Hodrick-Prescott filter in removing
the systematic part of inflation for newly emerging East European and post-Soviet
market economies.

1We are grateful to Matias Eklof for making his GAUSS code available at
http://www.anst.uu.se/matieklo.
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4 Concluding remarks
The paper presents a relatively simple method of assessing the maximal admissible
forecast horizon for non-systematic inflation. The empirical results indicate the plau-
sibility of the method which might be implemented in practice by monetary policy
authorities and forecasting institutions. It can also be used as an auxiliary took for
evaluation the rationale of inflation smoothing. However, the bilinear model used here
is relatively simple and its extension (for instance, by allowing for more complicated
lags structure) is likely to increase its efficiency.
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