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Abstract

The exact formulas for conditional expectations of functionals defined on lin-
ear spaces with Gaussian and Poisson measures are received. Some examples are
presented.

1 Introduction
Conditional expectations are used widely under investigations of sequential testing
hypothesis problems. This paper is devoted to evaluation of conditional expectations
of functionals defined on random variables taking their values in some linear spaces.
Along with traditional approach the functional integral evaluation methods are used.
Our formulas extend the results received in [2,3] for Winer integrals.

2 Gaussian variables
First consider evaluation of conditional mathematical expectation of functionals de-
pending on random variables known as measurable linear functional in the space with
Gaussian measure. Let γ is Gaussian measure on linear space X with zero mean value
and covariance functional K(ξ, η), ξ, η ∈ X ′, X ′ is dual space to X. Denote H the
closure of the set {〈ξ, ·〉 (ξ ∈ X ′)} in the space L2(X, γ) and H ⊂ X dual to H ; 〈ξ, ·〉 is
continuous linear functional on X. It is known [4] that for a ∈ H and almost all x ∈ X
the next series is defined:

(a, x) =

∞∑
k=1

〈ϕk, x〉(a, ek)H,

where {ϕk}, {ek}, k = 1, 2, . . . , are orthonormal bases in H and H, respectively,
with ϕk ∈ X ′ for all k and 〈ϕk, ej〉 = δkj ; functionals (a, x) are called measurable
linear functional. So we consider evaluation of conditional mathematical expectation
E[(a, ·)|(c, ·) = ξ], where (a, x), (c, x) (a, c ∈ H) are measurable linear functionals,
ξ ∈ R. We use the equality [1]

E(Z|X)(ξ)
dPX

dm
(ξ) = lim

η→0
E[(χξ,η ◦ X)Z],
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where Z, X are random variables, χξ,η(v) is characteristic function of the set [ξ−η, ξ +
η], (dPX/dm)(ξ) is the density of PX with respect to Lebesgue measure m. The condi-
tional expectation E(Z|X)(ξ) is defined to by any real valued B(R)-measurable function
on R such that ∫

X−1(B)

Z(ω)dP (ω) =

∫
B

E(Z|X)(ξ)dPX(ξ),

for B ∈ B(R), where PX(B) = P (X−1(B)).
Let X = (c, x), Z = (a, x). Applying the next formulas, which is reformulation in

terms of mathematical expectations of corresponding formulas for functional integrals
[4],

E[g((a1, ·), . . . , (an, ·))] = (2π)−n/2[det A]−1/2×

×
∫
Rn

g(u) exp
{
− 1

2
(A−1u, u)

}
dnu,

where ai, i = 1, n, - linear independent elements from H; A is matrix with elements
aij = (ai, aj)Hγ ; dnu = du1 . . . dun, we get

E[(χξ,η ◦ X)Z] = E[χξ,η((c, x))(a, x)] = [(2π)2‖a‖2‖c‖2 − 2(a, c)]1/2×

×
ξ+η∫

ξ−η

∫
R

v exp
{
− 1

2

u2‖a‖2

det A
− 1

2

v2‖c‖2

det A
+

uv(a, c)

det A

}
dudv,

where subscript H in norm and scalar product is omitted.
Evaluating multiple integral and going to limit under η → 0, we will have

E[(a, ·)|(c, ·)](ξ)dPX

dm
(ξ) = ξ

(a, c)

‖c‖2

1√
2π‖c‖2

exp
{
− ξ2

2‖c‖2

}
.

As
dPX

dm
(ξ) =

1√
2π‖c‖2

exp
{
− ξ2

2‖c‖2

}
,

it follows from here that
E[(a, ·)|(c, ·) = ξ] = ξ

(a, c)

‖c‖2
.

Then go over consideration of mathematical expectations of the form:

E
[
ei(a,·)|(c, ·)

]
(z),

where (a, ·), (c, ·) are measurable linear functionals on X, z ∈ R.
By of tightness of exponentials in the space L2(X, γ), one can use exact formulas

for evaluation their conditional expectations for approximate evaluation of conditional
expectations of random functionals from this space.
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To get desirable formula we use known relation [1]

E(Y |X)(z)
dPX

dm
(z) ==

1

(2π)k

∫
Rk

exp−i(u,z)
Rk E

[
ei(u,X)

Rk Y
]
m(du),

where Y is a real random variable with E[|Y |] < ∞, X is k-dimensional random
vector; the distribution PX of random variable X absolutely continuous with respect
to Lebesgue measure in Rk, (dPX/dm)(z) is the density of measure PX with respect to
measure m.

In our case Y = ei(a,x), X = (c, x), x ∈ X. Using the above formula for calculation
of functional integrals with integrands which are functions depending on measurable
linear functionals we will have

E
[
eiu(c,·)ei(a,·)

]
=

∫
X

exp
{

i〈uc + a, x〉
}

dγ(x) = exp{−1

2
‖uc + a‖2}.

Using explicit form of density

dPX

dm
(z) =

1√
2π‖c‖2

exp
{
− z2

2‖c‖2

}
,

after some evaluations we get the formulas

E

[
ei(a,·)|(c, ·)

]
(z) = exp

{
i
z(a, c)

‖c‖2
− 1

2

[
‖a‖2 − (a, c)2

‖c‖2

]}
.

In particular, if (a, x) = 〈ξ, x〉 and (c, x) = 〈η, x〉, where ξ, η ∈ X ′, we need to take
K(ξ, η) instead of (a, c) and K(·, ·) instead of ‖ · ‖2 .

One can see that conditional measure (under condition 〈η, x〉 = z) is Gaussian
measure with mathematical expectation mη(ξ) = zK(ξ, η)/K(η, η) and correlation
functional Kη(ξ, ξ) = 1

2

[
K(ξ, ξ) − (K2(ξ, η)/K(η, η))

]
.

Received above formulas for conditional mathematical expectation it is not diffi-
cult extend to the case when X = ((c1, x), . . . , (ck, x)), where (c1, x), . . . , (ck, x) are
measurable linear functionals; c1, . . . , ck are orthogonal elements from H:

E

[
ei(a,·)|(c1, ·), . . . , (ck, · · · )

]
(z1, . . . , zk) =

= exp
{
i

k∑
j=1

zj
(a, cj)

‖cj‖2
−
[
‖a‖2 −

k∑
j=1

(a, cj)
2

‖cj‖2

]}
.

3 Poisson variables
In this section random functionals are the measurable functionals defined on the space
X of trajectories x(·) of Poisson process with measure µP . The measure is defined by
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characteristic functional

χP (ξ) = exp
{
λ

T∫
0

[
ei〈η,1[u,T ]〉 − 1 − 〈η, 1[u,T ]〉

]
du
}
,

where 1[u,T ] is characteristic function of interval [u, T ], η ∈ X ′. Let 0 = t0 < t1 <
· · · < tn = T is a partition of [0,T]. Define the functions on [0,T] by equalities [x](t) =
N∑

k=1

(x(tk) − x(tk−1))1[tk,T ](t), [v](t) =
N∑

k=1

vk1[tk,T ](t), v = (v1, . . . , vN).

Let F is Borel measurable and integrable with respect to Poisson measure on X.
Then the next formula is valid

E[F (x(·))| x(t1) = v1, . . . , x(tN) = vn] = E(f(x − [x] + [v])).

The proof of the formula follows from∫
Ψ−1(B)

F (x(·))dµP (x) =

∫
B

E[F (x(·) − [x](·) + [v](·))]dPΨ(v),

where the map Ψ : X → RN is defined by Ψ(x(·)) = {x(tk) − x(tk−1), k = 1, . . . , N},
B ∈ B(RN), and uses the equality

E[f(∇x(t1), . . . ,∇x(tn))] =
∞∑

k1,...,kn=0

f(k1, . . . , kn)PΨ(k1, . . . , kN),

where PΨ(k1, . . . , kN) =
n∏

i=1

P∇ti(ki), P∇ti(ki) = (λ∇ti)
ki/ki! e

−λ∇ti , ∇x(tk) =

x(tk) − x(tk−1), ∇ti = ti − ti−1.
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