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Abstract

The problem of hypotheses testing based on empirical characteristic functions
is considered for the s-th order Markov chains. The problem of maximization of
the test power is solved in the case of simple hypotheses, in general case with
training samples, and in the case of contiguous hypotheses. Numerical results
are presented.

1 Introduction

Testing of hypotheses on multivariate probability distributions is a frequent problem
in statistical analysis of genetic data (see [4]). In this case data is discrete and can
be approximated by the s-th order Markov chain (MC(s)) model. In [1], parametric
statistical tests for multivariate distribution by empirical characteristic functions are
constructed. In [2], consistent tests for the s-th order Markov chains and s-dependent
time series are suggested. The aim of this paper is to maximize the power of these
tests.

2 Mathematical Model and Statistical Test

Let {xt} be an MC(s), where xt ∈ V = {0, 1, . . . ,M − 1}, 2 ≤ M < +∞, t ∈ N,
its probability distribution is defined by the (s + 1)-dimensional matrix of transi-
tion probabilities P = (pi1,...,is,j) and the s-dimensional matrix of initial probabili-
ties Π = (Πi1,...,is): Πi1,...,is = P{xs = is, . . . , x1 = i1}, pi1,...,is,j = P{xt = j | xt−1 =
is, . . . , xt−s = i1}, t > s, j, ik ∈ V, k = 1, . . . , s. Multivariate characteristic func-
tion(CF) is defined as f(u) = E{exp(Iu′X)}, u ∈ RN , X ∈ RN , I2 = −1. Suppose
{Xk}mk=1 are m independent realizations of the given MC(s) each of length N ; then

f̂m(u) = 1
m

∑m
k=1 exp (Iu′Xk), u ∈ RN , is called the empirical characteristic function

(ECF).
Denote by H0 the hypothesis f(·) = f0(·), and H1 = H0. Define an (N · L)-vector

uL = (u′1
... . . .

...u′L)
′, ui ∈ RN , i = 1, . . . , L; and Z(uL, f) = (Ref(u1), Imf(u1), . . . ,

Ref(uL), Imf(uL))
′. Also define Tm = m(Z(uL, f̂m)−Z(uL, f0))

′Σ−1
0 (uL)(Z(uL, f̂m)−
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Z(uL, f0)), where Σ0(uL) is the covariance matrix, computation of Σ0(uL) is provided
in [1] and based on f0(·). Consider the statistical test{

H0 is accepted, if Tm < χ2
2L(1 − ε);

H1 is accepted, if Tm ≥ χ2
2L(1 − ε),

(1)

where χ2
2L(·) is the quantile function of the standard chi-square probability distribution

with 2L degrees of freedom, ε ∈ (0, 1) is a given significance level.

Theorem 1. If Z(uL, f) �= Z(uL, f0), det Σ0(uL) �= 0, then the following presentation
holds under H1:

Tm = m
(
(Z(uL, f) − Z(uL, f0))

′Σ−1
0 (uL)(Z(uL, f) − Z(uL, f0)) + αm

)
,

where αm
p=1−→ 0.

Suppose

Φ(uL) = (Z(uL, f) − Z(uL, f0))
′Σ−1

0 (uL)(Z(uL, f) − Z(uL, f0)); (2)

then the power of the test (1) w = P{Tm ≥ χ2
2L(1 − ε)|H1} = P{m(Φ(uL) + αm) ≥

χ2
2L(1 − ε)|H1} → 1 under Theorem 1 conditions, and the rate of convergence depends

on the value of Φ(uL).

3 Case of Simple Hypotheses

In the case of simple hypotheses: H0 = {f(·) = f0(·)}, H1 = {f(·) = f1(·)}, f1(·) �=
f0(·), the functional (2) takes the form:

Φ1(uL) = (Z(uL, f1) − Z(uL, f0))
′Σ−1

0 (uL)(Z(uL, f1) − Z(uL, f0))

and can be computed a priori. Optimal value u ∗
L is the solution of the extremum

problem:
Φ1(uL) → max

uL∈[0,2π]N·L
. (3)

Note, since Φ1(uL) = Φ̃(f(uL), f0(uL)), and characteristic functions are periodic
because of discreteness of the model, we see that Φ1(uL) is also periodic. To solve
the extremum problem (3) we use a numerical method – the genetic algorithm of
differential evolution (DE) [3]. The search is performed at uL ∈ [0, 2π]N ·L.

4 General Case

Now suppose H1 = H0, then the observed sample {Xk}mk=1 is divided into two parts:

X̃1 = {X1, . . . , Xk} and X̃2 = {Xk+1, . . . , Xm}. The sample X̃1 is called the training
sample. Denote by

Z(uL, f̂k, X̃1) = (Ref̂k(u1, X̃1), Imf̂k(u1, X̃1), . . . , Ref̂k(uL, X̃1), Imf̂k(uL, X̃1))
′,
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where f̂k(u, X̃1) = 1
k

∑
X∈X̃1

exp(Iu′X), u ∈ RN . Substituting Z(uL, f̂k, X̃1) for Z(uL, f)

in (2) we obtain:

Φ(uL) = (Z(uL, f̂k, X̃1) − Z(uL, f0))
′Σ−1

0 (uL)(Z(uL, f̂k, X̃1) − Z(uL, f0)) → max
uL∈[0,2π]N·L

.

(4)

The sample X̃1 is used to find the optimal value u ∗∗
L , and the test (1) is built for

the sample X̃2 with u ∗∗
L . The DE method is used for maximization in (4).

5 Contiguous Hypotheses

Assume {xt} is the MC(s) with a matrix of initial probabilities Π = (Πi1,...,is) and a
matrix of transition probabilities under the contiguity condition:

P = P (m) = P0 +m−γD, γ > 0, m → +∞. (5)

Consider the hypotheses: H0 = {f(·) = f0(·)}, H1 = {f(·) = f (m)(·)}, where f0(·)
and f (m)(·) are the characteristic functions of the s-th order Markov chains with the
transition probabilities P0 and (5) respectively. Denote by 1r the r-vector composed
of all ’1’. Define the map Ψ such that for any (s+ 1)-dimensional matrix A and v ∈ R

the image Ψ(v, A) = (Ψα,β(v, A)) is an 2-dimensional matrix, α = (αj), β = (βj) ∈ V s,

Ψα,β(v, A) =

{
Aα1,...,αs,βs exp(Iβsv), βk = αk+1, k = 1, . . . , s− 1;

0, else.

Theorem 2. If det Σ0(uL) �= 0, then the following statements regarding the power of
the test (1) hold:
1) if 0 < γ < 0.5, then w = P{Tm ≥ χ2

2L(1 − ε)|H1} −→
m→+∞

1;

2) if γ = 0.5, then w −→
m→+∞

1 − Fχ2
2L,µ

(χ2
2L(1 − ε)), µ = Z ′(uL, f̄)Σ−1

0 (uL)Z(uL, f̄),

f̄(u) =

(
Πi1,...,is exp

(
I

s∑
j=1

ijuj

))′

i∈V s

·

[
N∑

k=s+1

(
k−1∏
j=s+1

Ψ(uj, P )

)
Ψ(uk, D)

(
N∏

j=k+1

Ψ(uj, P )

)]
1Ms,

where i = (ij) ∈ V s, the first multiplier is an Ms-dimensional row, Fχ2
2L,µ

(·) is the dis-
tribution function of the noncentral chi-square probability distribution with 2L degrees
of freedom and the non-centrality parameter µ;
3) if γ > 0.5, then w −→

m→+∞
ε.

Thus, if γ = 0.5, then non-centrality parameter should be maximized. It is easy to
prove that µ is also periodic, so we use the DE method to solve the following extremum
problem:

µ → max
uL∈[0,2π]N·L

. (6)
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6 Numerical Results

Numerical modelling was done for two s-order Markov chains with different matrices
of transition probabilities and the following model parameters: s = 2, M = 2, N =
8, L = 2. Monte-Carlo method was used for estimation of the power; series of n = 200
experiments were made for the sample size m ∈ [5, 200]. There are two plots on
each graph (see Fig.1): one plot is built using the random (uniformly distributed
on [0, 2π]N ·L) set of parameters uL and the other plot using the optimized set of
parameters u∗L according to (3), (4), (6). The extremum problem was solved with
the DE algorithm (50 iterations with 500 populations per iteration). In the general
case (4) the training sample of size m was used for every m (the total size was 2m).

Figure 1: Estimates of the power of the test (1)
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