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Abstract

The report concerns quality estimation for unknown distribution function
depending on dose-response. Particularly there have been considered the classi-
cal kernel estimators of Nadaraya-Watson and kNN -estimators. The results of
numerical modeling are quoted.

Introduction

The present work is about estimators of function of distribution in dose-response de-
pendence.

Let X(n) = (X1, X2, . . . , Xn) be independent and identically distributed (iid) ran-
dom variables (rv) with unknown distribution function F (x) and symmetric density
function f(x) > 0; U (n) = (U1, U2, . . . , Un) – iid rv, X(n) independent, with unknown
function of distribution G(x) and density function g(x) > 0. We observe a sequence of
identically distributed pairs Y (n) = {(Ui,Wi), i = 1, 2, . . . , n}, where Wi = I(Ui > Xi)
is the indicator of event {Ui > Xi}. The task of estimation the distribution function
F (x) or the quintile xλ (i.e. the values when F (xλ) = λ for given 0 < λ < 1) on sample
Y (n) is considered.

In toxicometry the model is interpreted as dependency dose-response. The effect
from the influence of one substance on organism was estimated, which mathematical
model consists in the following. The random dose U of the substance is entered into
an organism. Let X is the lower bound, with which the effect begins: if U > X, the
effect is present (W = 1); otherwise, i.e. if U ≤ X, the effect is absent (W = 0).

1 Nadaraya - Watson’s estimators

The following class kernel statistics of Nadaraya-Watson will be considered as esti-
mators of function of distribution: F̂n(x) = S2n(x)/S1n(x), if S1n(x) = 0, we take

F̂n(x), where S1n(x) = 1/n
n∑
i=1

Kh(Ui −x), S2n(x) = 1/n
n∑
i=1

W
(i)
n Kh(Ui−x), Kh(x) =

(1/h)K (x/h) .
Here K(x) is a kernel (kernel function), h = cn−1/5 is the width of the window, c is

some positive constant. The function K(x) is a bounded symmetric density function,

K(x) = 0 for x /∈ [−B,B],
∞∫

−∞
K(x) dx = 1.
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These statistics approach stochastically to the distribution function. Be-

sides, they are consistent and asymptotically normal: n2/5
(
F̂n(x) − F (x)

)
d−−−→

n→∞
N (c2a(x), σ2(x)) with the asymptotic bias a(x) = (f ′(x)g(x)+2g′(x)f(x))/g(x)ν2 �= 0,
and the asymptotic variance σ2(x) = (F (x) (1 − F (x)) ‖K‖2) /g(x) = σ2

1(x)/g(x),

where ν2 =
∞∫

−∞
x2K(x) dx < ∞, ‖K‖2 =

∞∫
−∞

K2(x) dx < ∞.

Thus, the Nadaraya-Watson’s estimator has got a non-vanishing asymptotic bias
a(x), and the variance of estimator depends on density value of rv U in a point x

therefore if the value g(x) approaches zero, the limiting variance F̂n(x) will be rather
large.

2 kNN-estimators

In the [1] on the base Nadaraya-Watson’s estimators it have proposed estimators of k

nearest neighborhoods (kNN -estimators) where kNN – is estimator of F̃n(x) was cre-

ated likes Nadaraya-Watson’s estimator, with the difference that for the F̃n(x) statistic
the width detection of data is random and its value is collected in order the k sample
random value of U were within interval (x− h, x+ h).

It is proved that kNN - estimator is asymptotically normal

√
k(F̃n(x) − F (x))

d−−−→
n→∞

N

(
a(x)

2g2(x)
c2, σ2(x)

)
.

The variance of the kNN estimator does not depend on g(x), the density of U ,
nevertheless its asymptotic bias increases in comparison with Nadaraya-Watson’s es-
timator at small density value g(x). For the removal of asymptotic bias we use the
method exposed in the [2].

3 Simulation modeling

The results described above were studied with using of simulation modeling. Consider-
ing the fact that the received statements about response of estimators are asymptotic,
it is necessary to control their response at the final volume of the sample. The values
of the rv U with a normal distribution with parameters a = 18; σ2 = 4 and normally
distributed rv X with parameters a = 17, 5; σ2 = 4, were modeled, the rv W takes on
a value 0 or 1: W = I(U > X).

The received asymptotically unbiased estimator for the Epanechnikov kernel
K0(x) = 3/4(1 − x2)I(|x| ≤ 1) (Figure 1) shows a sharp estimation of distribution
on the zone of numerous experimental observations of rv U , but badly estimates dis-
tribution at edges.

Here, the width of the window h has been selected by cross-validation method, i.e.

such that min
h

n∑
i=1

(Wi − F̂n(Ui))
2.
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Figure 1: Asymptotically unbiased estimator of Nadaraya-Watson with n = 50 and the
normal distribution function with a = 17, 5; σ2 = 5.

On the Figure 2 the results of numerical modeling for kNN - estimators for the
quadratic kernel K(x) = 15/16 (1 − x2)

2
I(|x| ≤ 1).

Figure 2: kNN -estimator with n = 50, k = 24. F1(x) – an asymptotically biased esti-
mator, F2(x) – an asymptotically unbiased estimator, IFNR – the normal distribution
function with a = 17, 5; σ2 = 5.

When injected doses U are non-random (the fixed plan of the experiment), take on
values on some interval with a fixed step, we can use as a distribution function estimator

F (x): F ∗
n(x) = S2n(x), where S2n(x) = 1/n

n∑
i=1

W
(i)
n Kh(ui − x), as S1n(x) −−−→

n→∞
1.

It is shown that the estimator of Nadaraya-Watson F ∗
n(x) is asymptotically normal

(see [3]) with an asymptotic bias equal to f ′(x)ν2/2 and asymptotic variance σ2
1(x).

The numerical modeling revealed that considering the finiteness of the sample, the
estimator F ∗

n(x), as it moves to the right, starts to decrease, less values of the sample
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being taken by the kernel. This effect disappears, if the ratio S2n(x)/S1n(x), where

S1n(x) = 1/n
n∑
i=1

Kh(ui − x) – is an estimator (Figure 3).

Figure 3: Nadaraya-Watson’s estimation with n = 100 (quadratic kernel). F1(x) – an
asymptotically biased estimator, F2(x) – an asymptotically unbiased estimator, IFNR
– the normal distribution function with a = 17, 97; σ2 = 6, 6.
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