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Abstract

The problem of parameter estimation of factor analysis model when corre-
lations between residuals are represented by recursive “bow-free” model is con-
sidered. The sufficient conditions of parameter identifiability are obtained and
algorithm for finding maximum likelihood estimation is developed.

1 Introduction

We consider factor analysis model with correlated residuals. The consideration such
type of models can be useful in different situations [1]. One of the main problems to be
faced when working with model containing latent variables is the problem of parameter
identifiability. In works [4, 8, 9, 10] conditions of identifiability for single-factor analysis
models are obtained. In [7] sufficient conditions of parameter identifiability for factor
analysis models when correlations between residuals are represented by ancestral graph
Markov model [5] are considered. In this paper we consider case when correlations
between residuals are represented by recursive “bow-free” model [2].

2 Model

We consider the following model:

Xi = mi +

k∑
j=1

aijHj + Yi, i = 1, ..., n, (1)

where X = {X1, ..., Xn} is a vector of observable variables with vector of means m =
{m1, ..., mn} and covariance matrix ΣX;
H = {H1, ..., Hk} is a set of independent normally distributed latent variables (factors)
with MHj = 0 and DHj = 1, j = 1, ..., k;
A = (aij) is a matrix of factor loadings;
Y = {Y1, ..., Yn} is a vector of residuals normally distributed with zero means and
covariance matrix ΣY;
Y and H are independent.
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We will assume that probabilistic relationships among components of the vector Y
are represented by recursive linear structural equations

Yi =

n∑
j=1

bijYj + ei, i = 1, ..., n,

where {e1, ..., en} is a set of normally distributed random variables with Mei = 0,
i = 1, ..., n, and positive definite covariance matrix Ω = (ωij). The model structure
can be represented by mixed graph G = (V,E) with vertex set V = {1, ..., n} and
edge set E that consists of directed edges {i ← j|j < i, bij �= 0} and bi-directed edges
{i ↔ j|i �= j, ωij �= 0}. We will assume that two different vertices can be connected
only by one edge. Such models are named “bow-free” [2].

The vector of model parameters θ consists of vector of means m, matrix of factor
loadings A and parameters of “bow-free” model {B = (bij),Ω = (ωij)}. Let Θ is
parameter set of model (1).

3 Conditions of model identifiability

We will say that model (1) is identifiable under θ ∈ Θ′ ⊂ Θ if for all θ ∈ Θ′ using ΣX

the vector of parameters {m,B,Ω} can be uniquely determined and matrix of factor
loadings A can be determined up to orthogonal transformation. The model (1) is local
identifiable under θ ∈ Θ′′, if for all θ ∈ Θ′′ there is neighborhood U(θ) ⊂ Θ′′ such that
model identifiable under θ ∈ U(θ). The model (1) is said to be almost everywhere
local identifiable under θ ∈ Θ, if model local identifiable under θ ∈ Θ′′ ⊂ Θ and
µ(Θ \ Θ′′) = 0.

Let G = (V,E) be complementary graph for G. Replace in the graph of the
structure G edges on undirected edges and add to each vertex a loop. Obtained graph
U = (V,EU) is called an accompanying graph of the structure G.

Let GF = (V,EF ) be full graph with loops. Consider a set of graphs ΨV determined
by (k + 1) × (k + 1) submatrixes of adjacent matrix F of the graph GF = (V,EF ).
Submatrix

F
i1,...,ik+1

j1,...,jk+1
=

⎛⎝ fi1j1 ... fi1jk+1

... ... ...
fik+1j1 ... fik+1jk+1

⎞⎠
of the matrix F defines subraph of the graph GF with vertex set {i1, ..., ik+1} ∪
{j1, ..., jk+1} and edge set E

i1,...,ik+1

j1,...,jk+1
= {(im, jf)|m, f = 1, ..., k + 1}. We will call

an edge (im, jf ) twice given, if im �= jf and im ∈ {i1, ..., ik+1}, jf ∈ {j1, ..., jk+1}.
The following theorem provides sufficient conditions of parameter identifiability of

the model (1).

Theorem 1. Let s be a number of edges of the graph U = (V,EU). Model (1) is
almost everywhere local identifiable under θ ∈ Θ if there is a sequence of different
graphs G1 = (V1,EG1), ..., Gs(Vs,EGs) from the set ΨV such that for i = 1, ..., s the
set {(EG1 ∪ ...∪EGi

)∩EU} \ {(EG1 ∪ ...∪EGi−1
)∩EU} consists of one not twice given

edge.
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Unfortunately theorem 1 is difficult for direct use in practical tasks, therefore for
testing conditions of the theorem we develop the following algorithm.

Algorithm

1. Define Ẽ = E;

2. Create graph G∗ = (V∗,E∗), where V∗ = {(i1, ..., ik)}|1 ≤ i1, ..., ik ≤ n} and

E∗ = {(I, J)|I = (i1, ..., ik), J = (j1, ..., jk), I, J ∈ V∗, (im, jl) ∈ Ẽ, m, l =
1, ..., k};

3. Represent graph G∗ as union of connected component

G∗ = G∗
1 ∪ ... ∪G∗

s,

where G∗
f = (V∗

f ,E
∗
f), f = 1, ..., s;

4. For f = 1, ..., s:

if G∗
f contains odd cycle then define

E∗∗
f = {(i, j)|i, j ∈

⋃
v∈V∗

f

v};

if G∗
f does not contain odd cycle then represent V∗

f as union of two sets of

the not connected by edge vertices V
(1)
f and V

(2)
f and define

E∗∗
f = {(i, j)|i ∈

⋃
v∈V

(1)
f

v, j ∈
⋃

v∈V
(2)
f

v};

5. Define

Ẽ∗ =

s⋃
f=1

E∗∗
f ;

if Ẽ∗ �= Ẽ and Ẽ∗ �= {(i, j)|i, j ∈ V} then define Ẽ = Ẽ∗ and go to the step
2;

if Ẽ∗ = Ẽ but Ẽ∗ �= {(i, j)|i, j ∈ V} then conditions of the theorem 1 are not
satisfied;

if Ẽ∗ = {(i, j)|i, j ∈ V} then conditions of the theorem 1 are satisfied;

Let n ≥ 4k + 1. If the structure G is a forest in that there is no a vertex having
more then n−k−1 adjacent vertices then model (1) is almost everywhere identifiable.

For the case when there are postulated zeros in matrix of factor loadings A we also
suggest algorithm for testing of model identifiability.

For finding maximum likelihood estimation of model (1) parameters we develop
algorithm based on EM algorithm ( [6]) and ICF algorithm suggested in [3].
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