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Abstract

The problem of classification of Gaussian random field observations into one
of two populations specified by different regression mean models and common
stationary covariance with unknown scale parameter is considered. Unknown
parameters are estimated from training sample and these estimators are plugged
in the Bayes discriminant function. The asymptotic expansion of the expected
error rate associated with Bayes plug - in discriminant function is derived. Nu-
merical analysis of the accuracy of approximation based on derived asymptotic
expansion in the small training sample case is carried out.

1 Introduction

Discriminant analysis (DA) sometimes called supervised classification traditionally as-
sumes that observations to be classified are independent and, most often, identically
distributed. However, in practical situations with spatially distributed data this is
usually not the case. Data that are close together in space are likely to be correlated.
Thus, to include spatial dependencies in the classification problem is very important.

When populations are completely specified an optimal classification rule in the sense
of minimum misclassification probability is the Bayesian classification rule (BCR). In
practice, however, the complete statistical description of populations is usually not
possible. Training sample is required for the estimation of the probabilistic charac-
teristics of both populations. When estimators of unknown parameters are used, the
expressions for the expected error rate are very cumbersome even for the simplest pro-
cedures of DA. This makes it difficult to build some qualitative conclusions. Therefore,
asymptotic expansions of the expected error rate are especially important.

Many authors have investigated the performance of the plug-in version of the BCR
when parameters are estimated from training samples with independent observations,
or training samples where observations are temporally dependent (see e.g., [2], [3]).
In [4] the asymptotic expansion of the expected error rate when classifying the ob-
servation of a univariate Gaussian random field into one of two classes with different
regression mean models and common variance was derived. This result was general-
ized to multivariate spatial-temporal regression model in [5]. However, in these papers
the interclass spatial correlation was assumed equal zero. Also, the observation to
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be classified were assumed independent from training samples in all publication listed
above.

In this paper, both restrictions are deleted, i.e. interclass spatial correlations and
spatial correlations between observation to be classified and training sample assumed
are not equal zero. Performance of the plug-in linear discriminant function when the
parameters are estimated from training sample formed by classified observations of
Gaussian random field is analyzed. We use the maximum likelihood (ML) estimators
of unknown parameters of means and common variance assuming that the spatial
correlation is known.

2 The main concepts and definitions

The main objective of this paper is to classify the observations of Gaussian random
field

{Z(s) : s ∈ D ⊂ Rm}.
The model of observation Z(s) in population Ωl is

Z(s) = x′(s)βl + ε(s), (1)

where x(s) is a q × 1 vector of non random regressors and βl is a q × 1 vector of
parameters, l = 1, 2. The error term is generated by zero - mean stationary spatial
Gaussian random field {ε(s) : s ∈ D ⊂ I with covariance function defined by nuggetless
model for all s, u ∈ D

cov{ε(s), ε(u)} = r(s− u)σ2, (2)

where r(s−u) is the spatial correlation function and σ2 is variance as a scale parameter.
By geostatisticians model defined in (1), (2) is usually called universal kriging model

[1].
Consider the problem of classification of the observation Z0 = Z(s0) into one of two

populations specified above with given training sample T .
Training sample T is specified by T ′ = (T ′

1, T
′
2), where Tl is the nl × 1 vector of nl

observations of Z(s) from Ωl, l = 1, 2, n = n1 + n2.
Then the model of T is

T = Xβ + E, (3)

where X is the n × 2q design matrix, β ′ = (β ′
1, β

′
2) and E is the n-vector of random

errors that has multivariate Gaussian distribution Nn(0, σ
2R).

Denote by r0 and by R0 the vector of correlations between Z0 and T and variance
- covariance matrix of Z0, respectively. Since Z0 is correlated with training sample, we
have to deal with conditional means µ0

lT and variance σ2
0T that are defined by

µ0
lT = E(Z0/T ; Ωl) = X0βl + α(T −Xβ), l = 1, 2, (4)
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σ2
0T = V (Z0/T ; Ωl) = σ2k, (5)

where
X0 = x′(s0), α = r0R

−1, k = R0 − r0R
−1r′0. (6)

Under the assumption that the populations are completely specified and for known
prior probabilities of populations π1 and π2 (π1 + π2 = 1), the Bayes discriminant
function (BDF) minimizing the probability of misclassification (PMC) is

WT (Z0) =
(
Z0 − 1

2

(
µ0

1T + µ0
2T

))′(
µ0

1T − µ0
2T

)
/σ2

0T + γ, (7)

where γ = ln(π1/π2).
In practical applications the parameters of the p. d. f. are usually not known.

Then the estimators of unknown parameters can be found from training samples taken
separately from Ω1 and Ω2. When estimators of unknown parameters are used, the
plug - in version of BDF (BPDF) is obtained.

Let µ̂0
1T , µ̂0

2T and σ̂2
0T be the estimators of µ̂0

1T , µ̂0
2T and σ̂2

0T , respectively, obtained

by replacing β and σ2 in equations (4) and (5) with their ML estimators β̂ and σ̂2

based on T . Put Ψ′ = (β ′, σ2) and Ψ̂′ = (β̂ ′, σ̂2).
The BPDF is obtained by replacing the parameters β, σ2 in (7) with their estima-

tors. Then the BPDF is defined as

WT

(
Z0; Ψ̂

)
=
(
Z0 − α

(
T −Xβ̂

)
− 1

2
X0Hβ̂

)′(
X0Gβ̂

)
/(kσ̂2) + γ,

with H = (Iq, Iq) and G = (Iq,−Iq), where Iq denotes the identity matrix of order q.

Definition 1. The actual error rate for BPDF is defined as

P
(
Ψ̂
)

=
2∑
l=1

πlP̂0l,

where, for l = 1, 2,

P̂0l = P0T

(
(−1)lW

(
Z0; Ψ̂

)
> 0/Ωl

)
,

is the conditional probability that W
(
Z0; Ψ̂

)
misclassifies Z0 when it comes from Ωl

(conditional probability is based on conditional distribution of Z0 with mean µ0
lT and

variance σ2
0T ).

Definition 2. The expectation of the actual error rate with respect to the distribution
of T , designated as ET{P (Ψ̂)}, is called the expected error rate (EER).
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3 The asymptotic expansion of EER

Make the following assumptions:

(A1) n(X ′X)−1 → V , as n → ∞, where V is positively definite 2q × 2q matrix with
finite determinant;

(A2) rank(X) = 2q; λmax(R) < v < +∞, as n → ∞;

(A3) n1/n2 → u, as n1, n2 → ∞, 0 < u < ∞.

Theorem 1. Suppose that observation Z0 to be classified by BPDF and let assumptions
(A1) - (A3) hold. Then the asymptotic expansion of EER is

ET (P (Ψ̂)) =
2∑
l=1

πlΦ(Ql) + π1ϕ(Q1){C + 2γ2/(n− 2q)}/2∆0 +O(1/n2),

where for l = 1, 2

Ql = −∆0/2 − (−1)lγ/∆0,

C = β ′X0GΛ′G′β/k2,

Λ = αX −X0(H/2 + γG/∆2
0).
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