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shallow shells, containing the regular processes by means of the method of reduc-

tion of 3-D problems of elasticity to 2-D ones [1]. 

In the present paper we consider non-shallow spherical shells [2]. The compo-

nents of the deformation tensor have the following form: 

 1

2

k
ij j i i j ke R u R u u u       , 

where iR  are covariant basis vectors, u


 is the displacement vector. 

By means of I. Vekua method the systems of two-dimensional equations are 

obtained. Using the method of the small parameter, approximate solutions of these 

equations are constructed [3], [4]. The small parameter h R  , where h2  is the 

thickness of the shell, R is the radius of the middle surface of the spherical shell. 

Some boundary value problems are solved for the approximation of order 1N . 
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Introduction.This paper presents a numerical-analytical algorithm for deter-

mining points of branching for circular membranes with arbitrary profile along the 

meridian. This class of structures includes a large number of corrugated membranes 

used as elastic elements in the devices of precision mechanics [1]. Spherical dome 

with a possible deviation from the ideal surface can be considered as a special case. 

In the eighties of the last century, experiments conducted by S. Yamada [2], in-

cluding high-precision measurements of the distribution of initial geometrical imper-

fections and vertical displacements in both subcritical and post-critical equilibrium 

states of a spherical dome showed the decisive influence of imperfections on the criti-

cal pressure and the shape of the stability loss. In this paper we show that by making 
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targeted axisymmetric distortions in the shape of a spherical dome one can signifi-

cantly reduce the impact of these defects. 

Membranes modeling. Due to the need to allow distortions in the form of a 

spherical dome we consider the general problem for a circular shell of revolution of 

arbitrary profile and assume that the profile of such shell having a thickness h and 

radius a ≫ h is given by the function z = f(r) in cylindrical coordinates. In particular, 

for a spherical dome, defined by the radius of the circle of bearing a and the eleva-

tion of the center point (arch height) d, the function f(r) is of the form 

   2 2 ,f r R r R d     

where R=(d
2
+a

2
)/(2d) is the radius of sphere that is the middle surface of the dome. 

To describe the large elastic strains of the membrane under hydrostatic pres-

sure p we use two-dimensional nonlinear equations [3], based on the Kirchhoff's 

hypotheses. In addition to the detailed description of non-axisymmetric equations of 

the shell equilibrium, the boundary value problem for a ODE system describing the 

behavior of an axisymmetric shell is provided in [3]. 

The main method of numerical analysis of this two-point nonlinear boundary 

value problem was shooting method. The essential feature of its realization in com-

parison with [3] is associated with the impossibility to select the one loading param-

eter for the whole cycle of plotting the loading diagram, i.e. the dependence be-

tween force (say, applied pressure p) and geometric (e.g., deflection at the top of the 

dome w0) characteristics. Traditionally, either pressure or deflection at the center of 

the membrane is chosen as such parameter, but in the case of a spherical dome (or 

shapes closed to it) one can encounter the situation where there is no functional re-

lationship between these parameters: for non-shallow domes the loading diagram on 

the plane p – w0 is a complex curve with self-intersections. To solve this problem a 

special algorithm was realized to automatically change and select the loading pa-

rameter. This algorithm is in some sense close to that of developed in [4]. 

Stability analysis. The scheme for investigating of stability of the constructed 

axisymmetric solution is based on the bifurcation approach completely described in 

[3]. As the geometric characteristics of the slope of the dome we use the dimension-

less parameter 
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The calculations showed a sharp increase in the number of bifurcation points 

corresponding to nonaxisymmetric modes after the geometric parameter of the shell 

λ achieved the value of 5,5. High density of intersected bifurcation curves for the 

perfectly spherical dome is manifested in the experiment as a high level of sensitivi-

ty of the stability of the dome to imperfections of its geometry and the impossibility 

to predict the specific form of the stability loss (e.g., number of dents). This fact 

makes it almost meaningless all the work on the development of advanced theories 

and methods of reliable prediction and description the post-critical behavior of the 

spherical shell based on a model of the perfect dome. This in particularly means that 
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for manufacturing of high-precision membranes working in conditions of a possible 

stability loss or close to them the spherical shape of large camber is not so suitable. 

Shape modulation. In [5] for the manufacture of flapping safety membrane 

the concept and technology of «ratification» was introduced. It involves special 

methods for manufacturing and refinement the membranes by introducing artificial 

imperfections in the spherical shape. The main purpose of these shape modulations 

is to eliminate (at least from some operational range of the membrane) the bifurca-

tion points for nonaxisymmetric modes that introduce an uncertainty in the type and 

nature of the stability loss and post-critical behavior of the membrane. 

As an illustration, we present a simple model of such modulation scheme 

when the upper part of the dome is replaced by a flat portion. In addition to the 

characteristics of the original dome the geometry of such membrane is described by 

one additional parameter – a height t of the straight section. To show the effective-

ness of the modulation we present results of the comparative analysis of the spheri-

cal membrane with thickness h = 0,1 mm, radius of the bearing circle a = 25 mm 

and arch height of d = 0,52 mm and its modulated version with a flat cover, located 

at an altitude of t = 0,5 mm. Assuming Poisson's ratio of the material of the mem-

brane ν = 0,3, for the parameter λ we obtain the value of 5,86, which corresponds to 

the existence of bifurcation points with n = 1, 2, 3, 4 on the rising portion of loading 

diagram for spherical dome. Calculations have shown that in addition to significant 

differences in the profiles of diagrams the important distinction is the absence of 

bifurcation points on the rising portion of the loading diagram for the modulated 

dome. In contrast to the comparable spherical domes the modulated membrane has 

no bifurcation points for modes with n > 1, and the point of bifurcation in the 

nonaxisymmetric mode n = 1 are located in the region of deep post-critical strains. 

The results presented here indicate, in particular, that for dome-shaped shells 

of the same thickness, equal the ratio of the arch height to the radius of the circle 

bearing and quantitatively similar profiles the behavior of the loading diagram of 

the axisymmetric loading as well as stability characteristics and the type of post-

critical behavior can be qualitatively different. The modulation of the dome shape 

allows purposefully control these characteristics. 
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Introduction. Thin-walled elements are constituent parts of many natural and 

artificial constructions of various purposes. Such elements are often under initial 

stress (prestress) field arisen by reason of different factors of both natural and techno-

logical origin. The determination of prestress field is extremely important for carrying 

out correct strength and stability calculation. At the same time one of the most signif-

icant nondestructive methods is the acoustical method which allows not only identify-

ing prestress levels but also reconstructing its structure and revealing the most dan-

gerous concentrator regions. To find an unknown field in plates it is required to solve 

some coefficient inverse problems for differential operators of 4 th  order. 

Problem Formulation.The general linearized boundary problem of steady-

state vibration of an elastic body under inhomogeneous prestress field has the fol-

lowing form [1, 6]: 

 
2· 0,T u  

 
(1) 
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   (2) 

where u  is displacement vector; T  is non-symmetric Piola stress tensor;   is biline-

ar tensor depending linearly on components of the prestress tensor 0  and compo-

nents of the strain gradient u ; L  is tensor defined by material constants (in case of 

linear elastic body this tensor is set by the classical Hook's law :L C   , where 

C  is fourth-rank tensor of elastic modules,  T1

2
u u    is strain tensor). 

The most common mathematical prestress models used at present in solid me-

chanics were proposed in the second half of XX century; one may conditionally di-

vide them into three groups depending on the structure of the tensor  : 

I. Model proposed by V.V. Novozhilov [1], K. Vasidzu [2], A.N. Guz [3], and 

later by L. Robertson [4]: 
0 T 0( , ) · ;u u      

II. A. Hoger's model [5]: 

 0 T 0 0 01
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