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limit cases describing the passages to infinity and zero of the rigidity parameter of 

the inclusion. In particular, the models of rigid inclusions, semi-rigid inclusions 

with delaminations and crack models with the non-penetration conditions (inclu-

sions with a zero rigidity) are obtained in the limits. 

Therefore, we discuss high level mathematical models describing an equilibri-

um state for elastic bodies containing thin inclusions with delaminations, and pro-

vide a rigorous analysis of the models [17]. 
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Introduction. Second-order linear plate theories are still an unsettled problem. 

A variety of theories exist which take shear deformation, cross-section warping and 

normal stresses in thickness directions into account. The manifold of existing shear-

correction factors (cf., e.g., [1]) may be regarded as an indication for the problem to 

be finally unsolved. In the paper we propose to use a theory based on the combination 

of the uniform-approximation technique with the pseudo-reduction method. In contra-

ry to the direct approach (cf., e.g., [2]), it belongs to a class of theories, which use 

Fourier-series expansion in thickness direction with respect to a proper basis to derive 

hierarchical sets of approximative theories from the well-known equations of three-

dimensional linear elasticity. After introducing non-dimensional quantities, the plate 

parameter c
2
 = h

2
/12a

2
 evolves quite naturally with h and ɑ  as the characteristic out-

of-plane and in-plane measures, respectively. For plate theories, c
2
 is usually assumed 

to be a small quantity. The infinite, exact PDE system for the determination of the 

unknown coefficients of the series expansion consists of power series in the plate pa-

rameter c
2
. The idea of the uniform-approximation technique for a N-th-order theory 

is to consider all terms multiplied by c
2n

, n≤ N and omit terms of the order O(c
2m

), m 

>N. We obtain 3(N+1) equations for 3(N+1) unknown displacement coefficients. 

During the reduction of the equations, i.e., elimination of unknowns, terms of the or-

der O(c
2m

), m >N, are also neglected (pseudo-reduction technique, for details cf. [3]). 

The procedure results in PDEs, which are derived with recourse to neither a-priori 

assumptions nor shear-correction factors. We will compare the resulting plate equa-
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tions with those of Ambartsumyan [4] in the following. 

Consistent second-order plate theory. The derivation of the governing equa-

tions by using either monomic polynomials or scaled Legendre polynominals has 

already been published, [5, 6] and [7], respectively, and will not repeated here. If we 

choose monomic polynomials, we arrive finally at the following equations for an 

isotropic material 

 3 2 2 23 8 3 3
, 0,

10 1 2

v
K w a P c P c c

v

   
         

   
 (1) 

with plate modulus   3 212 1K Eh  , Young’s modulus E, Poisson’s ratio v, 

plane Laplacian operator Δ, transverse displacement of the mid-plane w, transverse 

load P per unit of mid-plane area, measure of shear deformation    2
rot O c     

with vector of slope of the cross section  . Equations for the stress resultants and 

the boundary conditions cannot be given here due to restrictions in space. 

For anisotropic plates, i.e., plates of monoclinic materials, the equations for w 

and ψ are not decoupled anymore and involve the 13 material constants. Schemati-

cally, they are given by 
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The constants ɑ i – different in n
D  and n

D and different for different n – de-

pend on the components of the fourth-order elasticity tensor ijkE . By neglecting 

terms of order O(c
4
), the classical first-order theories of Kirchhoff und Huber [8] 

evolve for isotropic and anisotropic materials, respectively [57]. 

Ambartsumyan’s plate theory. A comparison of (2) with Ambartsumyan’s 

theory [4] is not immediately obvious. Details will be given in a forthcoming report. 

We only sketch some features. Ambartsumyan uses five independent unknown sca-

lar displacement functions, third-order polynominals for the in-plane displacements 

and a constant transverse displacement w. The cubic polynominals are chosen in 

such a way that the traction boundary conditions on the upper and lower plate faces 

are satisfied. This reversely constructed displacement ansatz results in an intrinsic 

over determination of the system of the equation of linear elasticity and leads finally 

to a violation of the generalized Hooke’s law for the normal stresses in thickness 

direction. Treating the resulting equations with the pseudo-reduction method, we 

obtain for isotropic materials instead of (1a) the equation 

 3 23 8 3 12 6
.

10 1 12 7

v v
K w a P c P

v v

  
    

  
 (3) 

The difference in comparison with (1a) is quite small since the factor α = (12-

6v)/(12-7v) is not far from unity (v = 0: α = 1; v = 0,5: α = 1,06), at least for isotro-
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py. For anisotropic plates, the difference might be more pronounced. For the first-

order theory, Ambartsumyan’s and Huber’s equations coincide. 

Conclusion. The first-order consistent theories of Kirchhoff and Huber for 

isotropic and anisotropic plate materials, respectively, cannot be improved by add-

ing in an unsystematic way single terms in the displacement ansatz or by assuming 

specific stress distributions in thickness directions. A consistent refined theory 

without a-priori assumptions results from the uniform-approximation technique in 

combination with the pseudo-reduction method. 
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Three-dimensional (3D) static analysis of functionally graded and laminated 

piezoelectric plates has received considerable attention during past twenty years. 

There are at least three approaches to 3D exact solutions of electroelasticity for 

functionally graded and laminated piezoelectric plates, namely, the Pagano ap-

proach, the state space approach and the asymptotic approach (see, e.g. [1]). These 

approaches were applied efficiently to 3D exact solutions for piezoelectric plates in 
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