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Introduction. The lecture is devoted to the analytical homogenization approach 

(AHA) for the analysis of thin-walled inhomogeneous structures (TWIS) and their 

effective properties. Under TWIS we understand ribbed, corrugated, reticulated, lat-

tice, perforated plates and shells, structures with periodically changing boundary con-

ditions, composite structures, etc. We will discuss the main trends since the early de-

velopments of this approach up to the ongoing contributions and upcoming challeng-

es in the field. The problems under consideration are important from both fundamen-

tal and applied points of view. We review a state-of-the-art in AHA presenting the 

variety of existing methods, by pointing out their advantages and shortcomings, and 

by discussing their applications. In addition to the review of existing results, some 

new original approaches are also introduced. In particular, we analyze a possibility of 

analytical solution of the unit cell problems obtained as a result of the homogeniza-

tion procedure. Some open problems will be also formulated. 

 Basic part. For the past 25 years homogenization methods have proven to be 

powerful techniques for the study of heterogeneous media [1]. Some of these classi-

cal tools today include multiple-scale expansions, G-, H- and Г- convergence, com-

pensated compactness and energy methods [16]. It can be shown that all these ap-

proaches are equivalent for the linear or quasi-linear problems, at least in the first 

approximation. 

As a rule, the mathematical studies are devoted to formulation and proof of 

theorems of existence and uniqueness of the solution, and to the formalism and 

convergence of the asymptotic process. The analysis of the unit cell problems in 

these studies is limited by a proof of their solvability. The further treatment and ap-

plications to the mechanical problems of practical interest remain beyond these 

mathematical studies. And it is commonly assumed that the further applications 

should be based on use of some numerical algorithms, as a rule, on the FEM. As re-

cently emerged 'computational homogenization approach' [7], it is natural to intro-

duce AHA. The AHA is based on the combination of the multi-scale homogeniza-

tion method and various additional asymptotic techniques [811] in order to analyt-

ically solve the original problem. The domain occupied by the TWIS is considered 

to be composed from a large number of characteristic periodic sections, the unit 

cells. A small non-dimensional parameter is introduced as the ratio of the character-

istic dimension of the unit cell to the smallest characteristic dimension of the entire 

domain. Further, using the multi-scale homogenization method [1, 2], the original 

BVP is reduced to the combination of two types of problems. First one is a recurrent 
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system of unit cell problems with the conditions of periodic continuation. And the 

second problem is a homogenized boundary-value problem for the entire domain, 

characterized by the constant effective coefficients obtained from the solution of the 

unit cell problems. Regular (e.g., perturbation of the shape of boundary, domain de-

composition, Schwarz alternating method) or singular perturbation technique is ap-

plied for the solution of the unit cell problems. Very often it is possible to use two-

point Pad\'e approximants or asymptotically equivalent function approach [811] 

and obtain the analytical expressions for the effective characteristics of TWIS for 

inhomogeneities of arbitrary size. 

While asymptotic homogenization leads to a much simpler problem for an 

equivalent homogeneous material with certain effective properties, the construction 

of a solution in the vicinity of the boundary of the original TWIS remains beyond 

capabilities of the classical homogenization. In order to determine stresses and 

strains near the boundary, a boundary layer problem should be considered in exten-

sion to the asymptotic homogenization. 

It is expected that further development of homogenization and asymptotic 

methods is associated with combined numerical-analytical approaches and includes 

them in commercial codes. 

Finally, there are many books and papers devoted to the considered problems, 

and therefore only some of them are cited. However, a reader may find additional 

references in [27, 911] to extend knowledge associated with homogenization ap-

proach to plates and shells modeling. 
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We study mathematical models of non-linear vibrations of shallow axially 

symmetric shells taking into account the Karman geometric nonlinearity. Non-linear 

PDEs governing shell evolution are reduced to the associated Cauchy problem via the 

FDM (Finite Difference Method) of the second order approximation. The obtained 

ODEs are then solved using the Runge-Kutta method of the fourth and sixth orders. 

We analyze reliability and validity of the obtained numerical results versus 

space and time co-ordinates partition. Bifurcation phenomena, chaotic dynamics 

and scenarios of transition from the regular dynamics to chaotic one are studied tak-

ing into account the transversal uniform harmonic load action. 

This study was carried out within the frame of qualitative analysis of differential 

equations and it required monitoring of time histories, phase and modal portraits, au-

tocorrelation functions, as well as the Lyapunov exponents. Fast Fourier Transform 

(FFT) is applied to detect the Feigenbaum period doubling scenario, when the studied 

shell is transited from its regular to chaotic dynamics. The numerically obtained 

Feigenbaum constants differ by less than 2% with respect to the exact values. 

In addition, we applied the wavelet analysis using the following basic wave-

lets: Daubechies, Haar, Gauss1-Gauss8, Mexican hat and the Morlet wavelets. It has 

been shown that the Morlet wavelets are most suitable for our analysis. They allow 

us to monitor and illustrate temporal changes of frequencies including their birth 

and death, which cannot be achieved by the FFT, although the latter method offers 

monitoring up to the eighth Hopf bifurcation. We have observed that the Haar 

wavelets are particularly suitable to study shell vibrations with a low frequency 

spectrum. We illustrate and discuss the application of the so far mentioned different 

wavelets depending on the type of time histories. 
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