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Abstract

The problem of constructing algorithms for change point detecting in a ran-
dom process is considered. We investigate processes with change of spectral
density or correlation function of the process. The algorithms use emission sta-
tistics of random processes: the average number of positive and negative emis-
sions above a given level and rapid procedure sliding nonparametric hypothesis
testing with the estimation of the moments of change points appearance.
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1 Introduction

Here a change point is an abrupt change of a random process (or random sequences)
properties. Situations in which it takes place could appear in the experimental data
analysis, search in multimedia databases, image processing and speech signals, as well
as radar, sonar, telecommunications, forensics, electronic surveillance and remote sens-
ing, geophysics, and biometrics, medical and technical diagnostics, etc. [1]-[3]. The
essence of the problem is to detect fragments of important information in noisy data
sets. In this paper we solve the problem of constructing fast algorithms for nonpara-
metric identification of change points in a random process, which are connected with
the change of the spectral density or correlation function of the process. The algorithms
discussed below use the emission statistics of random processes: the average number
of positive and negative emissions above the given level and the rapid procedure of
sliding nonparametric change points presence hypothesis testing with the estimation
of its appearances moments.

2 Informative features

Let {ti}, i = 1, ..., N , be times when the trajectory of random process intersects some
predetermined level ±H as a random events sequence [4]. For Gaussian processes

xt, t ∈ Γ, with the standard deviation σ =
√

V {xt}, and H > 2σ flows of intersections
for positive and negative emissions are Poisson arrival processes instantaneous rates
γ+, γ−. When change points are present we observe non-stationary Poisson processes
with instantaneous rates γ+(t) and γ−(t), which are changed at random times of change
points j, remaining constant but random inside the time intervals between nearest
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change points. Thus, the indicator of change points appearance is the fact of changes
in the emissions flow rate. Denote n+(H,T ) – a random number of positive peaks in
observed random process above +H on the time interval [0, T ] and n−(−H, T ) – a
random number of negative emissions in observed random process below the level −H.
The total flow of positive and negative emission is a Poisson with intensity

γ = γ+ + γ− = 2N+(H,T )/T = 2N−(−H, T )/T = 2N±(H, T ))/T, (1)

where N+(H, T ) = N−(−H, T ) – the average number of positive and negative emis-
sions, i.e. N±(H, T ) = E{nt}. For Gaussian process

N+(H,T ) = T/
(
π

√
−R′′(0)/R(0)

)
exp{−0, 5H2/R(0)}, (2)

where R(τ) is the correlation function. To assess the information content of Statistics
n±(·) use the model of a narrow-band Gaussian process with the correlation function
[5]:

R(τ) = 0, 5 S0 /
√

πα exp{−τ 2/(4α)} cos w0τ, (3)

where w0 – the average frequency of the energy spectrum corresponding to its maximum
value S0; α = 1/ (4π(2∆w0)

2) ; 2∆w0 – the width of the energy spectrum. Evaluating
(2) considering (3) at w0j À 2∆w0j we obtain for the j-th section of the homogeneity

N±
j (H, T ) ∼= 4Tf0j exp{−0, 5H2/σ2

j}. (4)

Then
γj
∼= 4f0j exp{−0, 5H2 /σ2

j}, (5)

Tj
∼= 0, 25N± exp{0, 5H2 /σ2

j} /f0j. (6)

Thus, the intersection flow rate is determined by the value of the selected level H
and the probability of the observed random process properties. The intersection flow
rate is changing in accordance with (5) for fixed level H and the presence of change
points.

3 Algorithms and their quality

The aim is to test the hypothesis of arrival process stationary over the alternative of the
change points existence in this process. Note that the statistical inference when dealing
with Poisson processes can be based on a Poisson distribution, and on the exponential
distribution of intervals between this process events [6]. In this case, the methods are
based on an exponential distribution, are the simplest in the practical implementation
and yet sufficiently effective [7]. Therefore this distribution will be used hereinafter.

To solve the problem the observed time series {xi} = x1, ..., xN of the random
length N = n+ + n− we divide into p groups. Each group has n elements, i.e. N = pn.
Now the solution of the problem above will be considered as the sliding step solution
of the nonparametric comparison problem of distributions in two samples, which are
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separated one from another by n elements, xj, ..., xj+n−1 and xj+2n, ..., xj+3n−1, where
j = 1, n, 2n, ..., (N/n − 3n). These elements are obtained from the common time
series. Such constructing of two samples provide a statistical homogeneity within the
compared groups white making a decision. For the joint hypothesis test of a j-th change
point and its appearance time estimation we need to calculate the value of the selected
l-th nonparametric statistics Sl for these samples and to compare it with the decision’s
level. When it exceeds the decision’s level we make a decision about j-th change point
presence. The time appearance estimator is the number of the first element in the
second sample τ̂j = j + 2n.

In the case of hypothesis samples have identical distribution functions

Fp(x) = Gp+2(x) = 1− exp{−γpx}, (7)

where γp is the flow rate in the p -th group. In the case of alternative, we have

Fp(x) = 1− exp{−γpx}, (8)

Gp+2(x) = 1− exp{−γp+2x}. (9)

Consider application of well-known two-sample nonparametric Mann–Whitney and
Wald–Wolfowitz tests, which ensure the sustainability of the significance level (false
alarm probability). As is know, their classic use requires the constructing of the ordered
series from sample’s elements, which requires saving and ordering operations and as a
result, excludes application of the nonparametric algorithms in real time. To exclude
these operations and provide application of the nonparametric algorithms in real-time
(fast algorithms), we use the results obtained by the author and described in [7]. In [7],
one Poisson process of n points with intensity is set in γp the time interval [0, T1], and
in the interval [0, T2] – another Poisson process of n points with intensity γp+2. These
flows are the result of ordering of hypothetical elements from the following uniform
distributions [7]:

Fp(x) =





0, x < 0,

x /T1
∼= xγp /n, 0 ≤ x ≤ T1,

1, x > T1.

(10)

Gp+2(x) =





0, x < 0,

x /T2
∼= xγp+2 /n, 0 ≤ x ≤ T2,

1, x > T2.

(11)

Thus, in the problem of change point detection we make the transition from the
exponential distributions (8) and (9) to the uniform distribution (10) and (11). Using
the results of [7], we obtain the expression for the critical values (decision’s levels) c
and the capacity D of non-parametric two-sample tests:

Mann–Whitney

c1.2 = n2 /2± n
√

n2 /6 Φ−1(1− F/2), (12)
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D = Φ
{
exp{2(kσ2 − 1)}

(√
1, 5n(1− exp{−2(kσ2 − 1)})−

−Φ−1(1− F /2)
)
/
√

2 exp{2(kσ2 − 1)} − 1
}

,
(13)

Wald–Wolfowitz

c = n + 1−
√

n(n− 1) /(2n− 1) Φ−1(1− F ), (14)

D = Φ[0, 5(1 + exp{2(kσ2 − 1)})2×
×(
√

2n(exp{2(kσ2 − 1)} − 1) /(exp{2(kσ2 − 1)}+ 1)−
−Φ−1(1− F )) /

√
2 exp{2(kσ2 − 1)}(1 + exp{4(kσ2 − 1)}) ].

(15)

where
kσ2 = σ2

p+2 /σ2
p (16)

here F is the given significance level. Structural schemes realizing computation of the
tests above are presented in [7] and are not considered here.

Calculations of the values (13) and (15) show that when n = 20 ... 50 test capacity
equals to 0,8, and it is achieved:

for Mann–Whitney test with the dispersion coefficient at 1, 75 ... 1, 36 (F = 10−4),
1, 57 ... 1, 29 (F = 10−3), 1, 40 ... 1, 22 (F = 10−2);

for Wald–Wolfowitz test with the dispersion coefficient at 1, 88 ... 1, 49 (F = 10−4),
1, 71 ... 1, 42 (F = 10−3), 1, 55 ... 1, 33 (F = 10−2).

These data show the greater efficiency of the Mann–Whitney test, which is recom-
mended for implementation.
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