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Physiological and medical signals have a complex structure and time-frequency
characteristics, and dynamics of the physiological systems behavior is essentially non-
linear and cannot be described formally in many cases [2]. Mathematical apparatus of
nonlinear dynamics, together with the means of signal wavelet analysis, has been used
in the study of physiological systems for quite a long time already. At the same time,
the question of the specific benefits of this approach compared to the classical meth-
ods of signal processing and numerical experiment results visualization remains open
and requires further study. Therefore, the development and application of mathemat-
ical methods of nonlinear dynamics and software to diagnose the state of biomedical
systems is an important and urgent task.

The main purpose of work is a review and approval of nonlinear dynamics and
wavelet analysis methods to explore the physiological systems data on the sample of
blood flow volume velocity Doppler sensor. It is also provided an adaptation, modifi-
cation of these algorithms and their implementation within a single software complex.

There are discussed in this paper the methods that can be divided into the follow-
ing classes: research on the general spectral pattern (Fourier analysis, power spectral
density analysis – PSD); research on the time-frequency characteristics of the signal
(wavelet analysis, scalogram, skeleton, highlighting the signal from the noise); research
on the internal organization of the time series (chaotic dynamics, fractal analysis, R/S –
analysis). Methods were tested for diagnosing the states of various organs of laboratory
animals.

When considering the fluctuating physiological processes there are two types of ir-
regularities: 1)the irregularity as ”noise” or random fluctuations, and 2)the irregularity
as ”chaos.” The objective is to identify the noise and chaos in conditions of the tran-
sition states in the microvasculature, when blood flow was measured by laser Doppler
flowmetry. Signs of chaotic oscillations were assessed by the largest Lyapunov expo-
nent (at λ < 0 there is a noise, when λ > 0 there is a chaos). The largest Lyapunov
exponent is usually considered as a quantitative measure of the dynamical system sen-
sitivity to initial conditions. The essence of the method [2] is to consider a point u(t0),
belonging to the attractor of the dynamical system, and some perturbation of that
point ũ(t0), such that ‖ũ (t0)− u(t0)‖ = ε(t0), and ε(t0) is a small positive number
here. Through a time interval 4t these points evolve into u(t) and ũ(t) respectively,
the distance between them will be ε (t) , t = t0 + 4t. Simplistically, one can assume
that ε (t) = ε(t0)e

λt, where λ is a largest Lyapunov exponent. Consequently,
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λ ∼=
1

4t
ln
ε(t)

ε(t0)
.

In this paper it is used the generalized Benettin’s algorithm. Let there be u0 – a
point in the attractor of the dynamical system A. We’ll call the evolutionary trajectory
for point u0 as the reference trajectory. Let us ask ourselves a positive value ε, satisfying
the condition ε� diamA, and choose arbitrarily such a point disturbance ũ0 to satisfy
the equality ‖ũ0 − u0‖ = ε. Consider the evolution of selected points ũ0 and u0 for
a short time interval T and denote the points obtained as ũ1 and u1 respectively. We
mean the vector 4u1 = ũ1 − u1 as perturbation vector, and its length ‖4u1‖ – as
perturbation amplitude. (The time interval T should be taken so that the perturbation
amplitude is less than the linear dimensions of phase space inhomogeneities and the
size of the attractor.) Consider the renormalized vector of perturbation

4u′1 =
4u1
‖4u1‖

ε

and the corresponding to it new perturbation point ũ′1 = u1 +4u′1. Next, continue this
procedure, considering points u1 and ũ′1 instead of points u0 and ũ0 respectively (see
Fig. 1).

Figure 1: Diagram of the Lyapunov exponent estimate algorithm

Repeating this procedure M times, we can estimate λ as the average value of vari-
ables λi, obtained at each step of calculations:

λ ∼=
1

M

M∑
i=1

λi =
1

M

M∑
i=1

1

T
ln
‖4ui‖
ε

=
1

MT

M∑
i=1

ln
‖4ui‖
ε

.

For example, it was established, that for the blood flow in rat bladder in three
different states Lyapunov exponents were equal to: –0.67 (start of filling – noise), 0.69
(filling – chaos), –0.04 (devastation – noise). It was found to have a similar dynamics of
Shannon entropy changes [3] (values 2.59; 4.72 and 3.15, respectively). With declining
the system pressure from baseline to 0.5 for the blood flow of left kidney Lyapunov
exponents were equal to: 0.28, 0.12 and 1.01, and for the right kidney, respectively,
0.40, –0.81 and 1.71. The obtained observations agree well with the physical essence of
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studied characteristics: the system is mixing for positive Lyapunov exponents, and a
large entropy value indicates an increase in the uncertainty of the system (high-speed
production of information).

Computed using the R / S – analysis algorithm and dispersion change graph [5]
Hurst exponents define the studied systems as a persistent ones (characterized by the
presence of ”long-term” memory). There is a strong connection between the long-term
dependence and DHT (distribution with ”heavy tails”). Random variable Z has a
distribution with a ”heavy tail” [5], if the probability

P [Z > x] ∼ cx−α, x→∞,

where 0 < α < 2 is called the index of the ”tail” or shape parameter, i.e. the ”tail”
of the distribution damped according to the hyperbolic law. Hill’s assessment showed
that the shape parameter for studied physiological systems α ≈ 1, 1.

Produced fractal analysis revealed a self-similarity of studied processes, and the fact
that fractals can be used as a mathematical model of studied systems: dynamic process
are described by fractal time curve pretty accurately. (Real curve graph, which is a
measure of the accuracy of the real experimental data set approximation by a fractal,
is close to a straight line).

It was also made a comparison of the spectral analysis (FFT, PSD) with wavelet
analysis (Haar DWT, Daubechies DWT, Kotelnikov-Shannon DWT, scalogram, skele-
ton and highlighting the signal from the noise based on them). It showed for the studied
systems that wavelet analysis is more informative than the spectral one. It allows not
only to study various harmonics of the signal, but also to consider their temporary
location and to observe their periodicity, as well as one can judge about the presence
of noise and harmonic components in the signal by the direction of skeleton elements
extension [6]. Since the coefficients of Kotelnikov-Shannon wavelet filter decrease as
n−1, this slow decrease of filter coefficients makes Kotelnikov-Shannon wavelet less
convenient in practical use [4]. In addition, in consequence of discontinuous function
H0(ω), Kotelnikov - Shannon wavelets are weakly localized in space. Atomic functions
ha(x) possess the greater rate of the damping than the function sinc (x) underlying
Kotelnikov-Shannon wavelets (see Fig. 2).

Figure 2: Comparison of the attenuation of sinc(x) function (at the left) and atomic
function (at the right)

Therefore, there has been made the modification: as the scaling function has been
selected

3

116



ϕ (x) =
1

2π

∫ ∞
−∞

ϕ̂ (ω) eiωxdω =
∞∏
k=1

sinc
x

2k
,

(its frequency image takes the form of atomic function ϕ̂ (ω) = up(ω)), and then a
generalization has been made for any atomic functions ha (x) [1] and the following
filter coefficients have been gotten:

hn =
1√
2π

∫ 1
2

− 1
2

ha (ω)

ha
(
ω
2

)cosωn dω.

Applying of these modified wavelets allows to use fewer filter coefficients to calculate
the wavelet decomposition of signal due to the more rapid decay.

Two-dimensional and three-dimensional phase portraits of systems and transient
processes have been also built to identify the attractors, which studied dynamic sys-
tems have been attracted to (all studied physiological systems have strange or chaotic
attractor); scattergram diameters have been calculated.

The reported study was partially supported by RFBR, research project No. 13-08-
12023 ofi m.
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