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Abstract

The paper considers a problem of the new class processes modeling with
“tubular” structure in the space of “input-output” variables. Modeling of these
class processes differs essentially from the generally accepted parametric models
being a surface of the same space. A question of multidimensional systems mod-
eling having small volume of learning samples is analyzed specially. For building
learnt parametric models of “tubular” processes a corresponding non parametric
indicator is introduced.

Introduction

Identification of some stochastic objects is often come to identification of static systems
with delay. It is caused by the fact that some output variables of the object are
controlled in considerably large time intervals, than input variables and significantly
exceed a time constant of the object. For example, a number of variables is measured in
the electric way (in this case discreteness of control ∆t could be rather small), and other
variables are controlled as a result of the chemical analysis or physical and mechanical
tests (in this case discreteness of control ∆T – is great, i.e. ∆T � ∆t). Then the
investigated object can be presented as a static one with delay. It is expediently to
present such a process on the corresponding channel as follows:

x(t) = f(u(t− τ), ξ(t)), (1)

where x(t) – input variable of the object, u(t− τ) – output variable, τ – delay, ξ(t) –
random disturbance influencing the object t – continuous time.

There is random noise in communication channels. In principle delay of the object
τ could be absent, then we deal with a typical dynamic object, but due to a large
value ∆T we are to take it as static with delay, but in this case delay is stipulated by
time duration of measurement by a variable x(t). Let’s notice once more that a time
constant of the object is considerably less ∆T . So, an observation sample in discrete
form can be presented as follows: u[t], x[t + n + m], where n - discreteness of delay,
n = τ/∆t , m - lag, caused by duration of the control m = ∆T/∆t, t = 1, 2, . . . , s.
Performing the realization shear xt, t = 1, s at (n+m) is so, that an observation sample
can be redone the following way

{
ut, xt, t = 1, s

}
and, to take identification problem

to identification of static object with delay without essence violation. Depending on
the volume of the a priori information about the investigated object one can point out
identification problems in the “narrow” and “wide” senses.
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1 Identification of a static system

Let u = (u1, . . . , uk) ∈ Ω(u) ⊂ Rk, x ∈ Ω(x) ⊂ R1. Generally speaking each com-
ponent of the vector is ui ∈ [ai; bi], i = 1, k and x ∈ [c; d]. While investigation real
processes the coefficient values {ai, bi, c, d}, i = 1, k are always known. In industrial
processes the values of these coefficients are regulated by process requirements (card).
Further, without loss of generality, we take these intervals as single, then Ω(u) – single
hypercube, Ωk(u) = [0; 1], i.e. u ∈ [0; 1], Ωk+1(u, x) = [0; 1], (u, x) ∈ Ωk+1.

The identification problem is often reduced to a parametric, consisting of two main
stages. The first stage is the choice (defining) of parametric model (1) in the form x̂ =
f̂(u, α), where α – parameter vector, and at the second stage we have subsequent eval-
uation of the parameters on the basis of samples received (u1, x1), (u2, x2), . . . , (us, xs),
i.e. evaluation αs receiving. The adaptive model in this case would is as follows:

x̂s(u) = f̂(u, αs). (2)

If as a function f̂(u, αs) to accept a number:

x̂(u) = f̂(u, α) =
N∑
j=1

αjϕj(u). (3)

where ϕj(u), j = 1, N – system of linearly independent functions of a vector argument
u = (u1, . . . , uk), then, following the method of stochastic approximation [3]:

αl
s = αl

s−1 + γls

(
xs −

N∑
j=1

αj
s−1ϕl(us)

)
ϕl(us), l = 1, . . . , N. (4)

where γjs , j = 1, N – coefficients Robbins-Monro.
This is a general scheme for solving problems of parametric identification. We

note only that the most “weakest” point here is the choice of a parametric model
structure. If at the first stage we had a rough enough mistake, then, in the end,
a resulting model is unlikely to be satisfactory. This problem is discussed in detail
in [6]. There a new class of K- models was offered. It takes into account in general
the information of fundamental laws, the other a priori information about the object,
including a polytypic one. Let’s note that the class of models (2) is a hyper surface in
the space of the “input-output” variables of the object, i.e. (u, x) ∈ Ω(u, x) ⊂ Rk+1.

Let’s analyze two important points that arise while modeling real processes. The
first one takes into account the fact that a sample size s

{
xi, ui, i = 1, s

}
, disastrously

low in relation to the dimension vector, as mathematical statistics “needs”. For exam-
ple, in practical problems we often have a case, when k = 20÷ 30 and s = 900÷ 1000.
In other words, in this case it is impossible to obtain a satisfactory solution to the iden-
tification problem. The second fact is that if a model is of the type (2), according to
available data, when u ∈ Ω(u) ⊂ Rk we can get the estimation, i.e. out of production
schedules and even physically unrealizable values x(u). Both facts can be explained
based on the following considerations.
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Figure 1: Object with a ”tubular” structure

So, the process under study, without the loss of generality, flows in a unit cube
Ω(u, x) = Ω(u1, u2, x) ⊂ R3. If you omit the influence of random disturbances ξ(t)
and measurement errors u1, u2, x, i.e. and absence of hu, hx and ξ (Figure 1) for the
simplicity of pictures, the process takes place on the surface ΩH(u, x) ⊂ Ω(u, x), as it
follows from the model class (2), which is the surface Ω(u, x).

The real process follows in line J (Figure. 2a), which lies on the surface S(u, x) ⊂
Ω(u, x), i.e. J ∈ S(u, x). One can see in Figure 2a that a point C 6∈ S(u, x), B ∈
S(u, x), but B 6∈ J , and a point A ∈ J ⊂ S(u, x) ⊂ Ω(u, x). And in Figure 2b a case,
taking into account the influence of noises h and ξ is presented. This fact was pointed
out in [4]. To identify it, you must build, as it is usually done, a model of the class
(2) or (3) and analyze the estimations behavior x̂(uj) for arbitrary values of the vector
components uj =

(
uji , . . . , u

j
k

)
∈ Ω(u).

If the investigated process is of a “tubular” structure, then models (2) and (3)
should be adjusted as follows:

x̂s(u) = f̂(u, αs)Is(u), (5)

or:

x̂s(u) = Is(u)
N∑
j=1

αjϕj(u), (6)

where an indicator Is(u) is:

I(u) =

{
1, if u ∈ ΩH(u);

0, if u 6∈ ΩH(u).
(7)

We only note that, in general, we do not know the area ΩH(u), and we know only a
sample

{
xi, ui, i = 1, s

}
. If the indicator is equal to zero, the estimation x̂(u), x̂s(u) can

not be calculated, i.e., at these values of the vector components u ∈ Ω(u) the process
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can not proceed. If the indicator Is(u) at any value u ∈ Ω(u) equals to one, then the
model (5) coincides with (2), and the model (6) coincides with (3). As an estimation
of the indicator Is(u) the following approximation can be taken:

Is(u) = sgn(scs)
−1

s∑
i=1

Φ
(
c−1s (xs(u)− xi)

) k∏
j=1

Φ
(
c−1s (uj − uji )

)
, (8)

where

xs(u) =
s∑

i=1

xi

k∏
j=1

Φ
(
c−1s (uj − uji )

)/ s∑
i=1

k∏
j=1

Φ
(
c−1s (uj − uji )

)
, (9)

and a smooth parameter cs and bell-shaped function Φ(·) satisfy conditions of conver-
gence [5].

Thus, at a knowning value u = u′ ∈ Ω(u) the estimation xs(u = u′) is build
first by a formula (9), then the indicator Is(u) is calculated, and model (5) or (6)
are applied only at the next stage, if an indicator is equal to one. If the indicator is
equal to zero, it means that though, u′ ∈ Ω(u) but u′ /∈ ΩH(u),i.e. vector components
u = u′ = (u′1, . . . , u

′
k) are defined incorrectly, in other words, really flowing a “tube”

process does not correspond to the population of the defined vector components values
u = u′.

The reasons for this may be to the fact that the vector components u = u′ =
(u′1, . . . , u

′
k) are selected incorrectly or measured with insignificant error of the “release”.

Of course, this is true only under the condition that we have a representative sample{
xi, ui, i = 1, s

}
. It should be noted that to apply traditional models of types (2), (3)

will assure an estimation which, of course, would be far from the reality.

2 On one modeling feature of “tubular” processes

Let’s give the following example related to the identification of the inertia-free system.
Let an object be described by the equation:

x(u) = f(u1, u2, u3), (10)

where a three-dimensional vector u = (u1, u2, u3) ∈ R3 is input variable, and x ∈ R1 –
output variable. A traditional way to build a model of the process described in (10) is
in a class of parametric dependencies x̂(u) = f̂(u1, u2, u3, α) defining and subsequent
evaluation of the parameters in some way from a sample of observations and subse-
quent estimation of the parameters α in this or that way from an observations sample
(ui, xi), i = 1, s, where s – sample size. Let’s analyze this example from different points
of view. Let the components of the input variables u = (u1, u2, u3) are stochastically
unrelated, that is, independent. In this case it is natural to apply the usual traditional
methods described above. Now let’s suppose that objectively vector components of
input variables are functionally related, for example:

u2 = ϕ1(u1), u3 = ϕ2(u2) = ϕ2(ϕ1(u1)). (11)
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It is naturally, an investigator does not know about the dependences existence
(11). Otherwise, one could make the substitution (11) in (10) and obtain the following
dependence x of one variable u1 now of the following kind:

x(u) = f(u1, ϕ1(u1), ϕ2(ϕ1(u1))). (12)

Thus the dependence (10) in the conditions mentioned above can be reduced to one-
dimensional dependence x from u1.

In case if the dependence u3 from u2, is absent objectively, then (10) can be easily
reduced to the form

x(u) = f(u1, ϕ1(u1), u3). (13)

i.e. to the two-dimensional dependence x from u1, u3. We can therefore conclude that
the presence of a functional dependence among the vector components u we obtain the
dependence x from u, in this case, one-two-three-dimensional ones. We emphasize once
again that a researcher doesn’t know about the presence of functional dependencies
between the vector components of input variables. Simply, we have analyzed the case:
“If...”. Now let us analyze a more interesting situation related directly to the H-process.

Let u3 and u2 stochastically related though by unknown way. Let’s emphasize that
stochastically, and not functionally. Let us return once more to the analysis of what has
happened. Firstly, if the vector components u are independent, then the investigated
process is described by a function of three variables. If two components of the input
variables u are associated by the functional dependency, the process is described by
a function of two variables. Finally, if two variables are related stochastically, the
process is described by a function of more than two variables, and less than three?!
We can assume that we are coming to the dependence on the fractional number of
variables, and hence to the space of fractional dimension. This fact in mathematics
has already been known, though its origins were in the field of geometric studies of
natural objects, and were described in the book B. Mondelbrot “Fractal geometry of
nature” [7]. Here is a small fragment: “Liquid, gas, solid are thee usual physical states
of the substance existing in the three-dimensional world. But what is the dimension
of a smoke, cloud, or exactly their borders, continuously eroded by turbulent motion
of air? It turned out that it is more than two but less than three. Fractional value!
Similarly, we can calculate the dimension and other real natural objects, for example
such a coastline, eroding by the surf, or tree crown rustling in the wind. A human
circulatory system, pulsating, alive, has the dimension 2.7”. Previously, this fact was
known as the dimension of Hausdorff-Besicovitch. In the context of the problems of
modeling, identification, control this problem, of course, requires understanding and
study.

Conclusion

The main result of this paper is in modeling the processes of a “tubular” structure,
which always occurs when the vector components of the input variables of the inves-
tigated process are stochastically dependent. In this case, the traditionally applied
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models of static systems with delay are not applicable or, at best, they can lead to sig-
nificant errors. The most interesting fact is that we are to introduce the fractional space
dimension. An interesting question is whether this space is of Hausdorff-Besicovitch
space. The numerical investigations confirm the effectiveness of H-models instead of
conventional ones.
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