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Abstract

Formulas of linear interpolation with respect to two or three nodes for the
operator, which gives a solution of a linear stochastic differential equation, are
constructed.

1 Introduction

The solutions of stochastic differential equations and their probabilistic characteristics
are operators depending on the input random or deterministic functions and numerical
parameters. These operators have a special structure and in the vast most cases are
nonlinear [1-3]. For their approximation methods of operator interpolation can be used.
One such approach is illustrated below in the example of linear stochastic equations.

2 The results

Consider the scalar linear stochastic differential equation of the form

dX(t) = [a1(t)X(t) + a2(t)] dt + [a3(t)X(t) + a4(t)] dW (t) (1)

with the initial condition X(0) = X0, where X0 and deterministic continuous on
T ⊆ R+ vector-function a(t) = (a1(t), a2(t), a3(t), a4(t)) are given; W (t) = W (t, ω)
is standard Wiener process defined by a complete probabilistic space {Ω, F, P} with a
distinguished on it right continuous flow of σ-algebras Ft(t ≥ 0, ω ∈ Ω).

The solution X(t) = X(t, ω) of the problem can be written as

X(t) = F (a(t)) = F (a1, a2, a3, a4),

where the random operator F (a) dependent on the coefficients ai(t) (i = 1, 2, 3, 4) of
the equation (1), has the form

F (a(t)) = p0(t)
[
X0 exp{

∫ t

0
a3(τ)dW (τ)}+

∫ t

0
p1(s) exp{

∫ t

s
a3(τ)dW (τ)}ds +

∫ t

0
p2(s) exp{

∫ t

s
a3(τ)dW (τ)}dW (s)

]
. (2)
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In the formula (2) functions pi(t) (i = 0, 1, 2) are given by

p0(t) = exp{
∫ t

0

[
a1(τ)− 1

2
a2

3(τ)
]
dτ},

p1(t) =
a2(t)− a3(t)a4(t)

p0(t)
, p2(t) =

a4(t)

p0(t)
. (3)

The linear interpolation problem for operators of such form is construction of linear
with respect to the coordinates ai(t) (i = 1, 2, 3, 4) of vector a(t) of operator L1(F ; a)
such that at points ãi = ãi(t) = (a1i(t), a2i(t), a3i(t), a4i(t)) (i = 0, 1), the equalities
L1(F ; ãi) = F (ãi) (i = 0, 1) hold true. Two types of such interpolation polynomials
are studied. The first of them contains the Gateaux differential of interpolated operator
F (a) and has the form

L1(F ; a) = F (ã0) +
∫ 1

0
δF [ã0 + τ(ã1 − ã0); a− ã0] dτ, (4)

where Gateaux differential of operator F (a) at the point a = ã0 + τ(ã1 − ã0) in the
direction a− ã0 in (4) is a total differential of operator F (a) = F (a1, a2, a3, a4), which
is defined as the sum of partial differentials

δF [a; h] =
4∑

i=1

δai
F [a1, a2, a3, a4; hi]

respectively in the directions hi = ai − ai0.
More visual version of the formula (4) is as follows

L1(F ; a) = F (a10, a20, a30, a40) +
4∑

i=1

∫ 1

0
δai

F [a10 + τ(a11 − a10), a20 + τ(a21 − a20),

a30 + τ(a31 − a30), a40 + τ(a41 − a40); ai − ãi0]dτ.

Condition L1(F ; ãi) = F (ãi) for i = 1 is easy to check, using the well-known [4]
ratio

d

dτ
F (ã0 + τ(ã1 − ã0)) = δF [ã0 + τ(ã1 − ã0); ã1 − ã0] .

The validity of L1(F ; ã0) = F (ã0) is obvious.
If a3(t) ≡ 0 then the operator F (a(t)) is transformed to

F (a(t)) = exp{
∫ t

0
a1(τ)dτ}X0+

∫ t

0
a2(s) exp{

∫ t

s
a1(τ)dτ}ds +

∫ t

0
a4(s) exp{

∫ t

s
a1(τ)dτ}dW (s).

The mathematical expectation of the solution X(t) = F (a(t)) in this case has the
form

E{X(t)} = exp{
∫ t

0
a1(τ)dτ}

[
X0 +

∫ t

0
a2(s) exp{

∫ s

0
a1(τ)dτ}ds

]
. (5)
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Another version of the formula of linear interpolation is given by special form of the
Stieltjes integral. Let us assume that the function F [ã1 + τ(ã1 − ã0)] has a bounded
variation on the segment [0, 1] with respect to numerical parameter τ . We now consider
the formula of the form

L1(F ; a) = F (ã0) +
∫ 1

0
Ω(a(τ), ã0(τ), ã1(τ))dτF (ã0 + τ(ã1 − ã0)), (6)

where

Ω(a(τ), ã0(τ), ã1(τ)) =
1

4

4∑
i=1

ai(τ)− ai0(τ)

ai1(τ)− ai0(τ)
,

and the integral in (6) is understood as a Stieltjes integral for each fixed trajectory of
the Wiener process W (t). We must require ai1(τ) 6= ai0(τ) for τ ∈ [0, 1]. It is easy
to verify that for the formula (6) the interpolation conditions L1(F ; ãi) = F (ãi) for
i = 0, 1 also hold true.

Interpolation formulas (4) and (6)coincide with the value of operator F (a) at the
two nodes ã0(t) and ã1(t). Based on these formulas the linear operator polynomials,
for which the interpolation conditions hold true not only at these nodes, but also at
the third node specially picked up in addition, can also be constructed.

Consider the vector p(t) = (p1(t), p2(t), p3(t), p4(t)) with mutually orthonormal on
the segment [0, 1] with respect to weight ρ(t) coordinates pi(t), i.e.∫ 1

0
ρ(t)pi(t)pj(t)dt = δij (1 ≤ i, j ≤ 4),

with δij being the Kronecker symbol. By (a(t), p(t)) we denote the scalar product of
the vectors a(t) and p(t). Then for the operator first-degree polynomial with respect
to variables ai(t) (i = 1, 2, 3, 4) of the form

L11(F ; a) = L1(F ; a) +
1

4
r1(a)

∫ 1

0
ρ(τ)(a(τ), p(τ))dτ, (7)

where r1(a) = F (a) − L1(F ; a), the equalities L1(F ; ãi) = F (ãi) (i = 0, 1), L(F ; p) =
F (p) hold true. It is true, since r1(ã0) = r1(ã1) = 0, and the integral in equation (7)
when a(τ) = p(τ) is equal 4.

The interpolation formulas (4), (6) and (7) presented here can be used not only to
random operators, which define an explicit solution of the equation, but also to the
mathematical expectations of these solutions, in particular, to the operator (5), which
depends on function variables a1(τ) a2(τ), and also to other classes of operators.

For example, if the random operator F (a(t)) depending on the vector a(t) =
(a1(t), a2(t)) has the form

F (a(t)) = sin(a1(t) + W (t)) + cos(a2(t) + W (t)), (8)

two interpolation nodes ã1(t) = (a10(t), a11(t)) and ã2(t) = (a20(t), a21(t)) are given,
then the integral in (4) can be exactly calculated and so this interpolation formula
takes the form generally accepted for the case of scalar functions
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L1(F ; a) =
a1(t)− a10(t)

a11(t)− a10(t)
F (ã1(t)) +

a2(t)− a20(t)

a21(t)− a20(t)
F (ã2(t)). (9)

For the operator (8) we present another version of the formula using the form (7):

L11(F ; a) = L1(F ; a) +
1

2
r1(a)

∫ 1

0

[
1

α + 1
a1(τ)τα +

1

β + 1
a2(τ)τβ

]
dτ,

where r1(a) = F (a)−L1(F ; a), L1(F ; a) is given by (9), α β are given numbers α ≥ 0
β ≥ 0. For the formula (10) the interpolation conditions at the points ãi (i = 0, 1)
ã2 = (1, 1) hold true.

Operator interpolation, as one of methods of approximation for operators can be
used for approximate calculation of both deterministic and stochastic linear and non-
linear operators. Numerous interpolation formulas for the operators defined in the
general linear, Hilbert and function spaces are constructed in [5,6].

References

[1] Watanabe S., Ikeda N. (1986). Stochastic differential equations and diffusion pro-
cesses. Nauka, Moscow. (In Russian).

[2] Oksendal B. (2003). Stochastic differential equations. Introduction to theory and
applications. Mir, Moscow. (In Russian).

[3] Pugachev V.S., Sinicyn I.N. (1990). Stochastic differential systems. Analysis and
filtering. Mir, Moscow. (In Russian).

[4] Trenogin V.A. (1980). Functional analysis. Nauka, Moscow. (In Russian).

[5] Makarov V.L., Khlobystov V.V., Yanovich L.A. (2000). Operator interpolation.
Naukova Dumka, Kiev. (In Russian).

[6] Makarov V.L., Khlobystov V.V., Yanovich L.A. (2010). Methods of Operator In-
terpolation. Institute of Mathematics of NAS Ukraine, Kyiv.

228


