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Abstract

The main goal of the work is to study the limit behavior of optimal stopping
and exit times for some classes of random processes, in particular Ito’s diffusion,
random walk and diffusion process with non-Lipschitz diffusion coefficient.

1 Limit behavior of optimal stopping times for Ito’s
diffusion

We consider an asset whose price is the solution of the following linear stochastic
differential equation

dX,(t) = r, X, (t)dt + a, X, (t)dW (1), X,,(0) = 2 > 0,n > 0.
Definition 1. The discounted profit is given by
gn(s,z) =€ (x — ay).

Definition 2. The optimal stopping time is defined as follows

Ty = Argmax,cr [E(S’x)e_p” (X (1) — an)} ,
where I 1s the set of all stopping times.
Definition 3. Optimal discounted profit is of the following form

9 = gn(s,2) = B g, (77, Xou(7))].

We consider the case when 7, < p,. Explicit form of 77 was established, e.g. by
the Oksendal in [1].

Theorem 1. Letr,, ay,, pn, a, converge to ro, g, po, ag- Then the following convergence
holds for every e > 0
P(|mr —15] > ¢) — 0.

Moreover the stopping time 7§ is optimal for the limit process Xo(t) with the limit
parameters ro, g, Po, Ao -

The convergence of optimal discounted profit g’ to the optimal discounted profit of
the limit process also holds.
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2 Optimal stopping problem for a random walk with
polynomial reward function

For a random walk X;,t € N* with a drift to the left and polynomial reward function
of the following form

ch FOLeR

we study the optimal stopping problem of finding the optimal stopping time
7" = argmax, cpe E,g( X ) I{T < o0}

using the Appel polynomials Q(y) of the random variable M = sup,,(Xz — Xo).
Here I'f° is the set of all Markov times on [0, oo]. -

This method was first proposed by Novikov and Shiryaev in the work [2] for the par-
ticular case n = 1.

Definition 4. Appel polynomials Q. of order k > 0 for random variable M are defined
through the expansion

exp u-y)
Eexp(u- M) exp(u - M) Z k! Qk
We establish the necessary and sufficient conditions for C};, under which the linear

combination of Appel polynomials associated with reward function has unique positive
root x,.

Theorem 2. Under the conditions mentioned above the optimal stopping time is the
first exit time of the random walk X, from the interval [—o0, x,].

Examples of random walks and reward functions which satisfy the condition of
uniqueness of the positive root x,, are constructed.

3 Asymptotics of exit times for diffusion processes

We study the process that is the solution of the following stochastich differential equa-
tion

t ¢
X, (t) = X, (0) +/ bn(s, X, (s))ds +/ on(8, Xn(8))dW (s),n>0,t >0 (1)
0 0
with non-random initial conditions and coefficients satisfying the following assumptions
(a) coefficients b, (s, ) and o,(s,z) are continuous in s and x;
(b) coefficients b, (s, z) and 0,(s,z) are of the linear growth;

(c) coefficient b, (s, x) satisfies the Lipschitz condition in space;
(d) coefficient o,,(s, x) satisfies the Yamada condition in space;
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It was proved by Yamada [3] that under conditions (a) — (d) the stochastic differ-
ential equation (1) has unique strong solution X,.
The following pointwise convergence of coefficients and initial condition is assumed

bu(t,z) — bo(t, ), 0,(t, x) = oo(t,z),n — 0, (2)
and X,,(0) — Xo(0),n — oo.

Theorem 3. Under convergence (2) the process X,, converges uniformly in probability
to the process X on the arbitrary interval [0, T].

The above theorem is the generalization of result obtained in [4] on the weaker
Yamada conditions.

Let 7, and 79 be the first exit times of the processes X,, and X, from the interval
1, r] where | < X,,(0) <r,n > 0.

Theorem 4. Under convergence (2) the following convergence of exit times take place
for every e >0
P(|1, — 10| > €) — 0.

The obtained result is useful in the investigation of the optimal stopping times
convergence for diffusion processes with non-Lipschitz diffusion.
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