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Abstract

A mathematical model of a scalar random field generated by Poisson ran-
dom process is presented. Computer modeling for implementation of a proposed
random field with a graphic illustration of the results is performed.

1 Introduction

An important problem in the development of spatial queues systems is to construct
a mathematical model of the input requirements flow for such a system. At present,
there is no suitable mathematical model for those purposes. There is only a definition
of a Poisson random point field [4]: this is a random field, in which many points in
any set of non-overlapping measurable sets Bi ⊆ Z represent mutually independent
random variables with a Poisson distribution:

P (ξ(Bi) = k) =
(Λ(Bi))

k

k!
exp(−Λ(Bi)), (1)

where Λ(Bi) = E(ξ(Bi)), E is the symbol of mathematical expectation. Implementa-
tion of a random field on the set B ⊆ Z can be obtained in two stages. Initially, value
of the random variable ζ is modeled with the Poisson distribution (1) with average
Λ(B). If ζ = k, then points zj, j = 1, k, in which ξ(zj) > 0, are the results of the
k-fold independent ”throwing” of points on B with the probability of contact with any
C ⊆ B equal to Λ(C)/Λ(B). In accordance with the above algorithm, the implemen-
tation of Poisson random point field can be represented as the presence in some area
B of k points, selected from a uniform distribution in this area, and the number of k is
selected from the Poisson distribution. Such implementation can describe, for example,
the positions of fixed visible stars in the starry sky [5], but not the requirement flow
of queues system. A mathematical model, more suitable for spatial queues systems,
should reflect the dynamics of a random field on spaciotemporal argument. Such math-
ematical model can be obtained as a generalization to spatial case of a mathematical
model of the Poisson random process [1, 2]. This paper presents a mathematical model
of Poisson random field and modeling of its implementations.

2 Poisson random field

It is known that a scalar random field is the random scalar function ξ(ω, z) = ξ(z) ∈ S,
defined on the probability space {Ω, F, P}, ω ∈ Ω, and measurable for every value of
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vector argument z = (z1, z2, ..., zn) ∈ Z ⊆ Rn. A discrete scalar random field with a
continuous argument is the scalar random field ξ(z) ∈ S with finite or countable set of
values S = (si) and the continuum set Z of the argument value z (z ∈ Z ⊆ Rn).

We define scalar random field by scalar random function of scalar variable ξ(t) ∈ S
at t = φ(z), where z = (z1, z2, ..., zn) ∈ Z ⊆ Rn, φ(z) is nonnegative and nondecreasing
function on every variable zi. In this definition, one of scalar variables z1, z2, ..., zn can
be the time, and the other variables are considered as spatial variables. The value
z2 = (z1,2, z2,2, ..., zn,2) of the argument z = (z1, z2, ..., zn) will be called ”next” one
with regard to the value z1 = (z1,1, z2,1, ..., zn,1), if τ = φ(z2− z1) is nonnegative, i.e., if
τ = φ(z2− z1) ≥ 0, then z2 ≥ z1. The argument t = φ(z) will be called the generalized
time and the function φ(z) will be called the generating function, τ = φ(z2− z1) is the
interval of generalized time, and τi = φ(z1,1, ..., zi,2 − zi,1, ..., zn,1) is the interval on the
ith argument, i = 1, n.

The random field defined as above will be called the scalar random field generated
by scalar random process [3]. It will be denoted as ξ(z) ∈ S, z ∈ Z ⊆ Rn.

Let assume that the generating random process ξ(t) is a Poisson one with the
parameter λ. With regard to the so generated random field, the following theorem is
valid.

Theorem 1 Let ξ(z), z = (z1, z2, ..., zn) ∈ Z ⊆ Rn, be the scalar random field gener-
ated by the Poisson random process ξ(t) with the parameter λ and nonnegative nonde-
creasing function t = φ(z) on every argument z1, z2, ..., zn. The increment η = ξ(z2−z1)
of this field for the generalized time τ = φ(z2 − z1) is represented as weighted sum

η =
n∑

i=1

λλiηi

of independent increments ηi = ξ(z1,1, ..., zi,2 − zi,1, ..., zn,1) on every coordinate zi dis-
tributed under the Poisson law

P (ηi = k/τi) =
λλiτi

k!
e−λλiτi , i = 1, n, k = 0, 1, 2, ...,

then and only then when the function t = φ(z) = φ(z1, z2, ..., zn) is a linear function in
the form of

t = φ(z) =
n∑

i=1

λizi, (2)

where λi are some non-negative constants. The increment η = ξ(z2 − z1) of a random
field for the generalized time τ = φ(z2 − z1) is distributed under the Poisson law with
the parameter λτ .

As it follows from the theory of Poisson random processes, the parameter λ in the
theorem represents the average number of jumps of the random field in a generalized
interval unit of the generalized time τ . The parameter λ∗i = λλi, i = 1, n, represents
the average number of jumps of random field in the interval unit τi on ith coordinate.

A random field, which increment for the generalized time τ = φ(z2 − z1) is dis-
tributed under the Poisson law, will be called the Poisson random field. It follows from
the theorem, the Poisson random field can be generated by Poisson random process
only with linear generating function (2).
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3 Computer simulation

The above theorem defines the following algorithm for modeling a single trajectory of
points of increase of the proposed random field.

1. Let set the initial point z0 = (z1,0, z2,0, ..., zn,0) of the random field and model the
value ξ(z0) of the random field in this point as a random number from the probability
distribution of the initial state ai(z0) = P (ξ(z0) = si), i = 1, 2, 3, ..., si = i − 1. This
can be, for example, the Poisson distribution Po(c):

ai(z0) = P (ξ(z0) = si) =
ci−1

(i− 1)!
e−c, i = 1, 2, 3, ..., si = i− 1. (3)

2. Let model the intervals on individual coordinates between neighboring state
transitions of field as random numbers γi from exponential distributions fγi

(τi) =
λ∗i e

−λ∗i τi , λ∗i = λλi, i = 1, n.
3. Let expect the coordinates of the point of increase of the Poisson field z2,i =

z1,i + γi, i = 1, n.
4. Let return to the step 2 of the algorithm.

Figure 1: Implementation of curve of points of increase of Poisson random field

In accordance with the above algorithm, the numerical modeling of a random field
on the plane z10z2 with λ1 = 3, λ2 = 1, λ = 1 is defined, with the initial argument
value z0 = (6, 4) (t0 = 3 · 6 + 1 · 4 = 22), the final value z = (20, 20) (t = 3z1 + 20) and
the parameter c = 3 in the formula (3).

Fig. 1 presents a separate implementation of the curve of points of increase of the
random field. On the coordinate axes z1 and z2, the points of increase of the field
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Figure 2: Set of implementations of curves of points of increase of Poisson random field

are indicated on the coordinates. Fig. 1 shows that the field points are not evenly
distributed in the rectangle [6, 20]× [4, 20], but are subjected to certain regularity. Fig.
2 presents a set of implementations of the curves of points of increase of the Poisson
random field (dispersion field).
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