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Abstract

A method of the prediction of time series based on the state space model
is suggested. It provides recursive formulae for the estimation of the state but
in some special case recursive formulas can be derived. The AR(2) model is
investigated in more details including a simulation study.
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1 Introduction

State space models were developed originally by control engineers but are receiving
increasing attention in the economics literature [1]. There is a number advantages in
representing models in state space form. The likelihood function can be written in
terms of the one-step-shead prediction error vt and their variance σt. The Kalman
filter when applied to a model in state space form provides an algorithm for prediction
vt and its variance. Since many models (for example all ARMA models) can be rep-
resented in state space form, the Kalman filter provides a convenient general method
of representing the likelihood functions for what may be very complex models and an
algorithm for prediction of time series.

2 The linear Gaussian state space model and

Kalman filter

Let us consider a linear system of the form

βt+1 = Ftβt + εt, εt ∼ N(0, Qt), (1)

zt = Htβt + ηt, ηt ∼ N(0, Rt), (2)

β1 ∼ N(a1, P1), t = 1, 2, . . . , n.

Matrices Ft, Ht, Rt and Qt are assumed known. Initially, a1 and P1 are assumed
known, we may consider what to do when some elements of them are unknown. The
p×1 vector zt is the observation. The unobserved m×1 vector βt is called the state. The
disturbances εt and ηt are independent sequences of independent normal vectors. The
equation (1) is called the state equation and the equation (2) is called the observation
equation.
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The structure of model (1) is a natural one for representing the behavior of many
time series as a first approximation. The equation (2) is a standard multivariate linear
regression model whose coefficient vector βt varies over time; the development over
time of βt is determined by the first-order vector autoregression given in the equation
(1). The Markovian nature of the model accounts for many of its properties. In spite
of the conceptual simplicity of this model it is highly flexible and has a wide range of
applications to problem in practical time series analysis.

Let Zt = {z1, . . . , zt}, t = 1, 2, . . . , n. We may focus on the following items:

1. Kalman filter. This recursively computes at|t = E (βt|Zt) and Pt|t = Var (βt|Zt)
for t = 1, 2, . . . , n. Since distributions are normal, these quantities specify the
distribution of βt given data up to time t [2].

2. State smoother. this estimates β̂t−1|t=E (βt−1|Zt) and Vt−1|t=Var{βt|Zt} and
hence the conditional distribution of βt given all the observations for t=1, . . ., n [2].

3. Simulation smoother. An algorithm for generating draws from P (β1, . . ., βn|Zn).
This is an essennon-Gaussian and nonlinear models [1].

4. Missing observation. We show that the treatment of missing observations is
particulary simple in the state space approach [3].

5. Forecasting. Prediction is simply treated as a special case of missing observa-
tion [4].

6. Initialization. This deals with the case where some elements of a1 = E(β1) and
V1 = Var(β1) are unknown.

7. Univariate treatment of multivariate series. This puts a multivariate model into
univariate form, which can simplify the treatment of large complex models.

8. Parameter estimation. It may be shown that the likelihood function is easy
constructed using the Kalman filter.

The diffuse Kalman filter [2] computes β̂t|t = E (βt|Zt) and Pt|t = Var (βt|Zt) by the
recursion formulae.

We introduce the following notation. Let

β̂t|t−1 = E (βt|Zt−1) ,

ẑt|t−1 = E (zt|Zt−1) ,

Vt|t = E
((

βt − β̂t|t
) (

βt − β̂t|t
)T
)

,

Vt|t−1 = E
((

βt − β̂t|t−1

) (
βt − β̂t|t−1

)T
)

,

Mt|t−1 = E
((

zt − ẑt|t−1

) (
zt − ẑt|t−1

)T
)

.
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Then β̂t|t−1 and ẑt|t−1 are the predictions of βt and zt formed at time t−1. The matrices
Vt|t, Vt|t−1 and Mt|t−1 are the mean squared prediction errors and vt is the residual in
the regression of zt on its past values.

We have the following relations for the diffuse Kalman filter [2]:

β̂t|t = β̂t|t−1 + Ktvt, (3)

Kt = Vt|t−1H
T
t

(
HtVt|t−1H

T
t + Rt

)−1
, (4)

Vt|t| = (I −KtHt) Vt|t−1, (5)

β̂t+1|t = Ftβ̂t|t, (6)

Vt+1|t = Ftβ̂t|t + Qt, (7)

ẑt+1|t = Ht+1β̂t+1|t, (8)

Mt+1|t = Ht+1Vt+1|tH
T
t+1 + Rt. (9)

vt = zt −Htβ̂t|t−1.

To apply the Kalman filter some initial values are required. More precisely, to apply
formulas (3) and (4) at time t = 1, we need β̂1|0 and V1|0. Intuitively, β̂1|0 is the optimal
prediction of β1 based on no information. Thus β1|0 is equal to the mean a1. Then we
have V1|0 = P1.

Remark. The formulas giving the covariance matrices (4), (5), (7), (8), (9) do not
involve the observations zt. Thus these formulas can be used independently of any
observations provided the matrices Ft, Ht are known.

3 Missing observations and forecasting

The missing observations are easy to handle in state space analysis. If observation Zt

is missing for any t from 2 to n− 1, all we have to do is put vt = 0 and Kt = 0 [4].
The forecasting is also easy in state space analysis. Suppose we want to forecast

zn+1, . . . , zn+K given z1, z2, . . . , zn and calculate mean square forecast errors. We treat
zn+1, . . . , zn+K as missing and proceed using (3) as in the case of the missing observa-
tions. We use Hn+1β̂n+1|n, Hn+K β̂n+K|n+K−1 as the forecast and use Vn+1, . . . , Vn+K to
provide mean square errors [4].

4 Prediction of AR(2) process

Consider the second-order autoregessive model

zt − ϕ1zt−1 − ϕ2zt2 = ut , (10)

where ut is Gaussian white noise process with variance σ2.

212



Let

β =

(
zt

zt−1

)
.

We have


βt+1 =

(
ϕ1 ϕ2

1 0

)
βt +

(
ut+1

0

)
,

zt =
(

1 0
)
βt .

Hence the model can be written in a state space form. Note that there the state
vector is observed and that the error term ηt is zero. This form is sometimes called the
companion form.

We observe z1, . . . , zt and we want to predict βt+h and zt+h, h ≥ 1. That is, we
want to determine

β̂t+h|t = E (βt+h|Zt) ,

ẑt+h|t = E (zt+h|Zt) ,

as well as the variance matrices of the prediction errors. When h = 1, the optimal
predictions of βt+1 and zt+1 as well as the variance matrices of the corresponding
prediction errors are given by formulae (3), (8) and (5), (7) of the Kalman filter. To
obtain the prediction values of β̂t+h|t and ẑt+h|t it suffices to follow the sequence of

formulae (6) and (8), when β̂t|t and Vt|t are replaced by β̂t+1|t and Vt+1|t respectively
and to iterate this operation h− 1 times.

Remark. When Ht and Ft are functions of z1, . . . , zt we saw that Kalman filter
equations (3)–(9) remain valid. In contrast, when the prediction horizon h is larger
than two, i.e. h ≥ 2, this procedure can no longer be used. This is because the matrices
Ft+h and Ht+h are now random conditional on z1, . . . , zt.

The formulas (3)–(9) are used to determine prediction values of ẑt+h|t in model (10).
Results of the simulation illustrates the usefulness of the proposed recursive method.
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