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Abstract
The problem of mean square optimal estimation of linear functional from peri-
odically correlated stochastic process is considered. This problem is investigated
under conditions of spectral certainty and spectral uncertainty.

1 Introduction

Methods of solution of the problem of estimation of the unknown values of stationary
stochastic processes (extrapolation, interpolation and filtering problems) with known
spectral densities of processes are developed by A.N. Kolmogorov [3], N. Wiener, A.M.
Yaglom. In the case where complete information on the spectral densities is impossible,
but a set of admissible spectral densities is given, the minimax-robust approach to
estimation problem is reasonable. That is we find estimate that minimizes the mean
square error for all spectral densities from a given class of densities simultaneously.
M.P. Moklyachuk, O.Yu. Masyutka [4] studied the extrapolation, interpolation and
filtering problems for stationary processes and sequences.

In the paper by E.G. Gladyshev [2] investigation of periodically correlated processes
was started. Minimax estimation problems for linear functionals from periodically
correlated sequences were studied in articles by I.I. Dubovetska, O.Yu. Masyutka,
M.P. Moklyachuk in [1].

2 The problem statement
We consider the problem of mean square optimal linear estimation of the functional

AC = /O Tt

that depends on the unknown values of the mean square continuous periodically cor-
related stochastic process ((t) based on observations of the process ((t) for ¢t < 0. The
function a(t),t € R, satisfies the condition [ |a(t)|dt < co.

3 Periodically correlated processes and generated
stationary sequences

Definition 1 /2] Mean square continuous stochastic process ¢ : R — H = Ly(, F, P),
EC(t) = 0, is called periodically correlated (PC) with period T, if its correlation function
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K(t+u,u) = EC(t +u)((u) for all t,u € R and some fized T' > 0 is such that
Kt+uu) =Et+u+T)(u+T)=K({t+u+T,u+T).
Let {¢(t),t € R} be a PC process. We construct the sequence of stochastic functions
{G(uw) = Cu+4T),ue0,T),jcZ}. (1)

The sequence (1) forms the Lo([0,7"); H)-valued stationary stochastic sequence
{¢,7 € Z}. If we define in Ly([0, T'); R) the orthonormal basis {¢; = \/Lfe%i{(_l)k[g]}“ﬁ’,
k=1,2,...}, (€;,€r) = Oy, the generated vector stationary sequence {(;,7 € Z} can
be represented in the form

[e'S) B _ 1 T ol (1) [E 1o
G = ;Cm% Cej = (G €r) = ﬁfo G(w)e 2D S (2)

4 The classical method of extrapolation

Taking into account the decomposition (2) of generated stationary sequence {(;,j € Z},
the functional A{ can be represented in the form

A= [atewd =Y [ o= Y S aya, =Y ald,
0 j=0 0 7=0

=0 k=1

G = (G k>1)T", @ = (anj, k>1)" = (a1, a3, azj, ..., asps1, G2y .- ) -

The classical Kolmogorov projection method [3] allows us to find main characteris-
tics of the optimal linear estimate of the functional A(.

Theorem 1 Let {((t),t € R} be a PC process such that the vector stationary sequence
{(;,7 € Z} generated by relation (1) has the spectral density f(\) that satisfies the
minimality condition [T Tr[(f(A)) d\ < oo.

The spectral characteristic h(f) and the mean square error A(f) of the optimal
linear estimate of the functional AC from observations of the process ((t) fort <0 are
given by formulas

W) = AT(e™) = CT(EM )], (3)
A(f) = (c,a), (4)
where A(e?) = > e aer, Cle?) = > im0 g a = {a;} 2 e={G} 2, = B !a,

B = {B(l,7)}5— is matriz with elements B(l,j) = 5= [" [(F(N)1] T eii=DAgA,

27
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5 Least favorable spectral densities in the class D,

Consider the minimax-robust approach to the problem of estimation of the functional
A( under the condition that the spectral density f(\) of generated vector stationary
sequence {(j,j € Z} constructed by relation (1) belongs to the class

Dy = {f(A) % /_: Tr f(A)dA = PC}.

The spectral density f(\) of the regular stationary sequence {(;,j € Z} admits the
canonical factorization

F)=PWP (), PO = du)e™,  d(u) = {dun(u)} 52

u=0

Applying the Lagrange multipliers method to the conditional extremum problem
A(f) = [Ad|]? = maz, f(A\) = P(\)P*(A) € Dy, (5)
where ||Ad|]> = Y2, [[(Ad)|[?, (Ad), = >°32, @) d(j—1),1 > 0, we can derive relations

JlJ

SN Gl d(s) =a’d(r), r=0,1,..., (6)

p=0 s=0

Id]* = led )P =P, (7)

that determine solution f°()) of (5). The following theorem holds true.

Theorem 2 The spectral density

_ ( ZdO(U)e—iuA) ( Z d()(u)e—iu)\>

of the moving average sequence {(;,j € Z} with components

W= Y D A~ wew ()

u=—00 m=1

is the least favorable in the class Dy for the optimal linear estimation of the functional
AC. The sequence of matrices d° = {d°(u),u = 0,1,...} is determined by relations
(6), (7). The minimaz spectral characteristic h(f°) is given by the formula

h(f7) = AT () = S"(eMQ(N),

where S°(e) = >"77 (Ad?)e™, QO(N) = {q&k(k)}]; 11";4 is the matrixz function deter-
mined by equation Q°(N\)P°(\) = I,;.
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6 Least favorable spectral densities in the class D

Consider the minimax-robust approach to the problem of estimation of the functional
A( under the condition that the spectral density f(\) belongs to the class

Dy = {505 [ =},

where V' = {v;m};f’n:l is a given nonnegative matrix with detV # 0. The least favorable
in the class D spectral density gives solution to the problem

1 [" - —
A(R(f7): f) = g/ (™) TS T FSN)TIC(eN)dN — sup, f € Dy
and is determined by relation
11T i 11T =

[(FPONT C%e™ = [(fFN7] 4, (8)
where @ is the Lagrange multiplier. Let denote by V(I — j) = B%(l, ), (d@)~* define
from the equality ((@y)~!)"d@ = 1. Then the following theorem holds true.
Theorem 3 Suppose the coefficients {@;,j = 0,1,...}, that determine the functional

A(, are such that the matriz function Y ooV (u)e™*, where

V(u) = V*(—u) = V(d)'d,, u=01,...,

u

15 positive definite and has nonzero determinant. Then the spectral density

Poy=' 3 v<u>ef”>

U=—00

is the least favorable in the class Dy for the optimal linear estimation of the functional
AC. The minimaz spectral characteristic h(f°) is given by the formula

h(fo) _ ZW(VT)—l&»Oe—iuA.
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