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Abstract

Robustness of the nonparametric sign test in AR(1) with a unit root against
outliers is studied. We consider the local scheme of data contamination by inde-
pendent additive outliers with intensity O(n−1/2). The qualitative robustness of
the test in term of power equicontinuity is established.

1 Introduction

We consider the nonstationary AR(1) model

ut = βut−1 + εt, t = 1, . . . , n; u0 = 0. (1)

In (1), β is an unknown parameter, β ∈ R1, {εt} are i.i.d. random variables with an
unknown distribution function (d.f.) G(x), satisfying following condition:

Condition (i).
P (ε1 < 0) = P (ε1 > 0) = 1/2.
We will consider the situation when the autoregression observations contain additive

outliers, so that the observed variables y0, y1, . . . , yn have the form

yt = ut + zγn
t ξt, t = 0, 1, . . . , n, n ≥ 2. (2)

In (2) {ut} is a sample from (1); {zγn
t } are i.i.d. Bernoulli random variables with

parameter
γn = min( n−1/2γ, 1 ), γ ≥ 0, γ is unknown;

{ξt} are i.i.d. random variables with unknown and arbitrary distribution µ; the se-
quences {ut}, {zγn

t }, {ξt} are assumed to be mutually independent.
Random variables {ξt} play the role of outliers or contaminations, γn is the con-

tamination level. The contamination schemes similar to (2) but with contamination
level independent of n are often used in time series analysis, see, for example, [4]. We
consider the local version of such schemes.

Using {yt}, we will test the hypothesis H0 : β = 1 against left-sided alternative
β ∈ (−1, 1).

Consequently, H0 is the random walk hypothesis for {ut} and the alternative means
the stationarity. This problem is very famous and has a long history. It arises, for
example, in econometrics, financial statistics, engineering. It is assumed usually that
autoregression observations have not outliers and test statistics are based on least

194



square (LS) estimators. See, for example, famous paper [3] where {εt} form a square-
integrable martingale difference and the asymptotic distribution of LS statistic is found
under H0 and close alternatives

H1n(τ) : β = βn := 1 + n−1τ, τ ∈ R1.

Further we will consider τ ≤ 0, then H1n(0) is H0.
Unfortunately, LS procedures are very sensitive to gross outliers in scheme (2).

Pathological situations when significance level for some µ is close to one for any small
γ > 0 are possible for them.

Our goal is to propose the sign test for H0 in scheme (2) which has not such defects.
We will use the results of [1]. In this monograph the locally optimal nonparametric sign
test was proposed in scheme (1) without contaminations for testing general hypothesis
β = β0, β0 ∈ R1. Now we can form this test in scheme (2).

Namely, let
Sk(β0) = sgn(yk − β0yk−1), k = 1, . . . , n;

Γtn(β0) = (n− t)−1
n∑

k=t+1

Sk−t(β0)Sk(β0), t = 1, . . . , n− 1;

Tn(β0) =
n−1∑
t=1

βt−1
0 (n− t)Γtn(β0).

If γ = 0, then the test for hypothesis β = β0 with statistic Tn(β0) is the locally most
powerful among tests based on signs {St(β0)} against one-sided alternatives. See §4.3
in [1].

We are interested in the statistic Tn(1). This statistic is continuous and increasing
function from |Zn|, where

Zn := n−1/2
n∑

t=1

St(1)

(Lemma 1 in Section 2). Therefore we will study the test with statistic |Zn|.
Choose the critical region such that the asymptotic level is α if γ = 0, see Section

2. Denote the local power of the test under H1n(τ) in scheme (2) for finite n by
Wn(τ, γ, µ). First we find the stochastic expansion of the test statistic Zn as n →
∞, which is uniform over 0 ≤ γ ≤ Γ < ∞ and arbitrary µ. This implies uniform
convergence in distribution of the test statistic Zn (Theorem 1 in Section 2). Theorem
1 implies uniform convergence of Wn(τ, γ, µ) to the limiting power W (τ, γ, µ) (Corollary
1). This enables us to establish equicontinuity in γ at γ = 0 of the family {Wn(τ, γ, µ)}
(Theorem 2). We interpret this fact as the qualitative robustness of the sign test in the
local scheme (2) under the hypothesis and close alternatives. We call it local qualitative
robustness.

Theorem 2 is a new fact. Previously the local qualitative robustness was established
only for sign test in stationary AR(1) for hypothesis β = β0, |β0| < 1, see [2].

It is worth mentioning that commonly used LS tests do not possess local qualitative
robustness property.
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2 Main results

Lemma 1 Let G(x) is continuous. Let Zn := n−1/2 ∑n
t=1 St(1). Then a.s.

Tn(1) = (n/2)(Z2
n − 1).

By Lemma 1 tests with statistics Tn(1) and |Zn| are equivalent. We will base the
test on |Zn|. We need to know the limit distribution of Zn under H1n(τ).

Condition (ii).
Eε1 = 0, Eε2

1 < ∞.
Condition (iii).
D.f. G(x) is twice differentiable with g(x) := G′(x), g(0) > 0, supx |g′(x)| < ∞.
Let for τ < 0

σ2(τ) := 1− 4g(0)E|ε1|[1 +
1− eτ

τ
] + 4g2(0)Eε2

1[1 + 2
1− eτ

τ
− 1− e2τ

2τ
].

For τ = 0 define σ2(0) := 1.
Let ν is a standard normal random variable. Let

δ(µ) := E[G(ξ1) + G(−ξ1)]− 1.

For symmetric and continuous G(x), of course, δ(µ) = 0.

Theorem 1 Let Conditions (i)–(iii) be satisfied. Let H1n(τ), τ ≤ 0, be true. Let
0 ≤ Γ < ∞. Then:

1. In probability

Zn − n−1/2
n∑

t=1

sgn εt + 2g(0)n−1/2
n∑

t=1

[1− (1 +
τ

n
)n−t]εt + (3)

2γn−1/2
n∑

t=1

[G(zγn
t−1ξt−1 − zγn

t ξt)−G(0)] → 0, as n →∞;

2. In distribution

Zn → σ(τ)ν − 2γδ(µ), as n →∞. (4)

The convergence in probability in (3) and the convergence in distribution in (4) are
uniform over 0 ≤ γ ≤ Γ and arbitrary µ.

The proof of Theorem 1 is similar to the proof of Theorem 3.1 in [2].
The critical region for H0 against left-sided alternative has the form

|Zn| < const. (5)

Choose the constant in (5) is equal to (1+α)/2−quantile of the standard normal d.f.
Φ(x). Then the test (5) has asymptotical size α in scheme (1) without contaminations
because by Theorem 1 under H0 and γ = 0 in distribution

Zn → ν, as n →∞.
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Denote the power of such test under H1n(τ)

Wn(τ, γ, µ) := Pβn(|Zn| < t(1+α)/2).

Let
W (τ, γ, µ) := P (|σ(τ)ν − 2γδ(µ)| < t(1+α)/2) =

Φ(σ−1(τ)(t(1+α)/2 + 2γδ(µ)))− Φ(σ−1(τ)(−t(1+α)/2 + 2γδ(µ))).

Theorem 1 implies

Corollary 1 Let conditions of Theorem 1 be satisfied. Then uniformly over 0 ≤ γ ≤ Γ
and arbitrary µ

Wn(τ, γ, µ) → W (τ, γ, µ), as n →∞.

Hence, W (τ, γ, µ) is the asymptotic power of sign test in scheme (2).
Let

Wn(τ) := Wn(τ, 0, µ)

be the power of sign test in scheme (1).
The proof of next Theorem 2 is similar to the proof of Theorem 3.2 in [2] and is

based, in particular, on Corollary 1.

Theorem 2 Let Conditions (i)–(iii) be satisfied. Let H1n(τ), τ ≤ 0, be true. Then

sup
n≥2,µ

|Wn(τ, γ, µ)−Wn(τ)| → 0, as γ → 0. (6)

Theorem 2 means equicontinuity in γ at γ = 0 of the family {Wn(τ, γ, µ)}. This
fact can be interpreted as the qualitative robustness of the sign test in the local scheme
(2) under the hypothesis and close alternatives. We call it local qualitative robustness.

Note, that definition (6) of local qualitative robustness is similar to the qualitative
robustness introduced in [5]. In [5] the case of i.i.d. observations was considered and
the qualitative robustness was defined in nonlocal framework.
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