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Abstract

The results of an experimental comparison of the accuracy of the classic
Kalman filter and a simple non-causal smoother are presented, and a new version
of the Kalman smoother, which does not need of a time lag, is described. The
offered filter is based on a local approximation of a noisy trajectory by parametric
curves. The state parameters of the filter are coefficients of the local regression
that is used to build a priori and a posteriori estimates. Results of experimental
comparison of the new filter with the linear Kalman one are given.

1 Introduction

The Kalman filter is now one of the most popular statistic tools to estimate noisy
trajectories of nonstationary dynamic systems. It is applicable to virtually all areas of
engineering and science. This includes electrical, mechanical, chemical and aerospace
engineering, robotics, economics, ecology, biology, medicine etc. Applications here are
limited only by the engineer’s imagination, which is why theory of Kalman filters has
become such a widely researched and applied discipline in the past few decades [1, 2, 3].

From the one hand, the Kalman filter gives an optimal in the mean square sense
estimate of the state vector of a dynamic system. From the other, it is one of the best
causal filters. We tried to estimate experimentally how much it is better than simple
non-causal filters and found for some elementary models its accuracy is only slightly
better. After, a new version of the Kalman smoother has been described, which is
visibly more precise than the classic Kalman linear filter in the case when trajectories
of the system are smooth. Besides, it provides smoother estimates. The description of
the filter is placed in Section 3.

Two statistical criteria were used to compare experimentally properties of the es-
timates. One of them evaluates the least square error of the estimators, the other
measures their smoothness. Results of experiments are reflected in Section 2. As seen
from Table 1 the offered modification of the filter provides smoother and more accurate
recovered trajectories.
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2 Naive Experimental Analysis of Accuracy of the

Kalman Filter

To perform direct comparison and avoid the problem of tuning many parameters we
use the classic linear Kalman filter without control

xk+1 = Fxk + wk,

yk+1 = Hxk+1 + vk, (1)

where, as usual, F is the state transition matrix, the matrix H specifies the observation
model, random vectors wk and vk are independent (0,Qk) and (0,Rk) Gaussian. This
choice of the filter can be justified not only by its simplicity but also by its theoretical
and experimental optimality for actually linear models [3, p.480]. Smooth functions
f(x) of one variable distorted by the white noise, so that yk = fk + ξk, were taken as
measurements. They were recovered by the linear Kalman filter and by non-causal and
causal moving average methods. The Kalman filter was either of the form

xk+1 = xk + ξk, yk+1 = xk+1 + ηk, k = 1÷N, (2)

where the random variables ξk and ηk are independent (0, σ2
ξ ) and (0, σ2

η) Gaussian or
of the vector form (1) with vector-column xk = (xk, ẋk, ẍk) and matrices

F =

1 a b
0 1 c
0 0 1

 , H =
(
1 0 0

)
, cov(wk) = σ2

wI, cov(vk) = σ2
vI (3)

with a, b, c > 0 and 3× 3 identity matrix I.
Two criteria were taken to compare accuracy of the filters. They are the estimator

least square error and the average l1-distance between derivatives of the estimator and
of the original function

∆ =

√
1

N

∑ (
fk − f̂k

)2

, δ =
1

N

∑ ∣∣∣f̂k − f̂k−1 − fk + fk−1

∣∣∣,
where common notation f̂k means either the Kalman fKalman,k or the moving average
fME,k estimator. The second criterion rates the smoothness of estimators. Note that
∆ = ∆(σ), δ = δ(σ) for the 1-st Kalman model and ∆ = ∆(σ, a, b, c), δ = δ(σ, a, b, c)
for the 2-nd one.

In Table 1 results of experiments with σ2
η = σ2

v = 4 are shown. The Kalman 1× 1
and 3 × 3 filters are specified by equations (2) and (1),(3). The variances σ2

η and σ2
w

have been found to minimize the criterion ∆.
Values of the smoothness criterion δ for the optimal σ2

η and σ2
w were computed and

placed in second cell rows of Table 1. The last column contains characteristics of the
offered Kalman smoother. The size of kernels of the moving average has been restricted
by 401 counts but for the causal version of this filter the optimal size of kernels has
never exceeded 11. It can be seen that for smooth slowly varying trajectories the linear
Kalman filter is only a bit more accurate than the moving average and therefore in
order to get more accurate results other its versions ought to be applied.
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Table 1: Results of comparison of Kalman and moving average filters

Function Criteria Kalman Kalman MovAv MovAv Kalman
1× 1 filter 3× 3 filter non-causal causal Smoother

x ∆min 1.230 0.704 0.137 1.549 0.191
δ 0.766 0.161 0.8713 0.8713 0.010√

x ∆min 0.516 0.395 0.130 0.454 0.319
δ 0.168 0.057 1.988 1.988 0.033

sin (πx/50) ∆min 0.757 0.889 0.405 0.739 0.709
δ 0.273 0.309 0.452 0.452 0.175

3 Kalman Smoother

Evidently smoother trajectories are preferable in many applications. In order to con-
struct them special Kalman filters have been built, which is called Kalman smoothers
[3, p.263]. They provide not only smoother estimates, but also possess greater accuracy.
However their drawback is some time lag of resulting trajectories.

We describe a new modification of the Kalman smoother that operates without
time lag. The state parameter of the smoother is the vector of coefficients of a local
regression curve that approximates a few latest observations of the noisy trajectory.
This vector is present in the measurement equation of the smoother and specifies a
current value of the estimator.

In more detail. Let d + 1 be number of latest observations to build a current local
regression curve, and for the current discrete time k the vector-column of observations
of the noisy trajectory is of the form yk = (yk, yk−1, ..., yk−d), where yj, j = k÷ (k− d)
are values of the noisy trajectory. Let also ak = (a0,k, a1,k, ..., ap,k) be coefficients of
the regression curve to approximate the vector yk. Then the Kalman filter with the
polynomial regression smoothing is written as

ak+1 = Fak + wk,

yk+1 = Hak+1 + vk (4)

with matrices

F = I(p+1)×(p+1), and H(d+1)×(p+1) =


0 0 . . . 1
...

...
(−j)p (−j)p−1 . . . 1

...
...

(−d)p (−d)p−1 . . . 1

 (5)

in the simplest case.
A similar construction has been described in [1, p.155] to build the Fix Memory

Polynomial Filter, however, it is only a particular case of the filter (4) without the first
equation.
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Our reasons to construct the filter were, first, to exploit a local regression for build-
ing the a priori estimate in order to improve the smoothness of recovered trajectories
but avoid the time lag, and, second, to use geometric characteristics, such as the slope
angle and the form of the regression curve, for tuning the filter. These reasons can be
implemented by means of an appropriate choice of the matrix H and the covariance
matrix Qk. Unlike the classical linear filter in many cases it converges to the model
function f(x), when Qk ≡ 0. Results of experiments can be seen in the last columns
of Table 1 and in Figure 1.

Figure 1: The original function f(x) = x sampled with the (0, 4)-Gaussian noise and
the trajectory recovered by offered smoother.

In the future we are planning to study properties of the Kalman smoother with
non-polynomial regression curves and other types of state and covariance matrices.
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