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Abstract

One presents a nonlinear filtering algorithm that propagates the entire condi-
tional probability density functions. These functions are recursively computed in
efficient manner using the discrete wavelet transform. With the multiresolution
analysis we can speed up the computation by ignoring the high-frequency details
of the probability density function up to a certain level. The level of the wavelet
decomposition can be determined at each time step adaptively.
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1 Introduction

The classical Kalman filter has been applied in various fields such as control systems,
reliability engineering and wireless communications. The Kalman filter is a maximum
likelihood estimate assuming a linear model, quadratic performance criterion and Gaus-
sian probability distribution for the system process and observation noises. In practical
systems the assumed model is only approximate one and the two types of noises may
follow a thick-tailed, non-Gaussian probability distribution inducing innovation and
observation outliers.

Innovation and observation outliers arise naturally in many areas of engineering [1].
Examples of these occurrences include hardware discontinuities in digital control sys-
tems, faults in the sensors of a control system including target estimation and tracking
in aerospace applications. In the presence of all these outliers the Kalman filter may
provide a strongly biased solution or even diverge.

The theory of nonlinear filtering concerns the estimation of a signal corrupted by
the white noise and has diverse applications in signal processing, automatic control,
finance and so on. The basic setting of the theory involves a Markov signal process
observed in independent corrupting noise. The calculation of the resulting filters is a
classical topic in stochastic analysis [2]. In order for the theory to be practically useful
it is important to establish that the filtered estimates are not too sensitive to the choice
of underlying model.

In this paper we consider an approach of representing and recursively generating
the approximation of the conditional probability density function using the wavelet
transform [3]. The center idea is to recognize that the conditional probability density
waveform may be an approximation to original conditional probability density function.
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2 The statement of the problem

Consider the discrete-time nonlinear system model

x(k + 1) = f(k, x(k)) + u(k),

y(k) = h(k, x(k)) + v(k), (1)

where k = 0, 1, 2, . . ., x(k) ∈ Rn is the state, u(k) ∈ Rn is the input noise, y(k) ∈ Rm

is the measured output, v(k) ∈ Rm is the measurement noise; with u and v being
independent white noise random processes. A fundamental problem associated with
such system is that of state estimation, i.e., the optimal estimation of the state x(k)
from the noisy measurements {y(i), i = 0, 1, . . . , k}; the corresponding state estimate
is denoted x̂(k|k). Here f(x, t) and h(x, t) are nonlinear vector-valued vector functions.
The probability density function px(0)(x) of the uncertain initial state x(0) is assumed
to be known. The process noise u(t) and the measurement noise v(t) are modelled as
the independent random vectors with known probability density functions pu(k)(x) and
pv(k)(x) respectively; px(0)(x), pu(k)(x) and pv(k)(x) are not necessary Gaussian.

A fundamental problem associated with such systems is that of state estimation, i.e.,
the optimal estimation of the state x(k) from the noisy measurements yk = {y(i), i =
0, 1, . . . , k}; the corresponding state estimate is denoted x̂(k|k). The model (1) is called
the state space model of the time serie.

It is known that the optimal estimate of the state x(k) is conditional mathematical
expectation

x̂(k|k) = E{x(k)|yk} =

∞∫
−∞

x · px(k)|yk
(x)dx. (2)

3 Approximation of conditional probability density

function using the wavelet transform

It is not difficult to show that the predicted conditional probability density function
px(k+1)|yk

(x) and filtered conditional probability function px(k)|yk
(x) can be obtained

recursively staring from px(0)(x) = px(0)|y0(x) using formulas:

px(k+1)|yn(x) =

∞∫
−∞

px(k)(x− f(y, k))px(k)|yk
(y)dy, (3)

px(k+1)|yk+1
(x) = c · pv(k)(y(k + 1)− h(x, k)) · px(k+1)|yk

(x), (4)

where c is the normalizing constant.
The main problems arise from the calculation (3), because with every step the in-

tegrand function is complicated. Even in many, relatively simple cases, expressions
obtained directly from (3) and (4) are too cumbersome, which greatly hinders their
practical application. However, using the wavelet transform, it is possible to signifi-
cantly reduce the number of the calculation. We will use the discrete wavelet transform.
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With variable resolution of the wavelet transform we accelate the calculations, missing
high density elements up to primary level. If we use the approximation of the wavelet
of the level j, the number of operations is reduced by 2j times [4].

Present an algorithm of calculation (2).

1. Select the mesh nodes {−a ≤ x0 < x1 < . . . < xN+1 < xN ≤ a}, a > 0.

2. For each of the conditional probability density function (time) to construct vec-
tors

g(k) =
(
g

(k)
0 , g

(k)
1 , . . . , g

(k)
n−1

)T
and r(k) =

(
r
(k)
0 , r

(k)
1 , . . . , r

(k)
N−1

)T
,

elements of which are given by

r
(k)
i = pu(k)(xi), i = 0, N − 1,

q
(0)
i = px(0)(xi), i = 0, N − 1,

q
(k)
i =

N−1∑
m=0

r
(k)
i−mg(k−m)

m , i = 0, N − 1.

3. Apply direct wavelet transform for each of the vectors r(k), q(k) and construct the
wavelet transforms a

(k)
j and wavelet coefficients d

(k)
j,n:

a
(k)
j,n = r(k)

n , i = 0, N − 1 ,

a
(k)
j,n =

∑
i

hiaj−1,2n+i ,

d
(k)
j,n =

∑
i

gia
(k)
j−1,2n+i ,

where (hi, gi) – the base of wavelet transform.

4. Apple indirect wavelet transform

a
(k)
j−1,n =

∑
i

hn−2iaj,i +
∑

i

gn−2idj,i .

5. Construct the vectors

R(k) =
(
r(k), Zr(k), . . . , ZN−1r(k)

)T
,

where the matrix Z – (N ×N):

Z =


0 0 . . . 0 0
1 0 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . 0 0
0 0 . . . 1 0

 .
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6. Conditional probability density functional is obtained in the form of the grid
function

px(k)|yk
(x) = R · g.

7. Optimal estimate is defined as

x̂(k|k) =

∞∫
−∞

xpx(k)|yk
(x)dx ≈

N−1∑
l=0

xl · px(k)|yk
(xl)∆xl .

The results of numerical simulation show the effectiveness of the proposed method
of estimation of the state of the unobserved process.
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