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Abstract

The paper deals with the property of asymptotic uniform linearity of residual
empirical processes for AR(p) when observations contain outliers. We apply the
result to construct robust GM–tests for linear hypotheses. The scheme of data
contamination by additive single outliers with the intensity O(n−1/2), n is data
level, is considered.

1 Introduction. Formulation of the problem

In this paper we construct nonparametric robust generalized M-test (GM-test) for
linear hypotheses in autoregressive AR(p) model. Consider the model

ut = β1ut−1 + · · ·+ βput−p + εt, t ∈ Z. (1.1)

Here {εt}— i.i.d. random variables with unknown distribution function G and density
g, Eε1 = 0, Eε2

1 < ∞; β = (β1, . . . , βp)
T — vector of unknown parameters. We

suppose the coefficients β1, . . . , βp are such that the roots of the characteristic equation
xp = β1x

p−1 + · · · + βp are less than one in absolute value. This condition guarantees
that (1.1) has an a.s. unique stationary solution. Let the observations contain outliers
and be of the following form

yt = ut + zγnt ξt, t = 0, 1, . . . , n. (1.2)

In (1.2) {ut} is the sample from (1.1); {zγnt } — i.i.d. random variables with Bernoulli
distribution Br (γn), γn = min(1, n−1/2γ), parameter γ ≥ 0 is unknown; {ξt} — i.i.d.
random variables with an unknown distribution µ; the sequences {ut}, {zγnt }, {ξt}
are independent to each other. Sequence {ξt} is interpreted as a sequence of outliers
(contamination), γn is a contamination level. Scheme (1.2) is the local variant of
contamination scheme from [6].

Let’s represent β as βT = (β(1)T ,β(2)T ), where the vectors β(i), i = 1, 2, have the
dimensions m and p−m respectively, 1 ≤ m < p. The linear hypothesis has the form
H0 : β(2) = β

(2)
0 . Here β

(2)
0 is a known vector and β(1) is an interfering parameter. Intro-

duce the local alternatives H1n(τ ) : β = βn := β0 +n−1/2τ , where βT0 = (β(1)T ,β
(2)T

0 ),
τ T = (τ (1)T , τ (2)T ) ∈ Rp is a constant vector with subvectors of dimensions m and
p −m respectively. Thus, the unknown parameter β(1) is admitted to variate with a
magnitude of order O(n−1/2) in the alternatives H1n(τ ).
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In order to verify H0 in case of absence of outliers least squares tests, rank, sign, and
M-tests are often used. One of the general aims of this paper is to construct GM-test
which would be robust against outliers {ξt} using {yt}.

Usually GM-tests are constructed from GM-estimators. Let’s describe this method.
Consider model (1.1) without outliers. For some functions ϕ, ψ and arbitrary α ∈ Rp

introduce vector

Ln(α) :=
(
Ln1(α), Ln2(α), . . . , Lnp(α)

)T
,

Lnj(α) := n−1/2

n∑
t=1

ϕ(ut−j)ψ(ut − α1ut−1 − · · · − αput−p).

GM-estimator is defined as
√
n-consistent solution of the equation Ln(α) = 0. Denote

the solution as β̂n,GM . For ϕ and ψ satisfying definite conditions estimator β̂n,GM is
asymptotically Gaussian (see details in [3]). Using this property last p−m coordinates

of β̂n,GM can be used for verifying H0 in standard way.

Consider statistic LYn (α) which is constructed from {yt} in the same way as Ln(α)
is constructed from {ut}. In this paper tests are based not on GM-estimators but on

statistic LYn (β̂n) transformed in a special way. Here β̂n is an arbitrary
√
n-consistent

estimator of β. Note that for tests of this kind functions ϕ and ψ should satisfy weaker
regularity conditions than for tests based on GM-estimators. In case of ϕ(x) = x our
test is asymptotically equivalent to M-test constructed in [5].

Asymptotic properties of constructed test are considered in the alternatives H1n(τ )
using representation of LYn (α) as an integral functional of residual weighted empir-
ical process. We obtain asymptotic uniform linearity (AUL) of these processes and
hence LYn (α). In general the property of AUL of special-type residual processes has
been widely used for parameter estimation and GM–estimation particularly in differ-
ent models without contamination. For example nonlinear models with additive noises
were considered in [4], ARCH models — in [2].

Denote the power of constructed test in alternatives H1n(τ ) as Wn(τ , γ, µ). In
this work we obtain its limit power W (τ , γ, µ) := limn→∞Wn(τ , γ, µ). Let W (τ ) :=
W (τ , 0, µ) be the limit power of the test in scheme (1.1) without outliers. It turns
out that for small values of γ limit powers W (τ , γ, µ) and W (τ ) are closed uniformly
with respect to µ ∈M2 (see statement (2.5)). Here M2 is a class of outliers with finite
second moment. Expression (2.5) means that the test has qualitatively robust limit
power. This definition of robustness against outliers had been used before. For example
in [1] a sign test for linear hypotheses in AR(p) was constructed and corresponding
relation of the type of (2.5) for this test was proved.

2 Main results

Consider the scheme of the type (1.2). Using observations {yt} construct the vector
Y t−1 := (yt−1, yt−2, . . . , yt−p)

T , t = 1, . . . , p. For the sake of brevity denote vector func-
tion ϕ(x1, x2, . . . , xp) := (ϕ(x1), ϕ(x2), . . . , ϕ(xp))

T . Define weighted residual empirical
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process as vn(α, x, γ, µ) := n−1/2
∑n

t=1ϕ(Y t−1)I(yt−αTY t−1 ≤ x), I(·) is an indicator
function. Then the integral functional is constructed as

LYn (α) :=

∫ ∞
−∞

ψ(x)dvn(α, x, γ, µ). (2.1)

Now define σ-algebras Ft−1 := σ{εi, i ≤ t − 1; (ξj, z
γn
j ), 0 ≤ j ≤ t}, t = 1, . . . , n.

Denote ηt(β, γ) := zγnt ξt − β1z
γn
t−1ξt−1 − β2z

γn
t−2ξt−2 − · · · − βpz

γn
t−pξt−p and introduce

empirical process which is conditionally centered with respect to Ft−1

un(θ, x, γ, µ) := n−1/2

n∑
t=1

ϕ(Y t−1)
[
I
(
εt ≤ x+ n−1/2θTYt−1 − ηt(β, γ)

)
−G

(
x+ n−1/2θTYt−1 − ηt(β, γ)

)]
. (2.2)

To formulate the property of AUL when γ 6= 0 we need following conditions to hold:
Condition (i). supx |ϕ(x)| <∞.
Condition (ii). G is twice differentiable, G′ = g, supx |g′(x)| <∞.
Condition (iii). E|ξ1|2 <∞.

Theorem 1. Let the conditions (i)–(iii) hold. Let H1n(τ ) be valid. Then

sup
|θ|≤Θ, x∈R1

|un(θ, x, γ, µ)− un(0, x, γ, µ)| P→ 0, n→∞, 0 ≤ Θ <∞

Let u0
1−p, . . . , u

0
n be a sample from the strictly stationary solution to equation (1.1)

for β = β0. Denote

∆(µ) := (∆1(µ),∆2(µ), . . . ,∆p(µ))T ,

∆j(µ) := Eϕ(u0
2−j + ξ2−j)ψ(ε2 − β0jξ2−j) + Eϕ(u0

2−j)Eψ(ε1 + ξ1)

+

p∑
i=1, i6=j

Eϕ(u0
2−j)Eψ(ε2 − β0iξ2−i),

∆(µ) characterizes the outliers influence on LYn (α) and test statistic.
Define the following condition for the function ψ.

Condition (iv) Variation Var |∞−∞ [ψ] <∞, Eψ(ε1) = 0,
∫∞
−∞ g(x)dψ(x) 6= 0.

Using {u0
t} construct vectors U 0

t−1 := (u0
t−1, . . . , u

0
t−p)

T , t = 1, . . . , n. Let L̃n(β0) :=

n−1/2
∑n

t=1ϕ(U 0
t−1)ψ(εt). Define matrix

C :=

∫ ∞
−∞

g(x)dψ(x) Eϕ(U 0
0)(U 0

0)T .

Under theorem 1 and relation (2.1) we obtain

Theorem 2. Let the conditions (i)–(iv) hold. Let ϕ(x) be continuous a.s. If H1n(τ )
is valid then for any 0 ≤ Θ <∞ the following uniform convergence holds

sup
|θ|≤Θ

∣∣LYn (βn + n−1/2θ)− L̃n(β0) + Cθ − γ∆(µ)
∣∣ P→ 0, n→∞. (2.3)
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Now proceed to robust GM-test construction. Denote β̂
T

n0 = (β̂
(1)T

n0 ,β
(2)T

0 ), where

β̂
(1)

n0 is an arbitrary
√
n–consistent estimator of interfering parameter β(1). Denote con-

sistent estimator (in H1n(τ )) of matrix C as Ĉn. Let π be the orthogonal projection
onto last (p−m) components. Let det C 6= 0. Take

Λπ
n,Y :=

[
π ◦ Ĉ−1

n L
Y
n (β̂n0)

]T
Ĵ−1n

[
π ◦ Ĉ−1

n L
Y
n (β̂n0)

]
(2.4)

as a statistic of the test. Here Ĵn is an arbitrary consistent estimator of J which is
a covariance matrix of π ◦ Ĉ−1

n L
Y
n (β̂n0). Denote a(γ, µ) := γC−1∆(µ), aT (γ, µ) =

(a(1)T ,a(2)T ). With the help of expansion (2.3) one can prove the following

Theorem 3. Let the conditions of the Theorem 2 hold. Then for n→∞

Λπ
n,Y

d→ χ2(p−m,λ2), λ2 = |J−1/2(τ (2) + a(2))|2

In the alternatives H1n(τ ) the power of the test based on Λπ
n,Y is Wn(τ , γ, µ) =

Pβn
(Λπ

n,Y > χp−m1−α ), χp−m1−α is (1−α)–quantile of the distribution of χ2(p−m). Due to the

theorem 3 limn→∞Wn(τ , γ, µ) = W (τ , γ, µ) = 1−Fp−m(χp−m1−α , λ
2), and the test has the

asymptotic confidence level α. Let Wn(τ ) be the power of test in scheme (1.1) without
outliers. Then due to the theorem 3 there exists limn→∞Wn(τ ) = W (τ ) := W (τ , 0, µ).
The following theorem characterizes the robustness of GM–test (2.4) against outliers
or, if to be more precise, the qualitative robustness of its limit power (see [1]).

Theorem 4. Let the conditions of the Theorem 2 hold, then

sup
µ∈M2

|W (τ , γ, µ)−W (τ )| → 0, γ → 0. (2.5)

Thus the family of limit powers {W (τ , γ, µ)}µ is equicontinuous in γ at γ = 0.
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