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Abstract

This paper deals with testing nonparametric hypotheses against ordered al-
ternatives. The test statistics proposed are based on the number of observations
from one sample that precede or exceed a threshold specified by the other sam-
ples. The approach consists of defining two sets of rankings: the first is induced
by the alternative and the other by the data itself. The test statistic measures
the distance between the two sets.

1 Multi-sample location problem

Let Xi,1, . . . , Xi,ni , i = 1, . . . , r, be r independent random samples with Xi,l, l =
1, . . . , ni having an absolutely continuous distribution function Fi(x). In the parametric
case, we may have Fi(x) = F (x−θi). We shall be concerned with testing the hypothesis
of no treatment effect against the alternative that there is a monotone treatment effect.

H0 : F1(x) ≡ . . . ≡ Fr(x)

HA : F1(x) ≥ . . . ≥ Fr(x),

where each inequality is strict for some x. Equivalently, in the parametric case, the
hypotheses become ordered location alternative

H0 : θ1 = . . . = θr (1)

HA : θ1 ≤ . . . ≤ θr, (2)

where at least one inequality is strict.
A number of distribution free tests are available in the literature. Jonckheere [6] and

Terpstra [11] were among the first to develop a nonparametric test for the nondecreas-
ing ordered alternative (referred to as the JT test) based on the linear combination of
the Mann-Whitney U -statistics associated with the r(r − 1)/2 possible pairs between
the r ordinal groups. Distances between two sets are naturally involve in nonparamet-
ric hypothesis testing. A general approach to hypothesis testing based on ranks was
proposed by Critchlow [2] and shown to lead to a number of new test statistics.

2 Algebraic structure of rank tests

In this section, we focus on the test procedure using distances between permutations of
natural integers modelled along Critchlow’s [2] basic construction. His general approach
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consists of defining two sets of rankings: the first is induced by the alternative and the
other by the data itself.

To test any nonparametric hypothesis H versus an alternative A, the first step is to
collect all data relevant to the problem, and rank order all of these observations. This
produces a single permutation α ∈ Sn. Second step is to identify two suitable sets of
permutations. The equivalence class [α] consists of all permutations in Sn which are
equivalent (for the particular testing problem) to the observed permutation α. The
set E of extremal permutations consists of all permutations in Sn which are least in
agreement with H and most in agreement with A. Then the proposed test statistic is
the minimum interpoint distance between the sets [α] and E:

d([α], E) = min
π∈[α]
σ∈E

d(π, σ),

where d is an arbitrary metric on Sn. The test rejects the null hypothesis for small
values of d([α], E).

2.1 Multi-sample rank tests

We apply this construction for testing problem (1)

1. Denote the rank of Xi,j in the pooled sample by Ri,j (i = 1, . . . , r; j = 1, . . . , nj).
Then α = 〈R1,1, . . . , R1,n1 , . . . , Rr,1, . . . , Rr,nr〉 ∈ Sn.

2. Denote by Sn1 , . . . , Snr the subgroups of Sn given by:

Sn1 = {π ∈ Sn : π(i) = i, ∀ i 6∈ N1}
Sn2 = {π ∈ Sn : π(i) = i, ∀ i 6∈ N2}
. . .
Snr = {π ∈ Sn : π(i) = i, ∀ i 6∈ Nr} ,

where N1, . . . , Nr ⊂ {1, . . . , n} are:

N1 = {1, . . . , n1}
N2 = {n1 + 1, . . . , n1 + n2}
. .
Nr = {n1 + · · ·+ nr−1 + 1, . . . , n}.

Let S = Sn1 × · · · × Snr ⊂ Sn.

The equivalence class [α] is the left coset αS. It assigns the same set of ranks to
each of the populations as α.

3. The extremal set E is the subgroup S = Sn1 × · · · × Snr :

4. Let d be a metric on S ⊂ Sn, Then appropriate defined distance between classes
[α] and E is used as test statistics for H0 vs. HA.

The test rejects H0 for small values of d([α], E).
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2.2 Metrics on permutations

Some common statistical measures on permutations are obtained by applying an affine
transformation to the functions:

F (α, β) =
∑
i

| α(i)− β(i) | Spearman’s footrule

R2(α, β) =
∑
i

(α(i)− β(i))2 Spearman’s rho

T (α, β) = number of pairs (i, j) such that

α(i) < α(j) and β(i) > β(j) Kendall’s tau

M(α, β) = max
1≤i≤n

| α(i)− β(i) | Chebishev’s metric

These and other metrics on permutations and their use in statistics are discussed
by Diaconis [4], Critchlow [1, 2], Marden [7], Deza ([3], etc.

2.3 Multi-sample tests induced by metrics

The test statistics for H0 : F1(x) ≡ . . . ≡ Fr(x) vs. HA : F1(x) ≥ . . . ≥ Fr(x) induced
by the Kendall’s tau metric, Spearman’s footrule, Spearman’s rho and Chebyshev’s
metric are:

T ([α], E) =
∑
j<k

#{(i,m) ∈ Nj ×Nk : α(i) > α(m)}

This is equivalent to the Jonckheere-Terpstra test statistic.

F ([α], E) =
r∑
j=1

nj∑
i=1

|R∗j,i − kj + i|

R2([α], E) =
r∑
j=1

nj∑
i=1

(R∗j,i − kj + i)2

M([α], E) = max
1≤j≤r−1

[
max

{
R∗j,nj − kj, kj + 1−R∗j+1,1

}]
where R∗1,1 ≤ · · · ≤ R∗1,n1

are the ordered ranks of the first sample, . . ., R∗r,1 ≤ · · · ≤
R∗r,nr are the ordered ranks of the last sample. Here kj =

∑j
i=1 ni, j = 1, . . . , r − 1.

The first three tests are derive by Critchlow [2].

3 Multi-sample test induced by Chebyshev metric

Applying Critchlow’s procedure to Chebyshev metric

M(α, β) = max
1≤i≤n

| α(i)− β(i) |,

we have derived (Stoimenova [8])

M([α], E) = max
1≤j≤r−1

[
max

{
R∗j,nj − kj, kj + 1−R∗j+1,1

}]
(3)
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Figure 1: Deviation from the alternative hypothesis.

where R∗1,1 ≤ · · · ≤ R∗1,n1
are the ordered ranks of the first sample, . . ., R∗r,1 ≤ · · · ≤

R∗r,nr are the ordered ranks of the last sample and kj =
∑j

i=1 ni, j = 1, . . . , r − 1.
Despite of complicated formula, M -statistic is easy for calculation. The test statistic

is based on two kind of counts: number of observations from each sample that exceed
the largest observation from the other samples and number of observations from each
sample that precede the smallest observation from the other samples. Figure 2 illustrate
two set corresponding to ranks of the the observed sample and to the extremal ranking
for three samples. The extremal set is represented by the identity permutation (points
on the diagonal) and observed data is represented by the ordered ranks in each sample
placed in series.

3.1 Two-sample test

We illustrate the relation of the proposed tests to the tests based on exceeding obser-
vations for the the two-sample problem.

Given two samples X1, . . . , Xm and Y1, . . . , Yn with distributions F1 and F2, respec-
tively, we test the hypothesis H0 that F1 and F2 are identical against the alternative
HA that F1(x) ≥ F2(x), with strict inequality for some x. For this problem M -test
(Stoimenova [9]) defined by (3) has the form,

M = max{R∗1,m −m+ n, n+ 1−R∗2,1},

with R∗1,m the maximum rank among X1, . . . , Xm and R∗2,1 the minimum rank among
Y1, . . . , Yn.

Rank tests based on exceedances (Hájek and Šidák [5]) involve the following statis-
tics. Denote by A and B′ the number of observations among X1, . . . , Xm larger than
max1≤j≤n Yj or smaller than min1≤j≤n Yj, and by A′ and B denote the number of ob-
servations among Y1, . . . , Yn larger than max1≤i≤mXi or smaller than min1≤i≤mXi.
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According this notation the M -test is equivalent to

M = max{n− A′,m−B′}.

The M -test allows a simple comparison of two distribution functions. It is sensitive
for both deviations from the null hypothesis: shift of Y ’s to the right with respect to
X’s or shift of X’s to the left with respect to Y ’s. However, the extreme sample values
may get inflated by possible outliers, which may adversely affect these test statistics.
For this reason, we may want to reduce their influence by defining thresholds above
the smallest and below the largest observed values in the samples. Let X1, . . . , Xm and
Y1, . . . , Yn be two independent random samples from continuous distributions F and
G, respectively. Thresholds based on (r + 1)-th order statistic from the Y -sample and
(m − s)-th order statistic from the X-sample define the exceedance and precedence
statistics of the form

As = the number of Y -observations larger than X(m−s),
Br = the number of X-observations smaller than Y(1+r),

(4)

where 0 ≤ s < m and 0 ≤ r < n.
To make the M−statistic stable to unusual extreme values, Stoimenova and Bal-

akrishnan [10] modify it (in terms of Precedence- and Exceedance-statistics) as

Mr = max{n− As,m−Br}. (5)

Evidently, small values of Mr lead to the rejection of H0 in favor of the stochastically
ordered alternative HA. Its equivalent formulation in terms of ranks is

Mρ = max{R∗1,m−s −m+ s,m+ r + 1−R∗2,1+r},

where the threshold statistics X(m−s) and Y(1+r) are determined as s = [ρm] and r =
[ρn] for some 0 ≤ ρ < 1, with [·] denoting the integer part.

Various values of ρ yield a family of test statistics. It is reasonable for ρ to be small
since we want to reduce the possible influence of a small number of potential outliers.

We may use the exact distributions where they are available and also carry out
Monte Carlo simulation to estimate the critical values approximately. Some R-functions
in this study are provided by Georgi Boshnakov.

4 Šidák-type class of tests for multi-sample prob-

lem

Another family of rank statistics for the multi-sample problem is the test statistic
defined as a sum of the largest deviations from the extremal set. It has the form

Vρ =
r−1∑
j=1

(R∗j,nj−sj − kj + sj) + ( kj + 1 + sj+1 −R∗j+1,1+sj+1
)
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Figure 2: Null distributional shape of Šidák-type test statistics for n1 = n2 = n3 = 40
with gamma approximation.

Various values of ρ yield a family of test statistics which we refer to as Šidák-type
tests. For ρ = 0, the Vρ-statistic is equivalent to the Šidák test statistic (see Šidák and
Vondráček[12] or Hájek and Šidák [5]).

For small samples the null distribution and critical values for rejecting H0 could be
estimated using Monte Carlo simulations. For large samples, the gamma approximation
turns out to be reasonable. Figure 2 shows the distributional shapes for n1 = n2 =
n3 = 40 and different choices of the proportion coefficient ρ. The first to the last figure
correspond to the proportion coefficient ρ = 0, 0.05, 0.1, 0.15, 0.2, 0.25, respectively.

Further, the powers of Mρ- and Vρ-tests are compared to the power of Jonck-
heereTerpstra test.
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