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Abstract

We consider a problem of statistical estimation of an unknown drift parameter
for a stochastic differential equation driven by fractional Brownian motion. Two
estimators based on discrete observations of solution to the stochastic differential
equations are constructed. It is proved that the estimators converge almost surely
to the parameter value, as the observation interval expands and the interval
between observations vanishes. A bound for the rate of convergence is given.
As an auxiliary result of independent interest we establish global estimates for
fractional derivative of fractional Brownian motion.

1 Introduction

Fractional Brownian motion (fBm) with Hurst parameter H € (0,1) is a centered
Gaussian process { B |t > 0} with the covariance E | B B | = (s*# +t* —[t—s|*H).
Stochastic differential equations driven by fBm has been an active research are for the
last two decades. Main reason is that such equations seem to be one of the most
suitable tools to model long-range dependence in many applied areas, such as physics,
finance, biology, network studies etc.

This paper deals with statistical estimation of drift parameter for a stochastic dif-
ferential equation with fBm by discrete observation of its solution. We propose two
new estimators and prove their strong consistency under the so-called “high-frequency
data” assumption that the horizon of observations tends to infinity, while the interval
between them goes to zero. Moreover, we obtain almost sure upper bounds for the
rate of convergence of the estimators. The estimators proposed go far away from being
maximum likelihood estimators, and this is their crucial advantage, because they keep
strong consistency but they are not complicated technically and are convenient for the
simulations.

2 Preliminaries

2.1 Fractional Brownian motion

Fractional Brownian motion (fBm) with Hurst parameter H € (0, 1) is a centered Gaus-
sian process {Bf[ ,t > 0} on a complete probability space (€2, F, P) with the covariance
E[BfBI] = L(s* + t* — |t — s|*M). It is well known that B has a modification
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with almost surely continuous paths (even Hélder continuous of any order up to H),
and further we will assume that it is continuous itself.

In what follows we assume that the Hurst parameter H € (1/2,1) is fixed. In
this case, the integral with respect to the fBm B will be understood in the general-
ized Lebesgue-Stieltjes sense (see [4]). Its construction uses the fractional derivatives,
defined for a < b and o € (0,1) as

) o f@) =i,
(D) (@) = r<1_a><<x—a>a ' / w—wiee ! )
Cagy gy = O (_9(@) Lo [ o) el
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Provided that D%, f € Li[a,b], D;"“gy- € Looa,b], where g, (z) = g(z) — g(b), the
generalized Lebesgue-Stieltjes integral fab f(z)dg(z) is defined as

[ s@ast) = = [ (02 (@) (D)@ )

It follows from Holder continuity of B¥ that for o € (1 — H,1) D, *Bf € L[a,b]
a.s. Then for a function f with DS, f € Li[a,b] we can define integral with respect to
B through (1):
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2.2 Estimate of derivative of fractional Brownian motion

In order to estimate integrals with respect to fractional Brownian motion, we need to
estimate the fractional derivative of BH. Let some o € (1 — H,1/2) be fixed until the
rest of this paper. Denote for t; < ¢,

. e—ima Bg _ Bt};[ t2 Bg — Bf
Z(t17t2) = (Dl}2* Bg*) (tl) = F(Oé) ((tg _ tl)l—a + <1 B Oé)/t' (u _ tl)Q—adu )

The following proposition is a generalization of [1, Theorem 3].
Theorem 1. For any v > 1/2,

Z(t,t
§H,a,'y = sup | (1 2)|

(3)
0Sti<ta<titl (f, — ¢,)H+a-1 (|log(t2 —t)|"? + 1) (log(t2 +3))"

is finite almost surely.
Moreover, there exists ¢y > 0 such that E [exp {xf%{’aﬁ” <00 for x < CHay-
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2.3 Estimates for solution of SDE driven by fractional Brow-
nian motion

Consider a stochastic differential equation

t t
Xt:X0+/ a(Xs)ds+/ b(X,)dBY, (4)
0 0

where X is a non-random coefficient. In [2], it is shown that this equation has a unique
solution under the following assumptions: there exist constants § € (1/H—1,1], K > 0,
L > 0 and for every N > 0 there exists Ry > 0 such that

(A) la(x)| +|b(z)| < K for all z,y € R,
(B) la(z) —a(y)| + [b(x) = b(y)| < L]z —y| forallz,y € R,
(C) |V (z) =V (y)| < Ry|z—y|° forallze|-N,N],yec[-N,N].

Fix some (§ € (1/2, H). Denote for ¢; < to

| Z (u,v)|
Mgty b)) =1V  sup —L DL
sl o) b <mety (0 — w)FFOT

Theorem 2. There exists a constant M, s depending on o, 3, K, and L such that for
any t; > 0,ty € (t1,11 + 1]

Xty — Xo, | < Mag (Mgt t2)(t2 — t1)° + Ag(te, 02) P (ta — t1)) -

Corollary 1. For any v > 1/2, there exist random variables & and ( such that for all
t1 > O, ty € (tl,tl + 1]

| Xe, — X, | < C(t2 — )7 (log(t2 +3))",  Ag(ty,t2) < &(log(ts + 3))"7,

where k = /3. Moreover, there exists some ¢ > 0 such that E[exp{z?}] < oo and
E [exp {:ECMH < 00 for x < c. In particular, all moments of & and ( are finite.

3 Drift parameter estimation

Now we turn to problem of drift parameter estimation in equations of type (4). Let
(22, F) be a measurable space and X : 2 — C[0,00) be a stochastic process. Consider
a family of probability measures {Pe, RS R} on (2, F) such that for each § € R, F

is P?-complete, and there is an fBm {Bf[’e,t > O} on (2, F,P?) such that X solves a

parametrised version of (4)

t t
X;=Xo+0 / a(X,)ds + / b(X,)dB"*. (5)
0 0
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Our main problem is the following: to construct an estimator for # based on discrete
observations of X. Specifically, we will assume that for some n > 1 we observe values
Xy at the following uniform partition of [0,2"]: 1} = k27", k =0,1,...,2°".

Fix the parameters o € (1 — H,1/2), € (1 —a,H), v > 1/2 and k = v/f.

In order to proceed, we need another technical assumption, in addition to condi-
tions (A)—(C):
(D) there exist a constant M > 0 such that for all z € R

la(z)] = M, |b(x)] = M.

Define an estimator

n n\A n n\A 7—
s _ S =) (X, ) (X~ X )
n - 22n

k=1 (tZ)A (2" - t;cl)/\ b~ <Xt271> “ <Xt}§,1> QL”
where A =1/2 — H.

Theorem 3. With probability one, o — 0, n — oo. Moreover, there exists a

random variable n with all finite moments such that o5 — 9‘ < nnftI27P where
p=1—-H)AN(28-1).

Consider a simpler estimator:

20 -1 (X X — X
0o _ k=1 th_1 ty T A
n 92n ~ .
ZL” k=1 b1 <Xt271> a (XtEA)

This is a discretized maximum likelihood estimator for 6 in equation (4), where B is
replaced by Wiener process. Nevertheless, this estimator is consistent as well. Namely,
we have the following result.

Theorem 4. With probability one, 63,(12) — 0, n — o0o. Moreover, there exists a random

variable n' with all finite moments such that oY — 9‘ < n/nftr2en,
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