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Abstract

We consider the estimation of general power GARCH models with stable–
Paretian innovations. Exploiting the simple structure of the conditional charac-
teristic function of the observations driven by these models, we propose minimum
distance estimation based on the empirical characteristic function of correspond-
ing residuals. Consistency of the estimators is proved, and we obtain a singular
asymptotic distribution which is concentrated on a hyperplane.

1 Introduction
Consider observations yt from the so–called power GARCH model defined by{

yt = ctεt

cρ
t = µ +

∑p
j=1 bj|yt−j|ρ +

∑q
j=1 γjc

ρ
t−j, ∀t = 1, 2, ...,

(1.1)

where {εt} is a sequence of i.i.d. random variables (with location zero and unit scale)
independent of {ct}, and ρ, µ, {bj}p

j=1, and {γj}q
j=1 denote unknown parameters. If the

innovations {εt} are standard normal and the power parameter ρ is set equal to two
we obtain the classical Gaussian GARCH model. From the time of Mandelbrot (1963)
and Fama (1965) however there is strong evidence that the distribution of financial
returns could be heavy–tailed and possibly asymmetric, and many authors advocated
the use of the stable–Paretian (SP) distribution instead of the normal distribution in
financial modelling. For more recent evidence of stable–Paretian behavior of financial
assets the reader is referred to the papers of Mittnik and Rachev (1993), Koutrouvelis
and Meintanis (1999), Liu and Brorsen (1995a), Paolella (2001), Tsionas (2002), Akgül
and Sayyan (2008), Tavares et al. (2008), Curto et al. (2009), and Xu et al. (2011),
and the volumes by Adler et al. (1998), Rachev and Mittnik (2000), Rachev (2003)
and Nolan, 2012).

1This research was partially supported by Grant No. 11699 of the Special Account for Research
Grants of the National and Kapodistrian University of Athens, and by the Agence Nationale de la
Recherche (ANR) and the Economic and Social Research Council (ESRC) through the ORA Program
(Project PRAM ANR-10-ORAR-008-01)
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Therefore one of the popular generalizations of model (1.1) is to assume that {εt}
follow a stable-Paretian distribution. We shall call this model SP power GARCH (SP–
PGARCH) model. The most convenient way to introduce SP distributions is by means
of their characteristic function (CF). Specifically if we assume that εt are zero–location
SP random variables with unit scale, then their CF is given by

ϕ(u, λ) = e−|u|
α{1−iβsgn(u) tan(πα/2)}, α 6= 1, (1.2)

= e−|u|{1+iβ 2
π

sgn(u) log |u|}, α = 1,

where λ = (α, β)′ is the vector of the SP parameter such that 0 < α ≤ 2 and −1 ≤ β ≤
1. We also used the notation sgn(u) = 1, u > 0, sgn(0) = 0, and sgn(u) = −1, u < 0.
Note that α is a shape parameter often referred to as the ‘tail index’ and that the
SP law reduces to the Gaussian distribution at α = 2. On the other hand β measures
skewness, and if β = 0 the corresponding SP law is symmetric. Besides the normal law,
well known particular cases are the Cauchy distribution for (α, β) = (1, 0) and the Lévy
distribution which corresponds to (α, β) = (1/2, 1). Several authors (see for instance
Mittnik et al. 1999, Liu and Brorsen 1995b, and Bonato 2009) proposed maximum
likelihood estimation of the SP–PGARCH model. However since the density of the SP
law is generally not available in closed form various approximations are needed, and
therefore likelihood methods may be characterized as computationally demanding.

In the next section we capitalize on the simplicity of eq. (1.2) and suggest an es-
timation procedure based on a comparison between the empirical CF (ECF) of the
PGARCH residuals and the (theoretical) CF of the SP distribution. With the ECF-
based estimators that have been proposed in the literature, the ECF depends on the
observations and the CF depends on the unknown parameter. Our estimator is differ-
ent because the ECF not only depends on the observations but also on the GARCH
parameter, whereas the CF depends on the SP parameter.

2 CF estimation of the SP–PGARCH model
Consider the SP–PGARCH model whereby the observations yt, (t = 1, ..., T ), are
driven by equation (1.1) and the innovations εt have CF given by (1.2). We assume the
standard positivity conditions µ > 0, {bj ≥ 0, 1 ≤ j ≤ p} and {γj ≥ 0, 1 ≤ j ≤ q}.

Denote by θ = (ρ, µ, b1, . . . , bp, γ1, . . . , γq)
′ the PGARCH parameter and by λ =

(α, β)′ the SP parameter. We suggest to estimate the parameter ϑ = (θ′, λ′)′, by
minimum distance between the CF and a suitable empirical counterpart. Specifically,
given the observations (y1, ..., yT ) and fixed initial values (y0, ..., y1−p) and (c̃0, ..., c̃1−q),
the estimation method is defined as

ϑ̂T = arg min
ϑ∈Ξ

∆̃T (ϑ), (2.1)

where Ξ denotes the parameter space and

∆̃T (ϑ) =

∫ ∞

−∞
|ϕ̃T (u, θ)− ϕ(u, λ)|2 W (u)du, (2.2)
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with W (·) a nonnegative weight function. In (2.2) ϕ̃T (u, θ) := ϕT {u; ε̃1(θ), ..., ε̃T (θ)}
is the empirical CF (ECF) defined by

ϕT (u; x1, ..., xT ) =
1

T

T∑
t=1

eiuxt , (2.3)

and computed from the residuals ε̃t(θ) = yt/c̃t(θ), with c̃t(θ) being recursively defined
for t ≥ 1, by

c̃ρ
t (θ) = µ +

p∑
j=1

bj|yt−j|ρ +

q∑
j=1

γj c̃
ρ
t−j(θ). (2.4)

Note that the introduction of the weight function W (·) in (2.2) is necessary in or-
der to neutralize the periodic components in the ECF ϕ̃T (u, θ) and thus render the
corresponding integral finite.

ECF–based estimation methods date back to Heathcote (1977), Bryant and Paulson
(1979) and Thornton and Paulson (1997), for i.i.d. data. There is also work on ECF–
based estimation for dependent data. The reader is referred to Feuerverger (1990),
Singleton (2001), Knight and Yu (2002), Knight et al. (2002), Yu (2004), Carrasco et
al. (2007), Kotchoni (2012), and references therein.

Note that the ECF, ϕ̃T (u, θ), involves the PGARCH parameter and the CF, ϕ(u, λ),
involves the SP parameter. In the existing literature, the unknown parameter is only
involved in the CF, the ECF being computed directly from the observations y1, . . . , yT .
A major difference with the estimator defined by (2.1)-(2.4) and the estimators consid-
ered in the above-mentioned references is that we consider an ECF of residuals instead
of an ECF of observations. The reason why we can not use the standard approach in
our framework is that, for a PGARCH model, there exists no closed form for the CF
of a vector of the form (yt, . . . , yt−h), h ≥ 0.

3 Asymptotic properties
Now consider the asymptotic properties of the estimator (2.1) of the parameter of the
SP–PGARCH(p, q) model (1.1)-(1.2). Recall that the parameter vector is decomposed
as ϑ = (θ′, λ′)′ with θ = (ρ, µ, b1, . . . , bp, γ1, . . . , γq)

′ ∈ Θ and λ = (α, β)′ ∈ Λ. The true
parameter value is denoted by ϑ0 = (θ′

0, λ
′
0)
′ with θ′

0 = (ρ0, µ0, b01, . . . , b0p, γ01, . . . , γ0q)
and λ′

0 = (α0, β0). Following the seminal paper of Bougerol and Picard (1992), it is
easy to see that the necessary and sufficient condition for strict stationarity of (1.1)
takes the form γ(θ0) < 0, where γ(θ0) is the top-Lyapounov exponent of the model,
as defined in Appendix A of Hamadeh and Zakoïan (2011).

In addition to this strict stationarity condition and to standard identifiability con-
ditions, the strong consistency requires the following assumptions:

ϑ0 ∈ Ξ := Θ× Λ where Θ is a compact subset of (0,∞)2 × [0,∞)p+q

and Λ is a compact subset of (1, 2)× [−1, 1] (3.1)
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and
W (·) is strictly positive over R \ {0}, with

∫
|u|jW (u)du < ∞

for j = 0 and j = 1. Assumption (3.1) imposes standard positivity constraints on
the PGARCH coefficients. It also puts restrictions on the value of the tail index α0.
DuMouchel (1983) showed that, in the case of a sample of stable distribution, the
asymptotic distribution of the MLE is not standard when α0 = 2. Note also that
when α0 = 2, the coefficient β0 is not identifiable. We impose α0 > 1 because we need
E|εt| < ∞.

It is also assumed that
∑q

j=1 γj < 1 for all θ ∈ Θ. A stationary sequence {ct(θ)}
can then be defined such that |ct(θ) − c̃t(θ)| → 0 almost surely as t → ∞. To show
the identifiability of the conditional characteristic function, the following assumption
is also needed:

E sup
θ∈Θ

{
c1(θ0)

c1(θ)

}10

< ∞. (3.2)

For an ARCH(p) model, we have

ct(θ0)

ct(θ)
=

(
µ0 +

∑p
j=1 b0jy

ρ
t−j

µ +
∑p

j=1 bjy
ρ
t−j

)1/ρ

≤

(
µ0

µ
+

p∑
j=1

b0j

bj

)1/ρ

.

Therefore, in the ARCH case, (3.2) is satisfied when infθ∈Θ min bj > 0. In the general
case, it can be shown that (3.2) is satisfied when Θ is sufficiently small (see (5.15) and
(5.16) in Hamadeh and Zakoïan (2011), referred to as HZ hereafter).

Under the previous assumptions, any sequence (ϑ̂T ) of CF estimators satisfying
(2.1) is strongly consistent:

ϑ̂T → ϑ0 almost surely, as T →∞.

To obtain the asymptotic normality, it is obviously necessary to assume that ϑ0

does not stand at the boundary of the parameter space Ξ. We also need to introduce
few additional notations. Let

gt(u, ϑ) = eiuεt(θ) − ϕ(u, λ)

and the vector of dimension d = p + q + 3

Υt =

∫ ∞

−∞
Re
(

gt(u, ϑ0)E
∂g1(u, ϑ0)

∂ϑ

)
W (u)du.

It is then possible to show the existence of the matrices V = VarΥ1 and

G =

∫ ∞

−∞
Re

(
E

∂g1(u, ϑ0)

∂ϑ
E

∂g1(u, ϑ0)

∂ϑ′

)
W (u)du.

The matrices V and G are actually singular, and one can show that

G
√

T (ϑ̂T − ϑ0)converges in law to the N (0,V) distribution as T →∞.
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By showing that G = ABA′ where

A =

(
E 1

c1

∂c1(θ0)
∂θ

0

0 I2

)
has full rank 3 and B is an invertible 3× 3 matrix, we conclude that

√
TA′(ϑ̂T − ϑ0)

converges in law to the N (0,Σ) distribution, for some matrix Σ. When W (·) is even
the latter matrix is of the form

Σ =

(
0 0
0 S

)
.

It follows that the asymptotic distribution of
√

T
(
θ̂T − θ0

)
is concentrated on the line

∆c =

{
x ∈ Rp+q+2 : x′E

1

ct(θ0)

∂ct(θ0)

∂θ
= c

}
for some constant c.

4 A numerical illustration
The aim of the simulation experiment presented in this section is to illustrate that the
ECF is consistent, but has a non standard asymptotic distribution concentrated on
a line, as stated in the previous section. We thus consider the following very simple
version of the SP–PGARCH model

yt = ctεt, c2
t = µ0 + b0y

2
t−1 (4.1)

where ϑ0 = (0.5, 0.2, 1.6, 0), i.e., we have a SP-PARCH(1) model with symmetric SP
innovations and tail index equal to 1.6. Moreover we assume that the value of ρ is
known to be equal to 2. We estimated the four parameters by ECF over N = 1, 000
independent simulations of length T = 20, 000 of the process. As expected, because
the sample size is largen for each parameter, the estimated values were very close to
the true value. Figure 1 displays the scatter plot of the 1, 000 values of (µ̂−µ0, b̂− b0).
In accordance with the previous section, the points are concentrated along the red line,
carried by the vector

E
1

ct(θ0)

∂ct(θ0)

∂θ
.2

For comparison, we plotted the linear regression of b̂ − b0 on µ̂ − µ0 as a dotted line.
This line is almost confused with the full red line.

2Because there exists no explicit form for this vector, it has been evaluated on the basis of a
simulation of length 50, 000.
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Figure 1: Empirical distribution of the ECF estimator over 1, 000 independent
simulations of length T = 20, 000 of the SP-PARCH(1) model (4.1). The red line of

the scatter plot corresponds to the direction of the vector Ec−1∂ct(θ0)/∂θ.
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