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Abstract

A method based on the idea of projection-pursuit is introduced for obtaining
principal components that are robust and sparse [3]. The term robust refers to
resistance against outlying observations, while the expression sparse means that
some of the principal component loadings will be forced to zero values. In that
way, the resulting method is insensitive to outliers in the data, and due to the
sparse loading pattern, results are simpler to interpret.

1 Introduction

Principal component analysis (PCA) is a very popular statistical tool for the analysis
of multivariate data. The main objective of PCA is dimension reduction: with reduced
dimension one still wants to express much of the overall data information. Dimension
reduction is in particular useful for high-dimensional data which are difficult or im-
possible to study visually. Principal components (PCs) are linear combinations of the
original variables, and they are constructed in order to maximize the variance. The
resulting coefficients of the linear combinations, the so-called loadings, are then used
for the interpretation of the PCs.

The interpretation of PCs can be improved by different procedures. One possibility
is to use rotation methods: the extracted PCs are rotated according to some criterion
in order to simplify the pattern of the loadings matrix. Specifically, one wants to obtain
small and large (absolute) loadings, but rather avoid intermediate values, which stand
for an unclear or weak contribution of a variable to a PC. Here we will focus on a
different strategy, namely on sparse estimation of the loadings matrix.

The concept of sparse parameter estimation was introduced by [7] with the method
Lasso in the context of regression analysis. The idea is to use an L1 penalty which
shrinks some of the regression coefficients to zero. In the context of PCA, this sparsity
concept was first considered by [5], who introduced the so-called SCoTLASS method.
For this method it is necessary to plug in an estimate of the covariance matrix. Al-
though this would be straightforward to robustify by using a robustly estimated co-
variance matrix, it is unclear how this idea can be applied to data containing more
variables than observations. This setting is particularly important for many appli-
cations, e.g. from biostatistics. The problem is that there is no method for robust
covariance estimation for such situations. Also another proposal for robust PCA of [8]
is not straightforward to robustify for the high-dimensional case, since it is formulated
in a regression context.

Here we will use a projection-pursuit definition of PCA [1] for proposing a robust
and sparse PCA method. Projection-pursuit PCA goes back to the original definition of
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PCA: search for a direction such that the variance of the projected data is maximized.
Similarly, subsequent directions are defined to maximize the variance of projected data,
by imposing additional orthogonality constraints to previously found directions. Using
robust variance estimators results in robust PCs, and imposing an L1 penalty gives
sparseness [3].

2 Method

Assume that we have given n multivariate observations x1, . . . ,xn ∈ R
p. Then the first

sparse PC can be defined as

ã1 = argmax
‖a‖=1

V (atx1, . . . ,a
txn)− λ1‖a‖1. (1)

Here, “V” is a variance estimator. For classical sparse PCA, this is the empirical
variance, for robust sparse PCA this is a robust variance estimator, like the squared Qn

estimator [6]. The tuning parameter λ1 regulates the compromise between maximizing
the variance and obtaining sparsity. The resulting vector ã1 is the first sparse PCA
direction. Similarly, the jth sparse PCA direction (1 < j ≤ p) is defined by

ãj = argmax
‖a‖=1,a⊥ã1,...,a⊥ãj−1

V (atx1, . . . ,a
txn)− λj‖a‖1. (2)

We require orthogonality to previously found directions. λj is the sparsity parameter
that can be different from the tuning parameters for other directions.

The optimization problems (1) and (2) are not trivial to solve. In [3] we describe
an algorithm that is based on iterative grid searches in planes spanned by pairs of
variables, see also [2]. An implementation in the R package pcaPP [4] makes its use
very attractive for real applications.

3 Example

We consider a data set of 166 alcoholic fermentation mashes of different feedstock
(rye, wheat and corn) that were analyzed with near infrared spectroscopy (NIR). In
total, absorbance values for 235 different spectral values (variables) corresponding to
wavelengths of 1115-2285 nm have been measured. The data set is available in the
R package chemometrics as data frame NIR. Figure 2 (top) shows the mean-centered
data as they are used for PCA: each curve corresponds to one observation. One can see
different “streams” in the figure, corresponding to different feedstocks. Nevertheless,
the data structure is quite homogeneous, without any obvious severe outliers. There-
fore, we apply classical sparse PCA, by using the empirical variance for “V”. Here we
only present the first two sparse PCs. The choice of the tuning parameters λ1 and λ2 is
shown in the plots in Figure 1: These plots show the proportion of explained variance
for the first (left) and second (right) PC when the tuning parameters are increased.
The explained variance decreases, but at the same time the number of zeros in the
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loading vectors gets larger. The latter are shown on the horizontal axes. The optimal
tuning parameters are selected by maximizing the explained variance multiplied by the
number of zero loadings. The dashed lines show the selected optima, which refer to the
choice of the tuning parameters λ1 and λ2. With these tuning parameters, the final
sparse PCs are computed, and the resulting first two loadings vectors are shown as
the lines in Figure 2 (bottom). It can be seen that many of the loadings are zero, and
this is essentially at positions where the original signals seem to include rather random
noise and not structural information. The different PCs refer to different feedstocks.
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Figure 1: Selection of the optimal tuning parameters λ1 and λ2 for sparse PCA.
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Figure 2: Mean-centered NIR data (top) and first two sparse PCA loading vectors
(bottom).
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