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Abstract. We have developed an algorithm which allows to generate a large-scale random-
close packing of spheres within a confined container of any arbitrary shape. In addition, the 
diameter of packing spheres can obey any specified distribution. The developed algorithm can 
be used for modelling of the geometrical microstructure of many physical and engineering 
systems, in particular, packed-bed equipment in chemical process industries, with further 
application to simulation of various physico-chemical phenomena in these systems. 

1. Introduction 
A random array of hard spherical particles has long been of interest because of its technological im-

portance and significance in applications throughout science and engineering including colloidal systems, 
ideal liquids, granular materials, and biological membranes [1-4]. In particular, random sphere packings are 
used as a model for many physical and engineering systems, such as powders, porous media, packed-bed 
chemical reactors or fixed beds in chromatographic columns [5-7]. The primary reason for its attractiveness 
as a model system is that the highly complex topology associated with disorder can be completely described 
in simple geometric terms, such as the radius and position of each sphere. Since it is not simple to obtain a 
complete geometrical description of real packings, computer generation of such structures can serve as a 
good and often the only possible alternative. 

In many cases, in order the random sphere packing can be considered as an adequate model of an ac-
tual system, it has to satisfy a number of specific requirements. For instance, packed beds in chromatographic 
columns are characterised by the relatively low void fraction or porosity, ε≤ 0.4. In addition, in actual packed 
beds, the particle sizes are most likely to be distributed whether knowingly (e.g., to gain improving opera-
tional performance) or casually (e.g., due to imperfection in fabrication of packing particles). Further, it is 
experimentally established [8,9] that in cylindrical packed beds, oscillatory radial fluctuations of the void 
fraction or porosity present. In beds of spheres, the voidage, ranging from a value of unity at the wall, oscil-
lates in a damped fashion, falling to its minimum value at a distance of about half a particle diameter from 
the wall, and attains a constant value at a distance of about 4-5 particle diameters. These radial variations are 
due to the confining effect of the wall of the bed and give rise to the so-called wall effects, e.g., in the flow of 
fluids through the bed and in the dispersion of heat and mass in the bed. Finally, the simulation of mass 
transport and study of associated longitudinal dispersion in packed beds can require the generation of a large-
scale (with respect to sphere diameter) random packing to avoid recorrelation effects resulted by the use of a 
smaller packing with the periodic boundary condition [6,10]. 

In this contribution, in contrast to the already reported packing algorithms, we present that which al-
lows to generate random sphere packings corresponding to the all aforementioned requirements, such as: a 
low porosity of generated packings (ε ≤ 0.4); the possibility to use of any specified confined container (e.g., 
of a tubular geometry with cylindrical, elliptical, quadratic, or trapezoidal cross-sections, as well as uncon-
fined packings with periodic boundaries); the possibility to use of any specified distribution of sphere size 
(uniform, bi-sized, Gaussian, lognormal, etc.); the capability to generate large-scale packings. Below, we 
present the description of our algorithm, as well as the brief discussion of properties of generated random 
packings. 

2. Description of generation algorithm 
The presented in this paper algorithm is based on the Jodrey-Tory procedure [11] which is one of the 

collective rearrangement packing algorithms and allows to generate random packings of low porosity. The 
original procedure deals with the unconfined packing of equal spheres. The generation starts from an arbi-
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trary configuration of points uniformly distributed in the container with periodic boundaries. At each iteration 
a pair of the nearest points is determined and they are spread apart for a certain distance variable through the 
generation procedure. If one associates points with sphere centres, the distance between two closest points 
can be considered as a sphere diameter, which ensures a configuration without overlap. A sequential growth 
of the sphere diameter provides the decrease of the packing porosity.  

First, we adapted the original Jodrey-Tory algorithm to the generation of confined random packings 
by revision of the procedure searching for the minimal distance. The modified algorithm carries out this 
search not only for each pair of spheres, but as well for the distances between sphere and the container wall. 
This allows to use a confining container of any arbitrary shape if the latter can be expressed in an analytical 
form, such as tubular geometry with cylindrical, quadratic, rectangular, elliptical or trapezoidal cross-section. 
Figure 1 shows two examples of confined packings generated by the above-mentioned modification of the 
Jodrey-Tory algorithm. Then, in order to generate packings with nonuniform sphere diameter,  the growth 
rate of an individual sphere during the generation was set in proportion to its final diameter, which was de-
fined in advance in accordance with a given distribution. Finally, in order to reduce the computational ex-
pense, which is becoming particularly high for low porosity and large scale packings, the generating algo-
rithm has been implemented as parallel code at a high-performance computer. Analysis of the computational 
time requirements for different procedures within the Jodrey-Tory algorithm indicates that the determination 
of the pair of the closest points is most expensive (from the point of view of the required computational time) 
is. This operation consists of searching the minimal element in a triangular matrix which represents the dis-
tance between each pair of spheres. The parallel implementation of the Jodrey-Tory algorithm divides this 
matrix for the better load balancing into several submatrices with provisionally equal numbers of elements. 
Then, the search of the minimal distance is performed within each submatrix by an individual processor and, 
finally, the global minimum distance is determined among the smallest elements of submatrices. 

 

3. Results 
The presented in this paper algorithm was implemented as parallel code at high-performance com-

puter HP Superdome in Otto-von-Guericke University Magdeburg and employed for generation of various 

Fig. 1. Radial porosity distribution functions for experimental (symbols: ○ dc/dp = 14.1 [8], □ dc/dp = 9.3 
[12]) and computer generated (solid line dc/dp = 10.0) cylindrical packings of spheres. 
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random sphere packings which have been than used, in particular, as geometrical models for numerical simu-
lation of fluid transport through packed beds and associated hydrodynamic dispersion. 

First of all, we compare the computer generated random sphere packings with experimental those. 
For this purpose, we evaluated the radial porosity distribution (RPD) function which describes the radial 
dependence of the porosity (averaged with respect to the angular and axial directions) in cylindrical packings. 
In Figure 1 the experimentally measured RPD functions for cylindrical packings with different aspect ratios 
between the container diameter and particle diameter dc/dp, as well as the RPD function of the computer 
generated packing are shown. This figure indicates that the computer generated packing demonstrate suffi-
ciently good accordance with experimental those. It should be pointed out that the RPD 

functions determined for different experimental packings with the same geometrical characteristics (i.e., the 
same mean porosity and aspect ratio) may differ because of dependence on the packing procedure and be not 
identical, in addition, due to stochastic nature of random packings. 

As it has been fore-mentioned, the algorithm enables us to generate random packings confined 
within a container of any specified shape. This allows, in particular, to study numerically how the shape of a 
fixed bed in chromatographic columns affects axial hydrodynamic dispersion which is of crucial importance 
for the improving efficiency of chromatographic separation. Figure 2 shows two examples of confined pack-
ings, generated by our algorithm. Although a fixed bed with a cylindrical cross-section is conventionally used 
in chromatography,  the application of fixed beds of other geometrical shape, e.g. quadratic, is a subject of 
ongoing investigations. Since, besides the shape of packings, reproducing of specified distribution of sphere 
size is of great significance too, the capability of the presented algorithm to deal with nonuniform particles 
was examined by generation of a number of the nonequal-sphere packings. As an illustration, two cylindrical 
packings with bimodal and Gaussian distribution (standard deviation σ  = 0.1) of sphere diameters are shown 
in Figure 3. 

The parallel implementation of the presented algorithm allows to simulate large-scale packings, 
which are characterised by a large number of particles, in an acceptable time. For instance, the random cylin-
drical packing of porosity 0.4 consisting of  more than 50,000 spheres was generated by 25 processors in 
approximately 100 hours. The estimated time for the generation of this packing by a single processor is ap-
proximately 105 days. 

4. Conclusions 
We have presented an algorithm that is capable to generate a random-close sphere packing which 

can serve as a geometrical model of various engineering systems, e.g., porous media or packed-bed compo-
nents of equipment in chemical process industry. Packings generated by this algorithm possess a number of 
features which allow to reproduce the distinctive properties of modelled systems, such as a specified distribu-
tion of sphere diameter and low porosity. In addition, any arbitrary container can be employed to generate a 

Fig. 2. Random sphere packings generated by the presented algorithm and confined by cylindrical 
(left) and quadratic (right) containers. Periodic boundary conditions are imposed along the longitu-
dinal direction. The interparticle porosity of both packings is 0.4, the total number of spheres is 3600 
(cylindrical packing) and 4500 (quadratic packing). 
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confined structure. The implementation of the presented algorithm as a parallel code enables to reduce the 
generation time for large-scale packings. Good agreement between the radial porosity distribution functions 
of experimental and computer generated packings has been found. 

 
The presented algorithm has been already utilized to generate a geometrical model of porous me-

dium for numerical simulation of hydraulic and electroosmotic flows and associated hydrodynamic disper-
sion. 
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Fig. 3. Top views (from the base plane) of the random cylindrical packings generated by the modified 
Jodrey-Tory algorithm with the bisized (left) and Gaussian (right) sphere diameter distribution.  


