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1. Introduction

Let a and b be two nonzero elements of a unique factorization domain (UFD) K. In this paper we
investigate the problem on searching for shortest division chains (DC)

ri=ri_y—qiri—1, i=1,2,...,k, (1)

where q1,...,qr €K, r_1=a,1r9=b, r1,...,1,_1 € K, r, = 0. If there exists finite DC (1), then it may
be considered as a version of the Euclidean Algorithm (EA) and ry_; = gcd(a, b).

Vahlen (1895) and Kronecker (1901) (see Bach and Shallit, 1996, p. 80) have proved that the least
remainder EA requires no more division steps than any other EA which chooses between a remainder
of (@ mod b) or ((a mod b) —b) at each step. Lazard (1977) has extended the Kronecker-Vahlen
theorem on the case where any remainder is chosen at each step and also has proved the analogue
of this theorem for polynomials over a field. Kaltofen and Rolletschek (1985) and Rolletschek (1986)
have established the Lazard theorem analogue for special cases of imaginary quadratic domain Z[+/d],
d is a negative integer. Rolletschek (1990) has given a complete solution to the problem on shortest
Euclidean algorithm in arbitrary imaginary quadratic domains Z[+/d]: the Lazard theorem analogue is
valid in Z[/d], d <0, if and only if d # —11c?, c € N. Up to present the question on the validity of
the Lazard theorem analogue is still open for all rings Z[+/d] with d > 1. Vaskouski and Kondratyonok
(2013) have found a class of Euclidean domains, for which the Lazard theorem analogue holds. The
main purpose of this paper is to enlarge the class of unique factorization domain, for which the Lazard
theorem analogue is valid, and estimate the length of chain (1) for fixed a and b.

The present paper is organized by the following way. Section 2 contains basic definitions and state-
ments of main results. In section 3 we give general methods of main results proofs. Detailed proofs
are given in section 4. Methods for validation of conditions in main theorems are given in section 5.
Finally, section 6 is devoted to discuss the results, more precisely we provide some counterexam-
ples to show essentiality of the conditions in main theorems. Also there is given an application to
optimization of algorithm for solution of linear Diophantine equation in general UFD.

2. Main results

In this section we introduce some definitions and notation and give statements of the main results.

Definition 1. A function v : K — NU {0, —oo} is called a norm in a UFD K, if the following conditions
hold:

1. v(x)=—c0 iff x=0;
2. v(xy) > v(y) for any x, y € K,;
3. If x, y e Ky, then v(xy) = v(x) iff y €I, where I is the set of all invertible elements of K.

Remark 1. Let K be a UFD, take an arbitrary element x € K,. There exists a unique (up to multiplying
of p; by invertible elements of the domain K) representation x = 8p‘1)” e pg", where ¢ €1, p1,..., Dk
are prime elements of K, «1,...,ar € N, k>0 (if k =0, then x = ¢). It's clear that the function
v:K— NU{0, —oc}, defined as v(x) = ZL] o, X= ap‘;“ ...p;f" € K4, v(0) = —o0, is a norm in the
UFD K, where Y¥ | a; =0 for k=0.

Remark 2. It’s easy to check that any Euclidean norm v(-) is also norm in the sense of Definition 1.

Definition 2. Let F be the field of fractions of a UFD K with a norm v. A function fr:F — F is called
a fractional part in F if the following holds:

1. fr(e +q) =fr(x) for any o € F, q € K;
2. If m/n €F, gcd(m,n) =1, then fr(m/n) =r/n, where r € K, (m—r)/n € K, and v(r) = min{v(s)|s €
K, (m—s)/neK}.
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If fr: F — [ is a fractional part, then the function int:F — K,

int(a) = —fr(a), @ € F,
is called an integer part in F.

For any K being a UFD with a norm v one can define integer and fractional parts in the field of
fractions F by the following. Consider an arbitrary element X € F/K, X = {m/n + t|t € K}, where m,
n are coprime elements of K, n # 0. There exists tg € K such that v(m + ntg) = min{v(m + nt)|t € K}.
Then for any x € K we put fr(x) = m/n + to. Let int(x) = x — fr(x). It's clear that fr(-) and int(-) are
fractional and integer parts in [F with respect to the norm v.

We shall assume that any UFD K is equipped with a norm v(-) and the field of fractions F of the
domain K is equipped with a fractional part fr(-) and an integer part int(-).

Definition 3. Let K be a UFD, a and b be two nonzero elements of K. For any k € N and ¢1,...,qx € K
denote

Dab(@1, - qQ) = (F=1,T0, -+, Tk—1, T) € KKT2,
where r_y=a, ro=>b, ri=ri_y —qiri—1,i=1,2,...,k.
Denote by &, the set
{Dap(@, - Q) =(-1,....1)keN, q1, ..., qe € K, 11, ..., 1k—1 € Ky, 1 = 0},
it is possible that &, = 0.

Definition 4. The Least Remainder DC of a, b is DC

Da,b(1s--->qk) = gab € Eab
such that ¢; = int(rj_»/ri—1) for any i =1, ..., k. If there exists the Least Remainder DC for (a, b), then
denote by £, the length k of the Least Remainder DC, otherwise we set L, = co.

Let us give an example of UFD for which the Least Remainder DC may not exist.

Example 1. Let K = Z[t]. Define the fractional part in F = Z(t) by the following. Let the map A :
F/K — FF be defined as A(A) =m(t)/n(t), where A = {m(t)/n(t) + q(t)|q(t) € Z[t]}. For any A € F/K,

o € A set int(er) =r(t), fr(@) = A(A) — r(t), where r(t) € Z[t], lim— 400 ‘% <1 Vp(t) € Z[t].

Take polynomials a(t) = ¢, b(t) = 2. Suppose that there exists gy p()- Then there exist polynomials
f(t), g such that

1=gcd(a(®), b(t)) =tf(t) +28(t).
But this is impossible, since the equality 1 =2g(0) fails for any g(t) € Z[t]. Hence, there doesn’t exist
Ha(t),b(t)-

Definition 5. Denote by f; ;, the smallest positive integer k such that there exists Dy (q1, ..., qk) € &b
if &.p#9, and put fp =00 if & p =0. Let

Oub ={D@1, ..., qk) € Eaplk = lap}
for &p #¥ and Oy p =0 for & p = 0.

Definition 6. Define number of steps of the Least Remainder DC by the following:

Ih(K) =max{Lqpl(a,b) e Ky x Ky,n>v(a) >v(b)},neN.
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Definition 7. Denote by [F; the set of all regular irreducible fractions of F, i.e., F1 = {« € Fla = fr(®)},
[} =F1\{0}. Define the function w : F; — Fq by the following: w(a) = fr(a=1) for ¢ £ 0, w(0) =0.

Definition 8. A triple (xg, «,n) € K, x IF’{ x N is called regular if there exist natural numbers p and I,
p <n, I <p+1, such that there exist ¢; €I, b;,¢c; € K, i =1,1—1, satisfying the relations B =
P (fr((@ — x0)™Y), Big1 = EiBi+c) L +bi, i=1,1—1, f=aD°, where ¢ € {0,1}, @P is the
p-multiple composition of w.

Definition 9. Let 7 be the set of all UFD K such that there exists Dk € N such that the following
conditions hold:

1. For every xo € Ky, o € I}, the triple (xo, &, D) is regular.
2. If Dk > 3, then for any natural k € 3, Dk] and xp € Ky, @ € F] the triple (xo, o, k —2) is regular,
assuming that w® =2 (fr((¢ — x¢)~1)) =0.

Definition 10. Let Ak = SUp,/ner, IMm/n|, where |m/n| =v(@m)/v(n) for m/n € F}, ged(m,n) =1, and
[0 =0.

Let d # 1 be an integer squarefree number. We recall that the quadratic domain Z[+/d] is the do-
main of all integer algebraic elements of the quadratic field Q[+/d]. It is known (see, e.g., Rolletschek,
1986) that Z[v/d] = {a + bv/d|a,b € Z} if d % 1(mod 4), and Z[Vd] = {(a + b/d)/2la,b € Z,
a=b(mod 2)} if d=1(mod 4). Let the norm in Z[+/d] be defined as

v(a + bv/d) = |a® — db?| for a + bv/d € Z[v/d] \ {0},a,b € Q, v(0) = —oc. 2)
Let the fractional part in Q[+/d] for d < 0 be defined by the following

fr(q1 +q2v/d) = g1 — [q1 + 1/21 + (@2 — [q2 + 1/2])V4d, 3)

where q1, q2 € Q, [x] = max{k € Z|k < x}.
Now we are ready to state the main results.

Theorem 1. Suppose that K € 7. Then the Least Remainder DC is Shortest DC, i.e. L4 p = o p forany a, b € K,.
Theorem 2. The following statements are valid.
1. If K is a Euclidean domain with respect to the given norm v, then Ak € [0, 1].

2. If K is a UFD with a norm v and Ak € [0, 1), then the domain (K, v) is Euclidean, and the following
inequality holds I (K) < [logAkl n] + 2 for any n € N, where log,,n = 0.

Theorem 3. Let d £ 1 be an integer squarefree number. If the domain Z[~/d] is Euclidean, then the following
holds I,(Z[+/d]) = O (logn).

3. General strategy of proofs

Let’s present main ideas of Theorem 1 proof.

For any DC D, »(q1, ..., qk) € &,p we consider reference finite continued fraction
a
E:X1+ 1 =Xx1:X2 ... Xk (4)
X2 +
2 . 1
X
T
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It's clear that x; =gq;, i=1,...,k.

Lemma 1 has key role in the proof of Theorem 1 and gives existence criterion to represent an
element a/b of fraction field F in the form of continued fraction (4) of a fixed length. Next step is to
express the length of the Least Remainder DC in terms of functions of fractional part (Proposition 2).
The final step is to consider the length of the Shortest DC as minimal length of finite continued
fraction such that Eq. (4) has a solution with respect to variables x1, ..., X,. We need to require the
condition K € 7 to enable validity of Lemma 1. Induction on the length of finite continued fraction
(4) is applied. Condition K € 7 gives the ability to reconstruct continued fraction (4) in proper way
for validation of the inductive step. In further we’ll prove that both Lemma 1 and Theorem 1 fail if
we omit condition K € 7.

Let’s proceed to the main ideas of Theorems 2 and 3 proofs.

Firstly, we give necessary and sufficient conditions for UFD K to be Euclidean in terms of charac-
teristic Ak (see Definition 10). If Ak < 1, then definition of Ak and basic properties of integer and
fractional parts imply the logarithmic length O (logn) of the Least Remainder DC for any a, b € K,
with v(a) <n, v(b) <n. In further we’ll see that condition Ax < 1 can’t be replaced by weaker
condition Ax <1 without loss of logarithmic length O (logn) of the Least Remainder DC.

To obtain the logarithmic length O (logn) of the Least Remainder DC for any a, b € K, with v(a) <
n, v(b) <n, in any Euclidean quadratic domain Z[\/c_i] we use sufficient condition Ax < 1 to have
logarithmic length O (logn) of the Least Remainder DC and the following characterization of quadratic
Euclidean domains, obtained in the paper Selfridge et al. (1992).

Proposition 1. Let d # 1 be an integer squarefree number. The quadratic domain Z[+/d] is Euclidean iff
there exists A = A1 + A2+/d € Z[/d], A1, A2 € Q, such that the fundamental region F(d) is contained in
the unitary open ball U (X, 1) in Q[+/d] with the center in A, where F(d) = ([0, 1/2] x [0,1/2]) N (Q x Q)
if d 2 1(mod 4), and F(d) = ([0,1/2] x [0,1/4]) N (Q x Q) if d = 1(mod 4), U(A,1) = {q1 + q2/d €
QIVdl|g1,92 € Q. 1(q1 — 21)* —d(q2 — 22)*| <1}, 7 > 0.

4. Proofs of main results
4.1. Theorem 1

Lemmal.let Ke T.Ifa €Fq, k €N, then Eq. (4) is (o, k)-solvable, i.e., there exist X1, ..., X, € K such that
o =[x1:%2:...:x¢], iff one has w®*—V(a) = 0.

Proof. Let « =m/n € F1, gcd(m,n) =1, ke N. If « =0 or k=1, then the statement of the lemma
is obvious. Suppose that o # 0, k > 2. Consider the case k = 2. It's easy to see that Eq. (4) is
(a, 2)-solvable iff the following congruence holds m = e(mod n) for some ¢ € I. Let m =qn + &,
q € K, then m/n = fr(m/n) = fr(q + €/n) = fr(¢/n). Since the norm v takes the minimal finite value
only at invertible elements of the domain K, so fr(e/n) = §/n, where § € TU {0}.

Suppose that Dx > 3. Let’s prove the lemma for all k < Dk by induction on k. The base of in-
duction is validity of the lemma for k =1 and k = 2. It's easy to see that Eq. (4) is («, k)-solvable
iff there exists z € K such that Eq. (4) is ((o — z)~!,k — 1)-solvable. That is why we need to
prove that for any k € [3, D] the following holds: w®~D () = 0 iff there exists z € K such that
o®*2 (fr((e — 2)~ ")) =0.

Let w®~D(a) = 0. By the definition of w, we get w*~2 (fr(a~1)) = 0.

Suppose that there exists z € K such that 0® 2 (fr((@ — z)~1)) = 0. If z=0, then the definition
of the function w implies the equality w®*—1 (o) = 0. Let z £ 0. By assumption (2) in the definition
of the class 7, we obtain that the triple (z, o, k — 2) is regular. Hence, there exist natural numbers
pand [, p<k—2,1<p+1, such that there exist invertible elements ¢; € I and elements b;,c; € K
(i=1,...,1-1), for which the following relations hold:

Br =P (fr((@ —2)™), i1 = i+ )+ b i=1,1—1,H=a"V", (5)

where ¢ € {0, 1}.
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Since w*~P=2 (1) =0, so by the inductive assumption, Eq. (4) is (81, k— p — 1)-solvable. It follows
from (5) that for any i=1,...,1—1 and j € N Eq. (4) is (B;, j)-solvable iff Eq. (4) is (Bi+1,J+ 1)-
solvable. Hence, Eq. (4) is (@~D°, k— p+1—2)-solvable. Since k— p+1—2 <k—1, so, by the inductive
assumption, we receive that w®=P=3) (fr(a(=1")) = 0. Consequently, w*~? (fr(a~D")) = 0. The last
equality and the definition of w imply that w®*~1 () = 0. So, the lemma is proved for all k < Di.

Let’s prove the lemma for any k by induction on k. The base of induction is validity of the lemma
for all k < Dx. Let k be a natural number, k > Dx. It is sufficiently to prove that w®=V () = 0 iff
there exists z € K such that w®=2 (fr((« — 2)~1)) = 0.

The necessity is obvious. Let there exist z € K such that the following holds

o*D (fr((@ —2)~1)) =0.

If z=0, then, by the definition of w, we get w1 (a) = 0.

Suppose that z # 0. By assumption (1) in the definition of the class 7, we receive that the triple
(z,a, D) is regular, i.e., there exist natural numbers q and m, g < Dg, m <q + 1, such that there
exist invertible elements p; € I and elements f;,gi € K (i=1,...,m — 1), satisfying the relations

=P (fr((@—27"), vis1 =@ivi+a) " + fi,
i=T,m—1,ym=a"", (6)

where ¢ € {0, 1}.
Since a)("*qu)(y]) =0, so the inductive assumption implies that Eq. (4) is (y1,k —q — 1)-solvable.
Relations (6) imply that Eq. (4) is («D°, k—q+m —2)-solvable. Since k—q+m—2 <k—1, so, by
the inductive assumption, we obtain that w®=9+m=3) (fr(¢(~1")) = 0. The definition of the function w
implies the equality w®~ («) = 0. The lemma is proved. O

Proposition 2. Let K be a UFD. Then for any two elements (a, b) € K, x K, the following equality holds

Lqp = minfk € N|jo*~D(fr(a/b)) = 0},

where min ¢ = co.
Proof. Take arbitrary a, b € K,. Suppose that £, < co. Let

ﬂa,b = Da,b(‘]l, .. ~va) = (T,1, rOa r17 e ,rkfl,rk),

where r_1=a,r90=b, 1, =0,r; 20 forany i =1,k — 1.
It follows from the relations
a r

—q+ g
p = d P &

and the definitions of the function w and the Least Remainder DC that the following equalities hold

a b a 1 _ a Tke—2
)= il (2) ) = _t (k=1) ) — —
o(w(5)) =t (5 ) 0 (1 (5)) =t () oot (1(5)) = (22 ) =0
It follows from (7) that one has w®~V (fr(a/b)) = 0.
Since Y=V (fr(a/b)) =rj/rj_1 #0 for any j=1,...,k—1, so

L) Tk—3 a0 Tk—1 Tk—2 a
EEREEER = k-1 -, = K
b r k-2 Tk—2 Tk—1

Lqp =k =min{n € NJo™V (fr(a/b)) = 0}.

Let £, = co. Suppose that there exists k € N such that w*=D(fr(a/b)) = 0 (choose the smallest
natural k with this property).

Let int(a/b) = qu1, fr(a/b) =r1/b. If r1 =0, then L, =1, this is a contradiction. Hence r; # 0. By
the definition of w, we obtain the equality w® =2 (fr(b/r1)) = 0. Let int(b/r1) = qa, fr(b/r1) = ra/r1.
If r =0, then L£gp =2, this is a contradiction. We deduce that r; # 0 and w*=(fr(ry/r2)) =0.
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Applying the analogous arguments, we construct the elements rs3,...,7, ¢3,...,qr such that
int(ri_2/ri—1) = qi, fr(ri_a/ri—1) =ri/ri_ for any i =3,k and 0© (fr(re_s/ri—1)) =ri/re—1 = 0. Hence
. = 0. The last one contradicts with £, = oo. The proposition is proved. O

Let (a,b) e Ky x K,. Suppose that f; , =k < co. Let

Dap(@1,---,qQK) = (T=1,70,T1, -, Tk=1,Tk) € Og p,

where r_y=a,r9=b, 1, =0,r; A0 forany i =1,k — 1.
Since 1(Dgp(q1,---,q1)) =[q1:q2: ... :ql, so, by Lemma 1, we get w*~V (fr(a/b)) = 0. It follows
from Proposition 2 that

Lqp =min{r € NJo"V(fr(a/b)) =0} <k = fp.

Hence, Ly p = fp.
If f;p = o0, then & , = @. Consequently, £, = oo. This finishes the proof of Theorem 1.

4.2. Theorem 2

1. Let (K, v) be a Euclidean domain, then for any a and b € K, there exist g and r € K such that
a=>bq+r and v(r) < v(b). Consider an arbitrary element a/b € F}, a,b € K, gcd(a,b) = 1. Let a =
bg+r and v(r) < v(b), where g, r € K. Since a/b = fr(a/b), so v(a) < v(r). Hence, |a/b| = v(a)/v(b) <
v(r)/v(b) < 1. Consequently, Ak € [0, 1].

2. Let’s fix an arbitrary natural number n.

Suppose that Ak € [0,1). Then for any a/b € F%, a,b € K, gcd(a,b) = 1, we have |a/b| =
v(a)/v(b) < 1. Take arbitrary a,b € K, b # 0. Let q = int(a/b), r = b fr(a/b), then a = bq + r and
v(r) < Agvu(). If v(b) > 0, then v(r) < Agv(b) < v(b). If u(b) =0, then b is an invertible element
of K and, consequently, a =0 and r =0. As v(r) < v(b), so the domain (K, v) is Euclidean.

Consequently, for each (a,b) € K, x K, with n > v(a) > v(b) one has & # ¢ and there exists
Jab = Dap(q1,...,q) = (r—1,70,71,...,Tk—1,7x), where r_y =a, ro=>b, =0, r; #0 for any i =
1,k—1.

Without loss of generality we may assume that gcd(a, b) = 1. This assumption implies the equality
gcd(ri—q,ri))=1forany i=1,...,k. Since fr(ri_y/ri_1) =ri/ri_1 #0,i=1,...,k—1, so

[ri/ricil = v(r)/v(ri-1) < Ag
fori=1,...,k— 1. Consequently,
v(ry) <v(b)Al <nAk

fori=1,...,k— 1. Since r,_» ¢ TU {0}, so v(r,_1) > v(1) > 0. Hence, we get 1 < v(rx_3) < nA’H‘gZ.
The last one implies the inequality k < logAHy n 4+ 2. Consequently, [,(K) < [logAH_gl n] + 2. Theorem 2
is proved.

4.3. Theorem 3

By Proposition 1, there exists A = A1 +Axv/d € Z[d], A1, A2 € Q, such that the following inclusion
holds F(d) c U(A, 1), where the sets F(d) and U(A, 1) are defined in Proposition 1.
Let E(d) =[0,1/2] x [0,1/4] if d = 1(mod 4) and E(d) = [0, 1/2] x [0, 1/2] if d % 1(mod 4). For
any r > 0 define the set
VO, 1) ={(xy) eR X R||(x—11)* —d(y — 12)*| <T}.

Let’s prove validity of the inclusion E(d) C V (A, 1). Suppose that there exists (xp, yo) € E(d)\V (1, 1).
Since F(d)\U(X,1) =0, so xo ¢ Q or yo ¢ Q. Let xo ¢ Q. Then there exists € > 0 such that one has

{(x, yo)lxe[xo—&,x0+ €]} € E@\V (A, 1).
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If yo € Q, then there exists &y € (0, &) such that the point (xg + &g, ¥o) has rational coordinates and
belongs to E(d)\V (A, 1), and hence

(X0 + €0, yo) € F@\U(A, 1) =0
that is impossible. If yo ¢ Q, then there exists ¢ > 0 such that

{x, MIxelxo—&,x0+¢€l,y€yo—¢,yo+el} € E@\V(A,1).

Consequently, there exists a point (x1, y1) € E(d)\V (A, 1) with rational coordinates. Hence, (x1, y1) €
F@\U(, 1) =0.

So, we have E(d) Cc V (A, 1).

Let’s prove the existence of a number rg < 1 such that the inclusion F(d) C U(A, 1) is valid. It is
sufficient to prove that E(d) C V (A, rg) for some rg < 1.

Suppose a contrary, i.e., for any r € (0,1) the set X; = E(d)\V(A,r) is not empty. Take an ar-
bitrary sequence r, - 1 —0 as n — oo and choose a point ¢, € X;, for any natural number n.
Since the sequence (gr,), n € N, is bounded, so there exists a convergence subsequence ¢, — ¢
if m—o00. As V&, 1) = Upen V. 1), so the following holds E(\V (A, 1) = (e Xry, - Since
Qropy € Xryy, CE@\V (A, 1) for any m € N and the set E(d)\V (&, 1) is closed in R x R, so the inclu-
sion q € E(d)\V (1, 1) is valid. But the last one contradicts with the inclusion E(d) C V (A, 1).

So, we have F(d) C U(x, 1) for some 1o < 1 and A € Z[+/d]. We deduce that for any y,8 € Z[Vd),

8 # 0 there exists an element q € Z[+/d], such that N (% —q) <ro, where N (‘”"‘/_ la ’dbzl,

a,b,ceZ, c+#0. Since N(——q) N(I{,’(S)q‘s) so for any §, yeZ\/_] 8 # 0, there exist ¢, reZ[\/—]

such that y =qé +r and N(r) <roN(3). Consequently, one has AZ[JHJ <ry.

So, by Theorem 2, we obtain the inequality I,(Z[+/d]) < [log;,' n] + 2 for any n € N. Theorem is
proved.

5. Methods to prove the inclusion K € 7~

Let us give the first method of checking of the inclusion K € 7.

Definition 11. Let S be the set of all UFD K such that for any x € K, and o € IF} one of the following
conditions holds:

1. int((e —x)~ 1) e IU{0};
2. xint((e —x)"H+1el

Proposition 3. The inclusion S C T holds.

Proof. Let a UFD K belong to S. Take Dk = 1. We need to prove that for any xo € K, o € F} the
triple (xo, ¢, D) is regular. Choose p =1 in the definition of regular triple. Denote b = int((cx —x)~1).
Suppose that b € U {0}. We have g1 = o(fr((@ — X)) =w((o —x)"1 —b) =fr <m) There
exists ¢ € K such that g = m c.Ifb=0, then fp=a ' =B +x+¢) L. If bel, then
B = #W b~'—cand By =a = (—b2B; —b—b2c)" 1 +b~ 1 4x
Denote xb + 1 = ¢. Suppose that ¢ € . Analogously we receive 81 = fr(m> Then g; =
— ¢ for some ¢ € K. Hence,

m
ﬂ220671: bB1 +bc+1 :bﬂ1+bC+1:
B1(1+bx)+c(Q1+bx)+x pre+ce+x
1—be 1x g1
—be 4 —= = —pe 4 — = (B1e®+ce? +xe)  +be!
+ﬂ1e+cs+x +/318+C8+X (Pre”+ rae)

So, the triple (xg, o, D) is regular and the proposition is proved. O
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Now we are going to give a semi-decision algorithm to check the condition K € S.

Algorithm 1.

Step 1. Construct the set J = {x € K,|int((¢ —x)~1) e IU{0} Vu € Fi}

Step 2. For any xp € K,\J construct the value set Y(xo) of the function fy,(cr) = int((ox — x0)™ ),
a el

Step 3. For any xp € K, \J construct the set U(xg) = {% eKleelJUL

Step 4. If the inclusion Y(xg) € U(xp) holds for any x¢ € K,\J, then the answer is “Yes”, i.e. K € S.
Otherwise, the answer is “Unknown”.

Correctness of Algorithm 1. Suppose that the answer of Algorithm 1 is “Yes”. Take an arbitrary xg € K.
If xo € J, then the first part of the definition holds. Suppose that xq ¢ J, then xp € K, \ J. Consider the
sets Y(xp) and U(xg). Suppose that y € Y(xp), then y = int((ox — xo)~1). On the other hand y € U(xg),
then either y € and the first item of class S definition holds or y = % Then

e—-1 1
— =int((¢ —xp)™ ).
X0
So the second part of class S definition holds.

Applying Algorithm 1, we shall give examples of unique factorization domains K from the class S
(assuming that K is equipped with proper norm and fractional part).

Example 2. Let K=7, v(a) = |a| Ya € Z, fr(e¢) = — [ + 1/2] Ya € Q.

1L J={xeZ||x > 1};

2. Y() ={=2, -1}, Y(=1) ={1,2};

3. U(1) ={-2,-1,0,1}, U(=1) ={-1,0,1,2};
4, Y(1) €cUQ1), Y(—1) € U(—1). Hence, Z € S.

Example 3. Let K = P[t], P is a field, v(f) =degf Vf € P[t], fr(m(t)/n(t)) = r(t)/n(t), m(t) =
r(t)(mod n(t)), degr < degn, for any m(t)/n(t) € P(t).

1. J=K,;
2. The set K,\J is empty, so P[t] € S.

Example 4. Let K = Z[t], v(f) = deg f Vf € Z[t]. Define the fractional part in F = Z(t) by the
following. Let the map A :F/K — F be defined as A(A) = m(t)/n(t), where A = {m(t)/n(t) +
q)|q(t) € Z[t]}. For any A € F/K, o € A set int(x) =r(t), fr(a) = A(A) — r(t), where r(t) € Z[t],

iMeos 400 ‘;‘1;@;4:;% <1 Vp@) e Ztl.

1L J2{f €Zltl|deg f > 0 or | f(t)| = Ixo| > 2}.

Let’s prove it. Take arbitrary A € F/K and o =m(t)/n(t) € A, a = fr(a).

Firstly consider the case degm > degn. Let’s show that int((c — x9)~!) = 0 for any xg € Z[t]. Since
o = fr(a), so for any xg € Z[t] the following holds degm < deg(m — nxg). Suppose that int((o —
x0)~1) =r(t) £ 0 for some xg € Z[t]. Then fr((oc — x9)~!) = %m Since degn < degm < deg(m —
nxop), so degn < deg(n —r(m —nxg)), but the last one contradicts with the definition of fractional part.

Let degm < degn. Let’s show that int((ox — xg)~!) = 0 for any xo € Z[t], degxo > 0. Suppose the
contrary, i.e., int((a — xg)~1) =r(t) # 0 for some xg € Z[t], degxo > 0. Since deg(m — nxg) > degn, so
degn < deg(n — r(m — nxgp)), that contradicts with the definition of fractional part.

Let’s prove that int((a — xg)~') = 0 for any xo € Z[t], Xo(t) = ¢ € Z\{0, =1, £2}. Suppose that
there exists ¢ € Z, |c| > 2, such that int((a — x9)~!) = r(t) # 0. If degm < degn, then degn <
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deg(n —r(m —nc)) or r = const., hence, lim;_, 4

%ﬁ;_”m‘ = |1+4rc| > 2, that contradicts with
the definition of fractional part. So, we have degm = degn. In view of « = fr(o) and degm = degn

m() ‘ <0.5. If degr > 0, then degn < deg(n — r(m — nc)), a contradiction. So

we obtain that lim¢, o0 | 7y

r = const. and

n(t) —r(m(t) —n(t)c)
n(t)

that contradicts with the definition of fractional part.

So ID{f eZ[tl|deg f > 0 or |f(t)| = |xo| > 2}. If xp = +2, then int((a — x0)~1) = r(t) £ 0 iff
degm = degn and r(t) = £1, that implies £2 € J. It’s easy to see that 0, £1 ¢ J.

2. K\ S {£1};

3.Y(1) ={=2,-1}, Y(=1) ={1,2};

4.0(1)={-2,-1,0,1}, U(—-1) ={-1,0,1, 2}. Hence, Z[t] € S.

lim

t—+00

=T +ref—r[/2=r|(lc| =1/2) =1 =

N W

Example 5. Let K be a Euclidean domain such that for any a,b € K the following holds a|b or bla
(e.g., K is one of the following domains: arbitrary field P, the ring of formal power series P[[t]] over
a field P or the ring Qp of all rational numbers p"%, where k € NU {0}, the numbers m, n € Z, p are
pairwise coprime, p is a fixed prime number). In this case F =K U {1/ala € K,\I}.

1. Let’s prove that J = K,.

Take an arbitrary « € F%, then there exists b € K, \I such that o = 1/b. Let x € K. Let’s prove that

int((@ —x)~") = (@ —x)~'. We have (@ —x)~! = 12. Suppose that fr(;-2) # 0, that is equivalent to

Fbw = % for some c € K, \L. Since the elements b and 1 — bx are coprime, so b € [. Hence, we have
o —x=b"1—xeK, it means that « € K, but this contradicts with the condition « € IFT So, we have
xint((@—x)"H+1= 17]% Suppose that 1—bx € K, \L. Since the elements b and 1 — bx are coprime,
so b|(1 — bx). Hence, b € I. The last one implies @ —x =b~! — x € K, but this contradicts with the
condition o € F}. So, we get 1 — bx € I. That's why x int((a — ) H+1el

2. The set K,\J is empty, so Ke S.

Let us give an example of UFD that does not belong to S but belongs to 7.

Example 6. Let K = Z[i]. Let the norm in Z[i] and the fractional part in Q[i] be defined by relations
(2), (3). The domain Z[i] doesn’t belong to the class S. Indeed, choose o = %, x=1, then int((o —
)" ) =—24+i¢lIuU{0}and x int((x —x) N +1=—-1+i¢l

Let us show that K € 7. It's easy to see that F; = {z € C|Re(2),Im(z) € Q N [—1/2,1/2[}. Take
Dk = 3 in the definition of the set 7.

Let’s check assumption (1) of the definition of the set 7. Take arbitrary xg € Z[i] \ {0} and « € [F}.
Denote b = int((ox — x9)~1). Let p be a number from assumption (1) of the definition of the set 7.
If v(xg) > 5, then for p =1 we have 8y =«. If be1U {0}, then for p =1 we have g; = fr((a —
X0)/(bxo + 1 — )), then By = «. In further we suppose that b ¢ TU {0} and v(xp) <5. It’s easy to
obtain that v(xg) € {1, 2}. It is sufficient to consider only cases xo =1 and xg =1+ (since for any xg
with v(xp) € {1, 2} there exists an element ¢ €I such that xo = ¢ or xo = (1 +i)¢).

Let xo =1+1i, then b= —1+1i. If we set p=1, then we get

Bi=fr((@—A+i)/(@d—i)—1), fp=a"

Let xo=1.Then b e {—2,—1+1i, -2 % i}.
If b= —2, then for p =1 we get

B =fr((@—1)/Qa—1)), pa=a".
Let b = —1 =1, then for p =1 we have

Br =fi((@ - 1)/@Fi)£i), pp=a".
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Let b = —2 +i. Consider the element
B=odr((@—1)"") =fri((@—1)/(@@ -1 —1-1)).
Note that
y=int((e — 1D /(@2-1)—1—=i)) e{14+1i,1+2i,2+1i,24+2i}.
If y =1+1, then
B=(1—-aR+)/(@@—i)—1-10).
Take p = 2, then we have
Br=0? (fr((@ - D)) =fr((@@—i) — (1 —)/(1 —a@+1D)),
Br=a/(1—aR+1), ps=a".
If y =1+ 2i, then
B=(2+i)—aB+30)/(@2—i)—(1-10).
Take p =2, then we have
B1 =@ (fr((@ — 1)) =fr((@@—i) — (1 —)/(2+1) — a3 +30))),
Pr=a/d—a@+i), ps=a .
If y =2+1, then
B=(2—1i)—4w)/(@@2—i)— (1-1).
Take p =2, then we get
Br =@ (fr((@ — 1)) =fr((@@—i) — (1 — ) /(2 —i) — 4a)),
Pr=a/(1—aR+1), ps=a".
If y =2+ 2i, then
B=0B—ab+2)/(@2—i)—1-1).
Take p = 3, then we have
pr = (fr((@ — D) =fr(3 —a(5+20))/2 — 2i —a(5 — 2i))),
Br=a/(1—a(2), ps=a".

The case b = —2 —i is analogous to the case b= -2 +1i.

185

Let’s check assumption (2) of the definition of the set 7. Take arbitrary xo € Z[i] \ {0} and « € [F}
such that w(fr((« — x9)~1)) = 0. Since at all cases, excepting xo =1, b = —2 %+ i, it is possible to
get Dg = 2 instead of Dx = 3, so it is sufficient to consider only the case xp =1, b= —2 +i. Let
b = —2 +i, then the condition w(fr(( — x9)~!)) = 0 implies the inclusion o € {1/(2 + i), 2 + i)/
(3+3i), (2—1)/4,3/(5+2i)}. For the first, second and third elements the following holds w® (o) =0,
for the fourth element the condition o = fr(c) fails. The case b = —2 — i is analogous to the case

b=-2+i.
Let’s give a general method (semi-decision algorithm) to prove that K € 7.

Algorithm 2.

Step 1. Choose positive integer Dk and M.
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Step 2. Construct the set

J= [xoeKint<1> elU {0}V eIF*}‘
o — Xp
Step 3. Create a list IL that will contain elements of K" where r € {1, ..., Dg — 1}.
Step 4. L =K*\ J. We will save all elements of . the number of elements of which is greater than
2 in list Ly.
Step 5. Choose an element (xg, ..., x;) € L and delete it.

_ —1 -1
Step 6. Calculate § = <( (@ —x0)7 T —x1) o ) - x,) .
Step 7. Construct

A={beK|pb=int)}.

Step 8. For every element x;1 of A do the following steps.
Step 8.1. Calculate

pr =0 (int((@ — %)™ ) =fr((6 = x1:1) 7).
Step 8.2. Try to find (¢;) €I and (a;), (b;) € K, v(a;), v(bj) < M such that

1
,31+1 giﬂi Ta + bl

and By =« or Byuo=a .
Step 8.3. Switch

1) If such elements were not found and [ + 1 > Dy, then return choose bigger Dk and M.

2) If such elements were not found and I+ 1 < D, then add (xo, ..., X, Xj+1)-

3) If such elements were found, then go to the next element in Step 8.
Step 9. Switch

1) If L is not empty, then go to Step 5.

2) If L is empty and Dk < 3, then return true.

3) If L is empty and Dk > 3, then go to Step 10.
Step 10. For every k € [3, D] do Steps 11-13.
Step 11. Construct

B= {a e F*|o*2 [fr ((a —xo)_1)] = 0],

where w is calculated using the list Ly;.
Step 12. For every o € B try to find (&) €I and (q;), (b;) € K, v(a;), v(b;j) <M such that

1
i1 = + b;
,31+ 8i,3i +a i
and B_1 =« or Br_1 =a~ !, where 8; =0.
Step 13. Switch
1) If such elements were not found, then return choose bigger Dk and M.
3) If such elements were found and we checked every xo € L*, then return true.

Correctness of Algorithm 2. Suppose that the answer of Algorithm 2 is “Yes”. Take arbitrary xg € K. If
X € J, then the triple (xg, @, D) is regular for any o € F* and Dk € N.

Then we want to show that the triple (xg, o, D) is regular for any xg € K* \ J and o € F*. Let
us consider the set IL; of all elements that were put in L. If (xo,...,x;) € L1, (¥o,...,¥y)) € L1 and
xi =y for any i =1,k, k <[, then we will delete (xo,...,x,) from Li. Let us fix xp and show that
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(x0, &, D) is regular. It is easy to see that if (xg, «, k) is regular, then (xo, o, k + i) is regular for any
ieN.
Let us consider an element (xg, ..., X;) € L. This element generates the set of o such that

X = (( ((a —xp)! —xl)_1 — . .>_] —x1_1)

It is obvious that all such elements of I.; with fixed xo generate [F*. Since the answer of Algorithm 2
is “Yes” we can find sequences from the Algorithm for each element of I.; with fixed xg. So the triple
(x0, @, D) is regular for any xg, «. And the first part of the definition of the set 7 holds.

Suppose that Dk > 3. Proof of correctness of Steps 10-13 is completely analogous to the proof of
correctness of Steps 1-9.

-1

6. Discussion of results
6.1. Theorem 1

Let us show that there exists UFD K such that K ¢ 7 and the Least Remainder DC may not have
the minimal length.

Let K = Z[+/—11], where the norm and fractional part are defined by relations (2) and (3). It is
easy to see that the set

{6, —2iv11,6, -3 +iv11, -1 —iv11,2,0}

generates the Least Remainder DC for the pair (a, b) = (6, —2i+/11). Then L, = 5. On the other hand,
there exists another division chain for the pair (a, b):

{6, —2iv11,-5+iv/11,3 +iv/11, 2,0},

hence, f,, <4 < L,p. Consequently, the statement of Theorem 1 fails. Suppose that Z[iv11] € T,
then, by Theorem 1, we obtain that for any (c,d) € K, x K, the following holds £ 4= L. 4, a contra-
diction. By analogous arguments, Lemma 1 also fails for UFD Z[+/—11].

6.2. Theorem 2

Let us give an example of UFD for which Theorem 2 fails. Let K = P[t] be equipped with the norm
and fractional part as in Example 3.
Let n be an arbitrary natural number. Define the sequence

k2 (t) =t g1 (t) + gi(t), k=1, g1(t) =1, g2(t) =t.

It's obvious that deg gy =k — 1. Let a(t) = gny1(t), b(t) = gn(t), then Ly pr) = n. Since I, (P[t]) <n,
so we obtain that I, (P[t]) =n.

For any n € N there exists an element o € F; with |@| =n/(n+ 1), hence Ak > 1. Since P[t] is a
Euclidean domain, then, by Theorem 2, we have Ax <1 and [,(P[t]) <n. So Ag = 1. Consequently,
the condition Ak € [0, 1) in Theorem 2 can’t be replaced by the condition A € [0, 1].

6.3. Theorem 3

It is possible to deduce from the proof of Proposition 1 the explicit upper bounds for characteristic
Ak in case of imaginary quadratic Euclidean domains: Az < 1/2, Agiiva) < 3/4 Agpiys = 7/16,
Ay = 11/16, Ay gy < 15/16.

Remark 3. Dupre (1846) (see Bach and Shallit, 1996, p. 80) has showed that the maximal number
of divisions of the Least Remainder DC over all pairs (a,b) € Z x Z with n > |a| > |b| > 0 is equal to
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[logg n]+ My, where 6 =1 ++/2, M;, € {0, 1}, and the maximal number of divisions is achieved for two
largest numbers fy, fyr+1 € [1,n], where f1 =0, fo =1, fir2 =2fikr1 + fk, k> 1. Rolletschek (1986)
has found the maximal number of divisions of the Least Remainder DC in the ring Z[i] of Gaussian
integers over all pairs (a, b) € Z[i] x Z[i] with n > |a| > |b| > 0, this number is equal to [logv, n2] + T,
where ¥ =2+ +/3, T, €{0,1,2}.

6.4. Application to optimization of the algorithm for solving linear Diophantine equations

Consider a linear Diophantine equation
ax + by =c, (8)
in variables x, y € K, K is a UFD with a norm v, where a, b, c € K, a, b # 0. Suppose that there exists
the Least Remainder DC
Fab =Dap @1, Qi) = (r-1,70, 1, .., Tk—1,Tk)

for the pair (a, b). We get gcd(a,b) =r¢_1,a/b=1[q1:q2:...:qil. If rx_1 doesn’t divide the right-hand
side ¢ of Eq. (8), then there are no solutions to Eq. (8). Let ry_1]|c. If

are the successive fractions for the continued fraction [q1 : q2 : ... : qi], then the following relation
holds PyQk_1 — QxPr_1 = (=1 (see, e.g., Davenport, 1965, p. 86). Using the last one, we get a
formula for solutions to Eq. (8)

x=(—1)¥Qy_1Pxc/a+ Qut,
y = (=1D*1Py_1Qxc/b — Pyt,

If K e T, then the length k of the continued fraction [q1 :¢q> : ... : qk] for a/b is minimal. If Ag <1,
then k < Clog(v(a) + v(b)), where the constant C doesn’t depend on the coefficients a and b.

t e K.
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