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íÿ. Ó ÷àöâ¼ðòàé ÷àëå ïàñòà²ëåíàÿ çàäà÷à âûðàøàåööà ç ïðûìÿíåííåì íàçâà-
íûõ ïàäûõîäà².

ABSTRACT

Degree thesis, 49 pages, 6 pictures, 7 sources.

DYNAMIC SYSTEMS GROUP, CENTRALIZED CONTROL,
DECENTRALIZED CONTROL, PARALLEL APPROACH, SEQUENTIAL
APPROACH, IMPLEMENTATION OF OPTIMAL FEEDBACK,
ALGORITHM.

The purpose of the work is to solve the problem of optimal control of
transferring control objects to the terminal set in real time for the case of
decentralized control, comparing the results with the centralized case.

The object of the research is the problem of optimal control of a group of
linear dynamic interconnected systems.

In the process of work, an algorithm for solving the problem was determined,
optimal feedbacks, values of trajectories, quality criteria were obtained, the
average time for calculating optimal feedbacks for a centralized and decentralized
case was measured. At the same time, an analysis of the results was carried out.

The structure of the thesis is presented in four chapters, the �rst three
give de�nitions to the basic concepts, describe the centralized and decentralized
approaches to solving the problem of optimal control. In the fourth chapter, the
task is solved using these approaches.
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ÂÂÅÄÅÍÈÅ

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ãðóïïîé ëè-
íåéíûõ äèíàìè÷åñêèõ âçàèìîñâÿçàííûõ ñèñòåì, à èìåííî ñëó÷àé öåíòðàëèçî-
âàííîãî è äåöåíòðàëèçîâàííîãî îïòèìàëüíîãî óïðàâëåíèÿ â ðåàëüíîì âðåìå-
íè ñ ïåðåâîäîì îáúåêòîâ óïðàâëåíèÿ â çàäàííîå òåðìèíàëüíîå ñîñòîÿíèå, óäî-
âëåòâîðÿþùåå îáùåìó òåðìèíàëüíîìó îãðàíè÷åíèþ, ìèíèìèçèðóÿ ïðè ýòîì
ïîëíûé èìïóëüñ óïðàâëÿþùåãî âîçäåéñòâèÿ.

Àêòóàëüíîñòü íàñòîÿùåé ðàáîòû ñâÿçàíà ñ ìíîãî÷èñëåííûìè ïðèëîæå-
íèÿìè çàäà÷ ãðóïïîâîãî óïðàâëåíèÿ,êîòîðûå â ñèëó ñóùåñòâóþùèõ âîçìóùå-
íèé, äåéñòâóþùèõ íà ñèñòåìó â ïðîöåññå óïðàâëåíèÿ, íåîáõîäèìî ðåøàòü â
ðåàëüíîì âðåìåíè.

Ñòðóêòóðà ðàáîòû ïðåäñòàâëåíà ñëåäóþùèì îáðàçîì. Â ãëàâå 1 ôîðìó-
ëèðóþòñÿ îñíîâíûå ïîíÿòèÿ, èñïîëüçóåìûå â äèïëîìíîé ðàáîòå, îïèñûâàåò-
ñÿ àëãîðèòì ðàáîòû îïòèìàëüíîãî ðåãóëÿòîðà, ðàññìàòðèâàþòñÿ ïîñëåäîâà-
òåëüíûé è ïàðàëëåëüíûé ïîäõîä ê ÷èñëåííîìó ðåøåíèþ çàäà÷ îïòèìàëüíîãî
ïðîãðàììíîãî óïðàâëåíèÿ. Â ãëàâå 2 â îáùåì âèäå ðàññìàòðèâàåòñÿ çàäà÷à
îïòèìàëüíîãî óïðàâëåíèÿ ãðóïïîé ëèíåéíûõ âçàèìîñâÿçàííûõ ñèñòåì, îïè-
ñàíû äâà ïðèíöèïà óïðàâëåíèÿ � öåíòðàëèçîâàííûé è äåöåíòðàëèçîâàííûé,
äåòàëüíî îïèñûâàåòñÿ àëãîðèòì ðàáîòû öåíòðàëèçîâàííîãî îïòèìàëüíîãî ðå-
ãóëÿòîðà, à òàêæå äåìîíñòðèðóþòñÿ ïîäõîäû äëÿ ñâåäåíèÿ öåíòðàëèçîâàííîé
çàäà÷è ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Òðåòüÿ ãëàâà âûäåëåíà äëÿ
ðàññìîòðåíèÿ ñëó÷àÿ äåöåíòðàëèçîâàííîãî îïòèìàëüíîãî óïðàâëåíèÿ, â íåé,
êàê è äëÿ öåíòðàëèçîâàííîãî ñëó÷àÿ, îïèñûâàåòñÿ àëãîðèòì ðàáîòû îïòè-
ìàëüíîãî ðåãóëÿòîðà, à òàêæå äåìîíñòðèðóþòñÿ ïîäõîäû äëÿ ñâåäåíèÿ çàäà-
÷è ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Â ãëàâå 4 ðåøàåòñÿ êîíêðåòíàÿ
çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ãðóïïîé èç òðåõ êîëåáàòåëüíûõ ñèñòåì, à
èìåííî ñòðîèòñÿ ðåàëèçàöèÿ îïòèìàëüíîé îáðàòíîé ñâÿçè â ðåàëüíîì âðåìå-
íè äëÿ öåíòðàëèçîâàííîãî è äåöåíòðàëèçîâàííîãî ñëó÷àÿ, ïðîâîäèòñÿ ñðàâ-
íåíèå îáîèõ ñëó÷àåâ äðóã ñ äðóãîì, à òàêæå ñ ïðîãðàììíûì ðåøåíèåì äëÿ
äåìîíñòðàöèè ýôôåêòèâíîñòè ïðåäëîæåííûõ ìåòîäîâ óïðàâëåíèÿ â ðåàëü-
íîì âðåìåíè.
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ÃËÀÂÀ 1

ÎÑÍÎÂÍÛÅ ÏÎÍßÒÈß È ÎÁÇÎÐ ËÈÒÅÐÀÒÓÐÛ

Â íàñòîÿùåé ãëàâå ôîðìóëèðóþòñÿ îñíîâíûå ïîíÿòèÿ, èñïîëüçóåìûå â
äèïëîìíîé ðàáîòå: ïðèâîäèòñÿ êëàññèôèêàöèÿ çàäà÷ îïòèìàëüíîãî óïðàâ-
ëåíèÿ, ðàçáîð èõ ñîñòàâëÿþùèõ, îïðåäåëÿåòñÿ îáúåêò èññëåäîâàíèÿ; äàþòñÿ
îïðåäåëåíèÿ ïðîãðàììíîãî è ïîçèöèîííîãî ðåøåíèÿ; îïèñûâàåòñÿ àëãîðèòì
ðàáîòû îïòèìàëüíîãî ðåãóëÿòîðà; ðàññìàòðèâàþòñÿ ïðÿìûå ìåòîäû ðåøåíèÿ
çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ, â ÷àñòíîñòè ïîñëåäîâàòåëüíûé è ïàðàë-
ëåëüíûé ïîäõîäû.

1.1 Çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ôîðìèðóåòñÿ èç ïÿòè ñîñòàâëÿþùèõ:
âðåìåííîãî èíòåðâàëà, ìàòåìàòè÷åñêîé ìîäåëè, êëàññà óïðàâëåíèé è îãðàíè-
÷åíèé íà íèõ, îãðàíè÷åíèé íà ôàçîâóþ òðàåêòîðèþ è êðèòåðèÿ êà÷åñòâà.

1) Âðåìåííîé èíòåðâàë. Ïî âðåìåííîìó èíòåðâàëó çàäà÷è îïòèìàëü-
íîãî óïðàâëåíèÿ ðàçäåëÿþòñÿ íà íåïðåðûâíûå, ðàññìàòðèâàåìûå íà íåêîòî-
ðîì ïðîìåæóòêå âðåìåíè T = [t0, tf ], è äèñêðåòíûå, ãäå èñïîëüçóþòñÿ äèñ-

êðåòíûå ìîìåíòû âðåìåíè Th = {t0, t0 + h, . . . , tf − h}, h =
tf − t0
N

, N ∈ N,
òî åñòü, íàïðèìåð, åñëè t ∈ [s, s + h[, s ∈ Th, òî äèñêðåòíîå óïðàâëåíèå
u(t) = u(s). Âûäåëÿþò çàäà÷è ñ ôèêñèðîâàííûì è íåôèêñèðîâàííîì âðå-
ìåíåì îêîí÷àíèÿ äèíàìè÷åñêîãî ïðîöåññà, à òàêæå çàäà÷è íà áåñêîíå÷íîì
èíòåðâàëå.

2) Ìàòåìàòè÷åñêàÿ ìîäåëü. Äèíàìè÷åñêèé ïðîöåññ îáû÷íî ìîäåëè-
ðóåòñÿ äèôôåðåíöèàëüíûìè

ẋ(t) = f(x(t), u(t), t), t ∈ T,

èëè ðàçíîñòíûìè óðàâíåíèÿìè

x(k + 1) = f(x(k), u(k), k), k = 0, 1, ...,

ãäå n-âåêòîð x íàçûâàåòñÿ ñîñòîÿíèåì ñèñòåìû, r-âåêòîð u íàçûâàåòñÿ óïðàâ-
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ëåíèåì, ôóíêöèÿ f : Rn × Rr × R→ Rn çàäàíà.
3) Êëàññ óïðàâëåíèé è îãðàíè÷åíèÿ íà íèõ. Äëÿ íåïðåðûâíîãî

ïðîöåññà óïðàâëåíèÿ ÷åòêî óêàçûâàåòñÿ êëàññ ôóíêöèé, èç êîòîðîãî âûáèðà-
þòñÿ óïðàâëåíèÿ. Êðîìå êëàññà äîñòóïíûõ óïðàâëåíèé çàäàåòñÿ ìíîæåñòâî
U ⊂ Rr � ìíîæåñòâî äîïóñòèìûõ çíà÷åíèé óïðàâëåíèÿ. Êàê ïðàâèëî U �
êîìïàêò â Rr.

Îïðåäåëåíèå 1.1 Êóñî÷íî-íåïðåðûâíàÿ (èëè äèñêðåòíàÿ, èçìåðèìàÿ
è ò.ä. â çàâèñèìîñòè îò âûáðàííîãî êëàññà äîñòóïíûõ óïðàâëåíèé) ôóíêöèÿ
u(·) = (u(t), t ∈ T ) íàçûâàåòñÿ äîñòóïíûì óïðàâëåíèåì, åñëè u(t) ∈ U, t ∈ T.

4) Îãðàíè÷åíèÿ íà ôàçîâóþ òðàåêòîðèþ. Îãðàíè÷åíèÿ íà ïåðå-
ìåííûå ñîñòîÿíèÿ ìîãóò íàêëàäûâàòüñÿ â íà÷àëüíûé ìîìåíò âðåìåíè t0:

x(t0) ∈ X0;

â êîíå÷íûé ìîìåíò âðåìåíè tf , òàêèå îãðàíè÷åíèÿ íàçûâàþòñÿ òåðìèíàëü-
íûìè:

x(tf) ∈ Xf ;

â èçîëèðîâàííûå ìîìåíòû ti ∈ [t0, tf ], i = 1,m, èç ïðîìåæóòêà óïðàâëåíèÿ
� ïðîìåæóòî÷íûå ôàçîâûå îãðàíè÷åíèÿ

X(ti) ∈ Xi, i = 1 . . .m,

íà âñåì ïðîìåæóòêå óïðàâëåíèÿ � ôàçîâûå îãðàíè÷åíèÿ

x(t) ∈ X(t), t ∈ T,

ãäåX0, Xf , Xi, i = 1 . . .m, X(t), t ∈ T,� çàäàííûå ìíîæåñòâà ïðîñòðàíñòâà
ñîñòîÿíèé.

Îïðåäåëåíèå 1.2 Äîñòóïíîå óïðàâëåíèå u(·) = (u(t), t ∈ T ) íàçûâà-
åòñÿ äîïóñòèìûì (èëè, ïðîãðàììîé), åñëè îíî ïîðîæäàåò òðàåêòîðèþ x(·),
óäîâëåòâîðÿþùóþ âñåì îãðàíè÷åíèÿì çàäà÷è.

5) Êðèòåðèé êà÷åñòâà. Ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé, êàê ïðà-
âèëî, ñîäåðæèò áîëåå îäíîãî ýëåìåíòà, ïîýòîìó âîçíèêàåò íåîáõîäèìîñòü
ñðàâíèâàòü óïðàâëåíèÿ ìåæäó ñîáîé. Äëÿ ýòîãî ââîäèòñÿ ôóíêöèîíàë J(u),
íàçûâàåìûé êðèòåðèåì êà÷åñòâà, è âûáèðàåòñÿ îïåðàöèÿ ìèíèìèçàöèè èëè
ìàêñèìèçàöèè ýòîãî ôóíêöèîíàëà, ðåçóëüòàò êîòîðîé îïðåäåëÿåò íàèëó÷øåå
(îïòèìàëüíîå) óïðàâëåíèå. Â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ ðàçëè÷àþò
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÷åòûðå òèïà êðèòåðèåâ êà÷åñòâà: Ìàéåðà, Áîëüöà, Ëàãðàíæà, çàäà÷è áûñò-
ðîäåéñòâèÿ. Âñå 4 êðèòåðèÿ êà÷åñòâà ýêâèâàëåíòíû ìåæäó ñîáîé.

Äëÿ ïðèìåðà âûïèøåì êðèòåðèé êà÷åñòâà òèïà Ìàéåðà (òåðìèíàëüíûé
êðèòåðèé):

J(u) = ϕ(x(tf)).

Îïðåäåëåíèå 1.3 Äîïóñòèìîå óïðàâëåíèå u0(·) íàçûâàåòñÿ îïòèìàëü-
íûì, åñëè íà íåì êðèòåðèé êà÷åñòâà äîñòèãàåò ýêñòðåìàëüíîãî çíà÷åíèÿ.

1.2 Ïðîãðàììíûå è ïîçèöèîííûå ðåøåíèÿ

Îáúåêòîì èññëåäîâàíèé â íàñòîÿùåé ðàáîòå áóäóò íåïðåðûâíûå çàäà÷è
îïòèìàëüíîãî óïðàâëåíèÿ ëèíåéíûìè íåñòàöèîíàðíûìè ñèñòåìàìè ñ ëèíåé-
íûì òåðìèíàëüíûì îãðàíè÷åíèåì è êðèòåðèåì êà÷åñòâà Ìàéåðà:

J(u) = c′x(tf)→ min, (1.1)

ẋ = A(t)x+B(t)u, x(t0) = x0,

x(tf) ∈ Xf ,

u(t) ∈ U, t ∈ T = [t0, tf ],

ãäå A(t) � íåïðåðûâíàÿ n × n-ìàòðè÷íàÿ ôóíêöèÿ, è B(t) � íåïðåðûâíàÿ
n× r-ìàòðè÷íàÿ ôóíêöèÿ; Xf � òåðìèíàëüíîå ìíîæåñòâî, � íåêîòîðàÿ êîí-
ñòàíòà.

Çàäà÷à (1.1) áóäåò èññëåäîâàòüñÿ â êëàññå äèñêðåòíûõ óïðàâëÿþùèõ âîç-
äåéñòâèé

u(t) ≡ u(τ), t ∈ [τ, τ + h[, τ ∈ Th = {t0, t0 + h, . . . , tf − h},

ãäå h =
tf − t0
N

� ïåðèîä êâàíòîâàíèÿ, N ∈ N � çàäàííàÿ ìîùíîñòü ìíîæå-

ñòâà Th.

Îïðåäåëåíèå 1.4 Ïðîãðàììà u0(t), t ∈ T, íàçûâàåòñÿ ïðîãðàììíûì
ðåøåíèåì çàäà÷è (1.1) (îïòèìàëüíîé ïðîãðàììîé), åñëè íà ñîîòâåòñòâóþùåé
åé òðàåêòîðèè x0(t), t ∈ T, âûïîëíÿåòñÿ ðàâåíñòâî

c′x0(tf) = min
u
c′x(tf).
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Ïîãðóçèì çàäà÷ó (1.1) â ñåìåéñòâî çàäà÷, çàâèñÿùèõ îò ñêàëÿðà τ ∈ Th
è n-âåêòîðà z:

J(u) = c′x(tf)→ min, (1.2)

ẋ = A(t)x+B(t)u, x(τ) = z,

x(tf) ∈ Xf ,

u(t) ∈ U, t ∈ T (τ) = [τ, tf ],

Ïóñòü u0(t|τ, z), t ∈ T (τ), � îïòèìàëüíàÿ ïðîãðàììà çàäà÷è (1.2) äëÿ
ïîçèöèè (τ, z); Xτ � ìíîæåñòâî ñîñòîÿíèé z, äëÿ êîòîðûõ â ìîìåíò τ ñóùå-
ñòâóþò ïðîãðàììíûå ðåøåíèÿ.

Îïðåäåëåíèå 1.5 Ôóíêöèÿ

u0(τ, z) = u0(τ |τ, z), z ∈ Xτ , τ ∈ Th,

íàçûâàåòñÿ ïîçèöèîííûì ðåøåíèåì çàäà÷è (1.1) (îïòèìàëüíîé îáðàòíîé ñâÿ-
çüþ).

Óïðàâëåíèå íàçûâàåòñÿ ïðîãðàììíûì, åñëè îíî ðåãóëèðóåòñÿ ïðîãðàìì-
íî, ñòðîãî, áåç äèíàìè÷åñêîãî íàáëþäåíèÿ çà ñîñòîÿíèåì îáúåêòà è êîíòðîëÿ
âîçäåéñòâèÿ íà íåãî, òî åñòü áàçèðóÿñü òîëüêî íà àïðèîðíûõ îöåíêàõ. Â ñëó-
÷àå ïîçèöèîííîãî óïðàâëåíèÿ óïðàâëÿþùèå âîçäåéñòâèÿ ïðåäñòàâëÿþò ñîáîé
ôóíêöèè îò ïîçèöèè îáúåêòà, êîòîðûå ñîäåðæàò âñþ äîñòóïíóþ íà òåêóùèé
ìîìåíò èíôîðìàöèþ. Â êëàññè÷åñêîé ïîñòàíîâêå îíè òàêæå íå êîððåêòèðó-
þòñÿ â ïðîöåññå óïðàâëåíèÿ.

Ïðîãðàììíîå óïðàâëåíèå ðåäêî ïðèìåíÿåòñÿ íà ïðàêòèêå, òàê êàê ñî
âðåìåíåì, èç-çà èçíà÷àëüíîé íåòî÷íîñòè ìàòåìàòè÷åñêîé ìîäåëè, à òàêæå èç-
çà äåéñòâèÿ â ïðîöåññå óïðàâëåíèÿ íåèçâåñòíûõ âîçìóùåíèé, íàêàïëèâàåòñÿ
îáùàÿ ïîãðåøíîñòü âû÷èñëåíèé.

Ðèñ. 1.1: à) îáðàòíàÿ ñâÿçü; á) ïðÿìàÿ ñâÿçü; â) êîìáèíèðîâàííàÿ ñâÿçü
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Ïðîãðàììíîå è ïîçèöèîííîå óïðàâëåíèÿ ñëåäóþò îäíîìó èç òðåõ ïðèí-
öèïîâ óïðàâëåíèÿ: ïî ðàçîìêíóòîìó êîíòóðó, ïî çàìêíóòîìó êîíòóðó, â ðå-
àëüíîì âðåìåíè. Ïðîãðàììíûå óïðàâëåíèÿ èñïîëíÿþòñÿ íà ðàçîìêíóòîì
êîíòóðå, à ïîçèöèîííûå � íà çàìêíóòîì è â ðåàëüíîì âðåìåíè. Ïðè ñîçäà-
íèè ñèñòåì óïðàâëåíèÿ ïî ïðèíöèïó çàìêíóòîãî êîíòóðà èñïîëüçóþòñÿ ñâÿçè
3-õ òèïîâ [3]: ïðÿìûå (ïî âõîäó), îáðàòíûå (ïî âûõîäó) è êîìáèíèðîâàííûå
(Ðèñ. 1.1). Ïî ñóòè ñâÿçè � ôóíêöèè, ïðåîáðàçóþùèå íàáëþäàåìûå âõîäíûå
è âûõîäíûå ñèãíàëû â óïðàâëÿþùèå âîçäåéñòâèÿ.

Â ñèñòåìàõ ðåàëüíîãî âðåìåíè ñâÿçè íå èñïîëüçóþòñÿ. Íóæíûå äëÿ
óïðàâëåíèÿ èõ òåêóùèå çíà÷åíèÿ âû÷èñëÿþòñÿ ïî õîäó êàæäîãî ïðîöåññà
óïðàâëåíèÿ âû÷èñëèòåëüíûìè óñòðîéñòâàìè.

Çàìêíóòûå ñèñòåìû óïðàâëåíèÿ è ñèñòåìû óïðàâëåíèÿ â ðåàëüíîì âðå-
ìåíè íàçûâàþò àâòîìàòè÷åñêèìè è àâòîìàòèçèðîâàííûìè, ñîîòâåòñòâåííî.

Ïðîáëåìó ñèíòåçà îïòèìàëüíûõ ñèñòåì â ðàìêàõ ïðèíöèïà óïðàâëåíèÿ
ïî çàìêíóòîìó êîíòóðó íå óäàåòñÿ ðåøèòü èç-çà ïðîêëÿòèÿ ðàçìåðíîñòè íè
ñ ïîìîùüþ ïðèíöèïà ìàêñèìóìà, íè ñ ïîìîùüþ äèíàìè÷åñêîãî ïðîãðàììè-
ðîâàíèÿ Áåëëìàíà � âòðîãî ôóíäàìåíòàëüíîãî ìåòîäà òåîðèè îïòèìàëüíîãî
óïðàâëåíèÿ. Èñêëþ÷åíèå ñîñòàâëÿåò ëèíåéíî-êâàäðàòè÷íàÿ çàäà÷à Ëåòîâà-
Êàëìàíà. Â ñèëó ýòîãî ïîçèöèîííîå ðåøåíèå çàäà÷è ïîëó÷àåòñÿ â âèäå ïðî-
ñòåéøåé (ëèíåéíîé) îáðàòíîé ñâÿçè.

Îäíèì èç ñïîñîáîâ èçáåæàíèÿ ïðîêëÿòèÿ ðàçìåðíîñòè ÿâëÿåòñÿ ïåðåõîä
ê ñèíòåçó îïòèìàëüíûõ ñèñòåì, ñëåäóÿ ñîâðåìåííîìó ïðèíöèïó îïòèìàëüíîãî
óïðàâëåíèÿ â ðåàëüíîì âðåìåíè.

1.3 Óïðàâëåíèå â ðåàëüíîì âðåìåíè

Ïóñòü x∗(τ) � èçìåðåííîå â êîíêðåòíîì ïðîöåññå óïðàâëåíèÿ ñîñòîÿíèå
îáúåêòà óïðàâëåíèÿ. Îíî îòëè÷àåòñÿ îò ñîñòîÿíèÿ x(τ) ìàòåìàòè÷åñêîé ìî-
äåëè (1.1) â ñèëó íåó÷òåííûõ â ïðèíÿòîé ìîäåëè âîçìóùåíèé, íåòî÷íîñòåé
ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, íåâÿçêè ëèíåàðèçàöèè íåëèíåéíîé ìîäåëè
è äðóãèõ ôàêòîðîâ.

Ââåäåì ∆(τ) ≡ ∆(τ, x∗(τ)) � âðåìÿ îòûñêàíèÿ îïòèìàëüíîé îáðàòíîé
ñâÿçè u0(τ, x∗(τ)).

Îïðåäåëåíèå 1.6 Ôóíêöèþ u∗(t), t ∈ T :

u∗(t) ≡ u0(τ, x∗(τ)) = u0(τ |τ, x∗(τ)), t ∈ [τ+∆(τ), τ+h+∆(τ+h)[, τ ∈ Th,

íàçîâåì ðåàëèçàöèåé îïòèìàëüíîé îáðàòíîé ñâÿçè u0(τ, x∗(τ)), τ ∈ Th, â
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êîíêðåòíîì ïðîöåññå óïðàâëåíèÿ.

Òîãäà ìîæíî ñêàçàòü, ÷òî â ìîìåíò τ ∈ Th îïðåäåëÿåòñÿ ñîñòîÿíèå îáúåê-
òà, à â ìîìåíò τ+∆(τ) áóäåò íàéäåíî îïòèìàëüíîå äëÿ ìîìåíòà τ óïðàâëåíèå,
êîòîðîå ïîäàåòñÿ íà âõîä îáúåêòà óïðàâëåíèÿ.

Îïðåäåëåíèå 1.7 Åñëè â êàæäûé ìîìåíò âðåìåíè τ ∈ Th âû÷èñëåíèå
u∗(τ) ïðîèçâîäèòñÿ çà âðåìÿ ∆(τ) < h, òî îïèñàííàÿ âûøå ñõåìà óïðàâëåíèÿ
îáúåêòîì íàçûâàåòñÿ óïðàâëåíèåì â ðåàëüíîì âðåìåíè.

Îïðåäåëåíèå 1.8 Îïòèìàëüíûì ðåãóëÿòîðîì, ðåàëèçóþùèì îïòè-
ìàëüíóþ îáðàòíóþ ñâÿçü, íàçûâàåòñÿ óñòðîéñòâî, ñïîñîáíîå âû÷èñëÿòü
u∗(τ), τ ∈ Th, çà âðåìÿ ∆(τ) < h.

Äàëåå, â ãëàâå 2, áóäåò ïðèâåäåí êîíêðåòíûé àëãîðèòì ðàáîòû îïòèìàëü-
íîãî ðåãóëÿòîðà.

1.4 ×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ îïòèìàëüíîãî

óïðàâëåíèÿ

Ðàçëè÷àþò íåñêîëüêî ïîäõîäîâ ê ðåøåíèþ íåïðåðûâíûõ çàäà÷ îïòè-
ìàëüíîãî óïðàâëåíèÿ. Îòìåòèì äèíàìè÷åñêîå ïðîãðàììèðîâàíèå [2], íåïðÿ-
ìûå ìåòîäû, îñíîâàííûå íà ïðèìåíåíèè ïðèíöèïà ìàêñèìóìà [1] è ïðÿìûå
ìåòîäû ðåøåíèÿ [2]. Â íàñòîÿùåé ðàáîòå áóäóò ïðèìåíÿòüñÿ ïîñëåäíèå.

Ïðÿìûå ìåòîäû ñâîäÿò íåïðåðûâíóþ äèíàìè÷åñêóþ ñèñòåìó ê ñèñòåìå ñ
äèñêðåòíûì âðåìåíåì, ïîñëå ÷åãî ïðèìåíÿþòñÿ ÷èñëåííûå ìåòîäû íåëèíåé-
íîé îïòèìèçàöèè (èëè ëèíåéíîãî, êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ).

Ðàññìîòðèì ïðÿìûå ìåòîäû íà ïðèìåðå ìåòîäîâ Single Shooting è
Multiple Shooting, êîòîðûå â ñâîþ î÷åðåäü ðåàëèçóþò ïîñëåäîâàòåëüíûé è
ïàðàëëåëüíûé ïîäõîäû ðåøåíèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ, ñîîòâåò-
ñòâåííî.

Âñå Shooting ìåòîäû ñîäåðæàò â ñåáå ìîäóëè äëÿ ðåøåíèÿ ÎÄÓ, ÷òî
ïîçâîëÿåò èñêëþ÷èòü äèíàìè÷åñêóþ ñèñòåìó â íåïðåðûâíîì âðåìåíè. Ýòî
îñóùåñòâëÿåòñÿ ÷åðåç çàìåíó ôóíêöèè óïðàâëåíèÿ u(t) ïîëèíîìàìè, êóñî÷íî-
ïîñòîÿííîé ôóíêöèåé èëè ñïëàéíîì.

Îáîçíà÷èì êîíå÷íîå ìíîæåñòâî ïàðàìåòðîâ óïðàâëåíèÿ âåêòîðîì q, à
èòîãîâóþ ôóíêöèþ óïðàâëåíèÿ êàê u(t; q).

Íàèáîëåå ðàñïðîñòðàíåííàÿ ôîðìà óïðàâëåíèÿ � êóñî÷íî-ïîñòîÿííûå
óïðàâëåíèÿ, äëÿ êîòîðûõ âûáèðàåòñÿ ôèêñèðîâàííàÿ ñåòêà 0 = t0 < t1 <
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... < tN = tf è N ïàðàìåòðîâ qi ∈ Rnu, i = 0, ..., N − 1. Ïðè ýòîì ïîëàãàåòñÿ,
÷òî u(t; q) ≡ qi, t ∈ [ti, ti+1]. Åñëè ñåòêà ðàâíîìåðíàÿ, òî ðàññìàòðèâàåìîå
óïðàâëåíèå � äèñêðåòíîå.

Òàêèì îáðàçîì ðàçìåðíîñòü âåêòîðà q = (q0, ... , qN−1) � N × nu.
Â ìåòîäå Single Shooting, ÿâëÿþùåìñÿ ïîñëåäîâàòåëüíûì ïîäõîäîì, x(t),

[0, tf ], íàõîäèòñÿ ñ ïîìîùüþ ÷èñëåííîãî ìåòîäà ðåøåíèÿ ÎÄÓ, â êîòîðîì íà-
÷àëüíîå óñëîâèåì çàäàåòñÿ ÷åðåç x0 è èñïîëüçóþòñÿ çíà÷åíèÿ u(t; q). Èòîãî-
âóþ òðàåêòîðèþ îáîçíà÷èì êàê x(t; q), t ∈ [0, tf ].

Òîãäà èñõîäíàÿ çàäà÷à ïðèìåò âèä:

c′x(tN ; q)→ min
q
,

x(t0, q) = x0,

x(tN ; q) ∈ Xf ,

qi ∈ U, i = 0, 1, . . . , N − 1.

Ïîëó÷åííàÿ çàäà÷à � çàäà÷à ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Åñëè Xf ,
U � ìíîãîãðàííèêè, òî ýòî çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Â ìåòîäå Multiple Shooting, ÿâëÿþùåìñÿ ïàðàëëåëüíûì ïîäõîäîì, àíà-
ëîãè÷íî Single Shooting ìåòîäó óïðàâëåíèå äèñêðåòèçèðóåòñÿ íà ñåòêå:

u(t; q) ≡ qi, t ∈ [ti, ti+1].

Îäíàêî â äàëüíåéøåì ÎÄÓ ðåøàåòñÿ îòäåëüíî äëÿ êàæäîãî èíòåðâà-
ëà [ti, ti+1], ñ çàäàííûìè íà íèõ èñêóññòâåííûìè íà÷àëüíûìè çíà÷åíèÿìè
ñîñòîÿíèÿ si:

ẋi(t; si, qi) = f(xi(t; si, qi), qi),

t ∈ [ti, ti+1],

s0 = x0,

si+1 = xi(ti+1; si, qi).

Â èòîãå ïîëó÷èì îïòèìèçàöèîííóþ çàäà÷ó âèäà:

c′sN → min
q,s
,

s0 − x0 = 0,

xi(ti+1; si, qi)− si+1 = 0,
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qi ∈ U, i = 0, 1, . . . , N − 1.

1.5 Âûâîäû

Òàêèì îáðàçîì, îïðåäåëåí îáúåêò èññëåäîâàíèÿ íàñòîÿùåé ðàáîòû � ýòî
ëèíåéíàÿ çàäà÷à òåðìèíàëüíîãî óïðàâëåíèÿ. Íà ïðèìåðå ïîñòðîåííîé çàäà-
÷è ââåäåíû ïîíÿòèÿ ïîçèöèîííîãî è ïðîãðàììíîãî ðåøåíèÿ, îïèñàí ïðèí-
öèï ðàáîòû îïòèìàëüíîãî ðåãóëÿòîðà. Íà ïðèìåðå äàííîé çàäà÷è ïîêàçàíî,
êàê ðåàëèçóþòñÿ ïîñëåäîâàòåëüíûé è ïàðàëëåëüíûé ïîäõîäû ðåøåíèÿ íåïðå-
ðûâíûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ è îïèñàíû ìåòîäû Single Shooting è
Multiple Shooting.
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ÃËÀÂÀ 2

ÖÅÍÒÐÀËÈÇÎÂÀÍÍÎÅ ÎÏÒÈÌÀËÜÍÎÅ

ÓÏÐÀÂËÅÍÈÅ

Â íàñòîÿùåé ãëàâå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ
ãðóïïîé ëèíåéíûõ âçàèìîñâÿçàííûõ ñèñòåì. Ó÷èòûâàþòñÿ äèíàìè÷åñêèå
ñâÿçè ìåæäó ñèñòåìàìè, ò.å. ñîñòîÿíèÿ ñîñåäíèõ ñèñòåì âëèÿþò íà äèíàìè-
êó êàæäîé îòäåëüíîé ñèñòåìû, âõîäÿ â ïðàâóþ ÷àñòü äèôôåðåíöèàëüíîãî
óðàâíåíèÿ. Òàêæå ó÷èòûâàþòñÿ ñòàòè÷åñêèå ñâÿçè, â ÷àñòíîñòè, îáùåå òåð-
ìèíàëüíîå îãðàíè÷åíèå íà ñîñòîÿíèÿ âñåõ ñèñòåì â òåðìèíàëüíûé ìîìåíò
âðåìåíè. Â íàñòîÿùåé ãëàâå ðàññìàòðèâàåòñÿ ñëó÷àé öåíòðàëèçîâàííîãî îï-
òèìàëüíîãî óïðàâëåíèÿ â ðåàëüíîì âðåìåíè.

2.1 Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ãðóïïîé äèíà-

ìè÷åñêèõ ñèñòåì

Îïðåäåëèì T è Th êàê â ãëàâå 1:

T = [t0, tf ], Th = {t0, t0 + h, . . . , tf − h}, h =
tf − t0
N

, N ∈ N.

Ïóñòü I = {1, 2, ..., q}, Ii = I\i; Aij(t) ∈ Rni×nj , Bij(t) ∈ Rni×rj , t ∈ T ,
i, j ∈ I, � êóñî÷íî-íåïðåðûâíûå ìàòðè÷íûå ôóíêöèè; Ai(t) = Aii(t), Bi(t) =

Bii(t), t ∈ T , i ∈ I.
Ñîñòàâèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ãðóïïû q âçàèìîñâÿçàí-

íûõ ëèíåéíûõ íåñòàöèîíàðíûõ îáúåêòîâ óïðàâëåíèÿ.
Áóäåì ñ÷èòàòü [5], ÷òî íà ïðîìåæóòêå T ìîäåëü i-ãî (i ∈ I) îáúåêòà

èìååò âèä:

ẋi = Ai(t)xi +
∑
j∈Ii

Aij(t)xj +Bi(t)ui +
∑
j∈Ii

Bij(t)uj, xi(t0) = xi,0, (2.1)

ãäå xi = xi(t) ∈ Rni � ñîñòîÿíèå i-îé ìàòåìàòè÷åñêîé ìîäåëè; ui = ui(t) ∈
Ui = {u ∈ Rri : ui∗ ≤ u ≤ u∗i} � äèñêðåòíîå óïðàâëÿþùèå âîçäåéñòâèå i-îé
ìàòåìàòè÷åñêîé ìîäåëè c ïåðèîäîì êâàíòîâàíèÿ h (ui∗, u∗i ∈ Rri � çàäàí-
íûå âåêòîðû). Áóäåì òàêæå ñ÷èòàòü, ÷òî n =

∑
i∈Ii ni, r =

∑
i∈Ii ri. Òàêèì
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îáðàçîì u ∈ Rr, x ∈ Rn.
Ôóíêöèÿ Ai(t), t ∈ T, õàðàêòåðèçóåò ñîáñòâåííóþ äèíàìèêó i-é ìîäåëè,

à Bi(t), t ∈ T, îïðåäåëÿåò å¼ âõîäíîå óñòðîéñòâî.
Ôóíêöèè Aij(t), t ∈ T, i ∈ Ij, ñëóæàò äëÿ îïèñàíèÿ âëèÿíèÿ íà i-óþ

ìîäåëü îñòàëüíûõ ìîäåëåé, à ôóíêöèè Bij(t), t ∈ T, i ∈ Ij, � äëÿ îïèñàíèÿ
âëèÿíèÿ íà i-óþ ìîäåëü óïðàâëÿþùèõ âîçäåéñòâèé îñòàëüíûõ ìîäåëåé.

Òàêèì îáðàçîì, îáúåêòû â ðàññìàòðèâàåìîé ãðóïïå ñîäåðæàò äèíàìè÷å-
ñêèå âçàèìîñâÿçè ñî âñåìè îñòàëüíûìè îáúåêòàìè.

Êðîìå äèíàìè÷åñêèõ âçàèìîñâÿçåé áóäåì èññëåäîâàòü ñëó÷àé ñòàòè÷å-
ñêèõ âçàèìîñâÿçåé, êîãäà ñâÿçü íàëîæåíà â êàêîé-òî êîíêðåòíûé ìîìåíò âðå-
ìåíè. Òàêèì ìîìåíòîì âûáåðåì òåðìèíàëüíûé ìîìåíò tf .

Îïðåäåëèì òåðìèíàëüíîå ìíîæåñòâî S (îáùåå äëÿ âñåõ îáúåêòîâ) â âèäå

x(tf) ∈ S =


x1...
xq

 ∈ Rn :
∑
i∈I

Hixi 6 g

 , (2.2)

ãäå Hi ∈ Rm×ni, rank(Hi) = m ≤ ni, i ∈ I, g ∈ Rm.

Â äàëüíåéøåì ïóñòü H = (H1, ..., Hq), ò.å (2.2) ìîæíî çàïèñàòü â âèäå

x(tf) ∈ S = {x : Hx 6 g} , (2.3)

Öåëüþ óïðàâëåíèÿ ÿâëÿåòñÿ ìèíèìèçàöèÿ ëèíåéíîãî òåðìèíàëüíîãî
êðèòåðèÿ êà÷åñòâà: ∑

i∈I

c′ixi(tf)→ min
u
, (2.4)

ãäå ci ∈ Rni � çàäàííûå âåêòîðû.

Ïóñòü c =

c1...
cq

 , òîãäà (2.4) ìîæíî çàïèñàòü â âèäå:

c′x→ min
u
. (2.5)

Òàêèì îáðàçîì çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ãðóïïû q âçàèìî-
ñâÿçàííûõ ëèíåéíûõ íåñòàöèîíàðíûõ îáúåêòîâ óïðàâëåíèÿ èìååò âèä:∑

i∈I

c′ixi(tf)→ min
u
, (2.6)
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ẋi = Ai(t)xi +
∑
j∈Ii

Aij(t)xj +Bi(t)ui +
∑
j∈Ii

Bij(t)uj,

xi(t0) = xi,0, i ∈ I,∑
i∈I

Hixi(tf) 6 g,

ui(t) ∈ Ui, t ∈ T, i ∈ I.

Ãðóïïîé äèíàìè÷åñêèõ îáúåêòîâ (2.1) ìîæíî óïðàâëÿòü öåíòðàëèçîâàí-
íî è äåöåíòðàëèçîâàííî [7]. Ñõåìû òàêèõ óïðàâëåíèé ïðåäñòàâëåíû íà ðè-
ñóíêå Ðèñóíîê 2.1.

Ðèñ. 2.1: Ñõåìà öåíòðàëèçîâàííîãî è äåöåíòðàëèçîâàííîãî óïðàâëåíèÿ

Â öåíòðàëèçîâàííîì ñëó÷àå (ñì. òàêæå ãëàâó 1) èìååòñÿ îáùèé öåíòð
óïðàâëåíèÿ, êîòîðîé íà êàæäîì ïðîìåæóòêå âðåìåíè [τ, τ + h[, τ ∈ Th, ïî
òî÷íîé èíôîðìàöèè î ñîñòîÿíèè x∗(τ) = (x∗i (τ), i ∈ I) ãðóïïû âûðàáàòûâàåò
óïðàâëÿþùèå âîçäåéñòâèÿ u∗(t) = (u∗i (t), i ∈ I), t ∈ [τ, τ + h[, τ ∈ Th, êîòîðîå
èñïîëüçóåòñÿ äî òåõ ïîð, ïîêà íå áóäåò èçìåðåíî è îáðàáîòàíî ñëåäóþùåå
ñîñòîÿíèå x∗(τ + h) .

Â äåöåíòðàëèçîâàííîì ñëó÷àå êàæäûé îáúåêò óïðàâëåíèÿ èìååò ñîá-
ñòâåííûé ðåãóëÿòîð. Ýòîò ëîêàëüíûé ðåãóëÿòîð äëÿ êàæäîãî i-ãî îáúåêòà ïî
òî÷íîìó ñîñòîÿíèþ x∗i (τ), τ ∈ Th ñâîåãî îáúåêòà è ñîñòîÿíèÿì x∗j(τ − h), τ ∈
Th, j ∈ Ii, îñòàëüíûõ îáúåêòîâ â ïðåäûäóùèé ìîìåíò âðåìåíè ñòðîèò ëîêàëü-
íîå óïðàâëÿþùåå âîçäåéñòâèå u∗i (t), t ∈ [τ, τ + h[, τ ∈ Th, êîòîðîå èñïîëüçó-
åòñÿ äî òåõ ïîð, ïîêà íå áóäåò èçìåðåíî è îáðàáîòàíî ñëåäóþùåå ñîñòîÿíèå
x∗i (τ + h).

Â íàñòîÿùåé ãëàâå ðàññìàòðèâàåòñÿ ñëó÷àé öåíòðàëèçîâàííîãî óïðàâëå-
íèÿ.
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2.2 Ïîñòðîåíèå öåíòðàëèçîâàííîé îáðàòíîé ñâÿçè â

ðåàëüíîì âðåìåíè

Ïðè öåíòðàëèçîâàííîì óïðàâëåíèè äèíàìè÷åñêàÿ ìîäåëü (2.1) ðàññìàò-
ðèâàåòñÿ êàê îäíà áîëüøàÿ ñèñòåìà:

ẋ = A(t)x+B(t)u, x(t0) = x0, (2.7)

ãäå x =

x1...
xq

 , u =

u1...
uq

 , x0 =

x1,0...
xq,0

; A, B � ñîîòâåòñòâóþùèå áëî÷íûå

ìàòðèöû.
Ïóñòü èìååòñÿ îáùèé öåíòð óïðàâëåíèÿ, êîòîðûé äëÿ êàæäîãî ìîìåíòà

âðåìåíè τ ∈ Th ïî òî÷íîé èíôîðìàöèè î ñîñòîÿíèè ãðóïïû

x∗(τ) =

x∗1(τ)
...

x∗q(τ)


âûðàáàòûâàåò óïðàâëÿþùèå âîçäåéñòâèå (òåêóùåå çíà÷åíèå îïòèìàëüíîé îá-
ðàòíîé ñâÿçè)

u∗(t) =

u∗1(t)...
u∗q(t)

 , t ∈ [τ, τ + h[, (2.8)

êîòîðîå ïîäàåòñÿ íà âõîä îáúåêòà óïðàâëåíèÿ äî òåõ ïîð, ïîêà íå áóäåò èç-
ìåðåíî è îáðàáîòàíî ñëåäóþùåå ñîñòîÿíèå x∗(τ + h).

Íàïîìíèì, ÷òî òàêîå ïîñòðîåíèå îïòèìàëüíîé îáðàòíîé ñâÿçè íàçûâà-
åòñÿ åå ðåàëèçàöèåé â ðåàëüíîì âðåìåíè. Ýòî ïîñòðîåíèå îñóùåñòâëÿåò îï-
òèìàëüíûé ðåãóëÿòîð (ñì. ãëàâó 1), â äàííîì ñëó÷àå � öåíòðàëèçîâàííûé
îïòèìàëüíûé ðåãóëÿòîð.

Ñîãëàñíî ( [7], ñ. 1713), äëÿ ïîñòðîåíèÿ ðåàëèçàöèè (2.8) îïòèìàëüíûé
ðåãóëÿòîð ðåøàåò çàäà÷ó P (τ):

c′x(tf)→ min
u
,

ẋ = A(t)x+B(t)u,

x(τ) = x∗(τ),

Hx(tf) 6 g,
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u ∈ U, t ∈ [τ, tf ],

ãäå U = U1 × U2 × ...× Uq.
Îïòèìàëüíóþ ïðîãðàììó çàäà÷è P (τ) áóäåì îáîçíà÷àòü

u0(t|τ, x∗(τ)), t ∈ [τ, tf ].
Àëãîðèòì ïîñòðîåíèÿ ðåàëèçàöèè öåíòðàëèçîâàííîé îáðàòíîé ñâÿçè

u∗(τ, x∗(τ)), τ ∈ Th, èìååò âèä:

1. Ïîëîæèòü τ = t0, x
∗(τ) = x0.

2. Íàéòè îïòèìàëüíóþ ïðîãðàììó u0(t|τ, x∗(τ)), t ∈ [τ, tf ], çàäà÷è P (τ).

3. Çàäàòü çíà÷åíèå îïòèìàëüíîé îáðàòíîé ñâÿçè äëÿ ïîçèöèè (τ, x∗(τ)):

u0(τ, x∗(τ)) = u0(τ |τ, x∗(τ)),

è ïîäàòü íà îáúåêò óïðàâëåíèÿ óïðàâëÿþùåå âîçäåéñòâèå

u∗(t) ≡ u∗(τ) := u0(τ, x∗(τ)), t ∈ [τ, τ + h[.

4. Â ìîìåíò τ + h èçìåðèòü x∗(τ + h), ïîëîæèòü τ := τ + h, ïðè τ < tf
âåðíóòüñÿ ê øàãó 2.

Îñíîâíàÿ òðóäîåìêîñòü ðåàëèçàöèè äàííîãî àëãîðèòìà ïðèõîäèòñÿ íà
øàã 2, íà êîòîðîì íåîáõîäèìî áûñòðî (çà âðåìÿ, íå ïðåâîñõîäÿùåå h) ðåøàòü
çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ P (τ).

2.3 Ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ P (τ )

Äëÿ ðåøåíèÿ çàìåòèì, ÷òî â êëàññå äèñêðåòíûõ óïðàâëåíèé çàäà÷à P (τ)

ñâîäèòñÿ ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Ïðè ñâåäåíèè ìîæíî ïîëü-
çîâàòüñÿ ïîñëåäîâàòåëüíûì èëè ïàðàëëåëüíûì ïîäõîäàìè (ñì. ãëàâó 1).

Ñíà÷àëà ðàññìîòðèì çàäà÷ó P (t0, x0) � ýòî çàäà÷à ïîñòðîåíèÿ îïòèìàëü-
íîãî ïðîãðàììíîãî ðåøåíèÿ èñõîäíîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ãðóï-
ïîé. Ýòà çàäà÷à ìîæåò ðåøàòüñÿ äî íà÷àëà ïðîöåññà óïðàâëåíèÿ â ðåàëüíîì
âðåìåíè, ò.å. äî çàïóñêà àëãîðèòìà ðàáîòû îïòèìàëüíîãî ðåãóëÿòîðà.

Ðàññìîòðèì ïàðàëëåëüíûé ïîäõîä. Äëÿ ýòîãî çàïèøåì ôîðìóëó Êîøè
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äëÿ ñèñòåìû â íåïðåðûâíîì âðåìåíè:

x(t) = F (t, t0)x0 +

t∫
t0

F (t, θ)B(θ)u(θ) dθ. (2.9)

Ïóñòü t0 = s, s ∈ Th. Ïðèìåíèì äàííóþ ôîðìóëó äëÿ äèñêðåòíîãî óïðàâ-
ëåíèÿ è ïîäñòàâèì t = s+ h:

x(s+ h) = Ah(s)x(s) +Bh(s)u(s),

ãäå Ah(s) = F (s+ h, s), Bh(s) =
s+h∫
s

F (s+ h, θ)B(θ) dθ.

Â èòîãå çàäà÷à (2.6) ïðèìåò âèä:

c′x(tf)→ min
u
,

x(s+ h) = Ah(s)x(s) +Bh(s)u(s), s ∈ Th,

x(t0) = x0,

Hx(tf) 6 g,

u∗ ≤ u(s) ≤ u∗, s ∈ Th,

ãäå íåèçâåñòíûìè ÿâëÿþòñÿ x(s), s ∈ Th ∪ tf è u(s), s ∈ Th.
Òàêèì îáðàçîì, ïðè èñïîëüçîâàíèè ïàðàëëåëüíîãî ïîäõîäà èìååì âñåãî

(N + 1)n+Nr íåèçâåñòíûõ è Nn+m îñíîâíûõ îãðàíè÷åíèé.
Ðàññìîòðèì ïîñëåäîâàòåëüíûé ïîäõîä. Ïîäñòàâèì â ôîðìóëó Êîøè (2.9)

t = tf , à ïîëó÷èâøóþñÿ âåëè÷èíó x(tf) ïîäñòàâèì â èñõîäíóþ çàäà÷ó (2.6).
Òîãäà (2.6) èìååò âèä: ∑

s∈Th

c′h(s)u(s)→ min, (2.10)

∑
s∈Th

Dh(s)u(s) 6 g̃,

u∗ ≤ u(s) ≤ u∗, s ∈ Th
ãäå

c′h(s) =

s+h∫
s

c′F (tf , θ)B(θ) dθ, ch(s) ∈ Rr,
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Dh(s) =

s+h∫
s

HF (tf , θ)B(θ) dθ, Dh(s) ∈ Rm×r;

g̃ = g −HF (tf , t0)x0.

Â èòîãå ïðè èñïîëüçîâàíèè ïîñëåäîâàòåëüíîãî ïîäõîäà èìååì âñåãî Nr
íåèçâåñòíûõ è m îñíîâíûõ îãðàíè÷åíèé.

Òàêèì îáðàçîì, ïðè ïðèìåíåíèè ïàðàëëåëüíîãî ïîäõîäà ïîëó÷àåòñÿ çà-
äà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ áîëüøåé ðàçìåðíîñòè. Îäíàêî ïðè ýòîì
ìàòðèöà îñíîâíûõ îãðàíè÷åíèé èìååò ñïåöèàëüíóþ ñòðóêòóðó, ÿâëÿåòñÿ ðàç-
ðåæåííîé (ñîäåðæèò áîëüøîå êîëè÷åñòâî íóëåé). Äëÿ åå ðåøåíèÿ ïðèìåíÿþò
ìåòîäû ëèíåéíîãî ïðîãðàììèðîâàíèÿ, êîòîðûå ñïîñîáíû ó÷èòûâàòü ðàçðå-
æåííîñòü ìàòðèöû äëÿ óñêîðåíèÿ ðàáîòû ìåòîäà.

Ïðè ïîñëåäîâàòåëüíîì ïîäõîäå ìàòðèöà îñíîâíûõ îãðàíè÷åíèé ïëîòíî-
çàïîëíåííàÿ. Íî â íåé òîæå ìîæíî âûäåëèòü ñïåöèàëüíóþ äèíàìè÷åñêóþ
ñòðóêòóðó � ñîñåäíèå ñòîëáöû ïðè ìàëûõ h ïî÷òè êîëëèíåàðíû, à â áàçèñ
(îïîðó) çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ âîéäóò òå ñòîëáöû, â êîòîðûõ íà-
õîäÿòñÿ íóëè êîóïðàâëåíèÿ. Â ðàáîòå [4] âûäåëåíà òàêàÿ ñòðóêòóðà è ïðåäëî-
æåí ñïåöèàëüíûé ìåòîä ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ íà îñíîâå
çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ (2.10). Ïîñëåäíÿÿ íàçûâàåòñÿ ôóíêöè-
îíàëüíîé ôîðìîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ P .

Â íàñòîÿùåé ðàáîòå ïðè ðåàëèçàöèè àëãîðèòìà ðàáîòû îïòèìàëüíîãî ðå-
ãóëÿòîðà íà øàãå 2 èñïîëüçóåòñÿ ðåøåíèå íà îñíîâå ôóíêöèîíàëüíîé ôîðìû.
Äëÿ çàäà÷è P (τ) îíà èìååò âèä∑

s∈Th(τ)

c′h(s)u(s)→ min, (2.11)

∑
s∈Th(τ)

Dh(s)u(s) 6 g̃(τ),

u∗ ≤ u(s) ≤ u∗, s ∈ Th(τ),

ãäå Th(τ) = [τ, tf ] ∩ Th; g̃ = g −HF (tf , τ)x∗(τ).

2.4 Âûâîäû

Òàêèì îáðàçîì, â íàñòîÿùåé ãëàâå ñôîðìóëèðîâàíà çàäà÷à îïòèìàëü-
íîãî óïðàâëåíèÿ ãðóïïîé ëèíåéíûõ âçàèìîñâÿçàííûõ ñèñòåì è îïèñàíû äâà
ïðèíöèïà óïðàâëåíèÿ ãðóïïîé � öåíòðàëèçîâàííûé è äåöåíòðàëèçîâàííûé.
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Èññëåäîâàí öåíòðàëèçîâàííûé ïðèíöèï: ïðåäëîæåí àëãîðèòì ðàáîòû öåíòðà-
ëèçîâàííîãî îïòèìàëüíîãî ðåãóëÿòîðà, ïðèâåäåíû äâà ïîäõîäà äëÿ ñâåäåíèÿ
öåíòðàëèçîâàííîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ê çàäà÷å ëèíåéíîãî ïðî-
ãðàììèðîâàíèÿ.
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ÃËÀÂÀ 3

ÄÅÖÅÍÒÐÀËÈÇÎÂÀÍÍÎÅ ÎÏÒÈÌÀËÜÍÎÅ

ÓÏÐÀÂËÅÍÈÅ

Â íàñòîÿùåé ãëàâå, êàê è â ïðåäûäóùåé, ðàññìàòðèâàåòñÿ çàäà÷à îï-
òèìàëüíîãî óïðàâëåíèÿ ãðóïïîé ëèíåéíûõ âçàèìîñâÿçàííûõ ñèñòåì. Êàê è
ðàíüøå, ó÷èòûâàþòñÿ äèíàìè÷åñêèå è ñòàòè÷åñêèå ñâÿçè ìåæäó ñèñòåìàìè,
îïòèìàëüíîå óïðàâëåíèå ñòðîèòñÿ â ðåàëüíîì âðåìåíè, îäíàêî òåïåðü îíî
ñòðîèòñÿ íå öåíòðàëèçîâàííî, à äåöåíòðàëèçîâàííî.

3.1 Çàäà÷à îïòèìàëüíîãî äåöåíòðàëèçîâàííîãî

óïðàâëåíèÿ ãðóïïîé äèíàìè÷åñêèõ ñèñòåì

Ââåäåì îáîçíà÷åíèÿ àíàëîãè÷íûå òåì, ÷òî áûëè â ãëàâå 2:

T = [t0, tf ], Th = {t0, t0 + h, . . . , tf − h}, h =
tf − t0
N

, N ∈ N,
I = {1, 2, ..., q}, Ii = I\i; Aij(t) ∈ Rni×nj , Bij(t) ∈ Rni×rj , t ∈ T , i, j ∈ I,
� êóñî÷íî-íåïðåðûâíûå ìàòðè÷íûå ôóíêöèè; Ai(t) = Aii(t), Bi(t) = Bii(t),
t ∈ T , i ∈ I; xi = xi(t) ∈ Rni � ñîñòîÿíèå i-îé ìàòåìàòè÷åñêîé ìîäåëè;
ui = ui(t) ∈ Ui = {u ∈ Rri : ui∗ ≤ u ≤ u∗i} � äèñêðåòíîå óïðàâëÿþùèå âîç-
äåéñòâèå i-îé ìàòåìàòè÷åñêîé ìîäåëè c ïåðèîäîì êâàíòîâàíèÿ h (ui∗, u∗i ∈ Rri

� çàäàííûå âåêòîðû). Áóäåì òàêæå ñ÷èòàòü, ÷òî n =
∑

i∈Ii ni, r =
∑

i∈Ii ri.

Òàêèì îáðàçîì, u ∈ Rr, x ∈ Rn.
Áóäåì ñ÷èòàòü [6], ÷òî íà ïðîìåæóòêå T ìîäåëü i-ãî (i ∈ I) îáúåêòà

èìååò âèä:

ẋi = Ai(t)xi +
∑
j∈Ii

Aij(t)xj +Bi(t)ui, xi(t0) = xi,0. (3.1)

Òåðìèíàëüíîå ìíîæåñòâî S (îáùåå äëÿ âñåõ îáúåêòîâ):

x(tf) ∈ S =


x1...
xq

 ∈ Rn :
∑
i∈I

Hixi 6 g

 , (3.2)

ãäå Hi ∈ Rm×ni, rank(Hi) = m ≤ ni, i ∈ I, g ∈ Rm.
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Ðàâåíñòâî (3.2) ìîæíî çàïèñàòü â âèäå:

x(tf) ∈ S = {x : Hx 6 g} , (3.3)

ãäå H = (H1, ..., Hq).
Ëèíåéíûé òåðìèíàëüíûé êðèòåðèé êà÷åñòâà:∑

i∈I

c′ixi(tf)→ min
u
, (3.4)

ãäå ci ∈ Rni � çàäàííûå âåêòîðû.
Ðàâåíñòâî (3.4) ìîæíî çàïèñàòü â âèäå:

c′x→ min
u
, (3.5)

ãäå c =

c1...
cq

 .

Â èòîãå çàäà÷à ïðèíèìàåò âèä:∑
i∈I

c′ixi(tf)→ min
u
, (3.6)

ẋi = Ai(t)xi +
∑
j∈Ii

Aij(t)xj +Bi(t)ui,

xi(t0) = xi,0, i ∈ I,∑
i∈I

Hixi(tf) 6 g,

ui(t) ∈ Ui, t ∈ T, i ∈ I.

3.2 Ïîñòðîåíèå äåöåíòðàëèçîâàííîé îáðàòíîé ñâÿçè

â ðåàëüíîì âðåìåíè

Êàê áûëî îòìå÷åíî â ïðåäûäóùåé ãëàâå, â äåöåíòðàëèçîâàííîì ñëó÷àå
êàæäûé îáúåêò óïðàâëåíèÿ èìååò ñîáñòâåííûé ðåãóëÿòîð. Ýòîò ëîêàëüíûé
ðåãóëÿòîð äëÿ êàæäîãî i-ãî îáúåêòà ïî òî÷íîìó ñîñòîÿíèþ x∗i (τ), τ ∈ Th,
ñâîåãî îáúåêòà è ñîñòîÿíèÿì x∗j(τ − h), τ ∈ Th, j ∈ Ii, îñòàëüíûõ îáúåêòîâ
â ïðåäûäóùèé ìîìåíò âðåìåíè ñòðîèò ëîêàëüíîå óïðàâëÿþùåå âîçäåéñòâèå
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u∗i (t), t ∈ [τ, τ + h), τ ∈ Th, êîòîðîå èñïîëüçóåòñÿ äî òåõ ïîð, ïîêà íå áóäåò
èçìåðåíî è îáðàáîòàíî ñëåäóþùåå ñîñòîÿíèå x∗i (τ + h).

Äëÿ îïðåäåëåíèÿ óïðàâëåíèÿ, êîòîðîå áóäåò èñïîëüçîâàòüñÿ ðåãóëÿòî-
ðîì íà ïåðâîì øàãå, áóäåì ñ÷èòàòü, ÷òî èìååòñÿ åäèíûé öåíòð, êîòîðûé äî
íà÷àëà ïðîöåññà óïðàâëåíèÿ ñïîñîáåí ïî àïðèîðíîé èíôîðìàöèè âû÷èñëèòü
îïòèìàëüíóþ ïðîãðàììó.

Áóäåì òàêæå ñ÷èòàòü, ÷òî ïðè ïîëó÷åíèè âõîäíûõ äàííûõ, ðåãóëÿòîð
ñòðîèò óïðàâëåíèå ìãíîâåííî, òî åñòü ýòî âðåìÿ, âðåìÿ ïîñòðîåíèÿ óïðàâëå-
íèÿ, â ÷èñëåííûõ ýêñïåðèìåíòàõ ó÷èòûâàòüñÿ íå áóäåò.

Òàêèì îáðàçîì, ïóñòü äëÿ âñåé ãðóïïû ïåðåä íà÷àëîì ïðîöåññà óïðàâëå-
íèÿ åäèíûì öåíòðîì ðåøàåòñÿ çàäà÷à (3.6), êîòîðàÿ áûëà ñôîðìóëèðîâàíà â
ïðåäûäóùåì ïóíêòå.

Ïðîãðàììíîå ðåøåíèå u0i (t), t ∈ T , çàäà÷è (3.6) ìîæåò ñòðîèòüñÿ òàê,
êàê ýòî áûëî îïèñàíî ðàíåå â öåíòðàëèçîâàííîì ñëó÷àå. Ïîñëå ïîñòðîåíèÿ
äàííîå óïðàâëåíèå ïîñòóïàåò íà âõîä îáúåêòîâ óïðàâëåíèÿ íà èíòåðâàëå
[t0, t0 + h), òî åñòü ðåàëèçàöèÿ îïòèìàëüíîé îáðàòíîé ñâÿçè u∗i (t) = u0i (t0) ≡
u0i (t0| t0, x∗i (t0)).

Îáîçíà÷èì ÷åðåç u0i (t | τ, x(τ)), t ∈ T, τ ∈ Th, ïðîãðàììíîå ðåøåíèå äëÿ
ïîçèöèè (τ, x(τ)). Òàêæå ïóñòü u0i (t | τ, xi(τ), x(τ − h)), t ∈ T, τ ∈ Th, �
ïðîãðàììíîå ðåøåíèå, ïîñòðîåííîå ïî àïðèîðíîé ïîçèöèè, âû÷èñëåííîé ïî
óêàçàííûì òî÷íûì çíà÷åíèÿì xi(τ) ∈ Rni, x(τ − h) ∈ Rn.

×òîáû îïðåäåëèòü â ïðîöåññå óïðàâëåíèÿ â ìîìåíò τ ∈ Th/t0 òåêóùåå
çíà÷åíèå óïðàâëÿþùåãî âîçäåéñòâèÿ u∗i (τ), i-é ðåãóëÿòîð ñòðîèò ïðîãðàììíîå
ðåøåíèå u0i (t | τ, x∗i (τ), x∗(τ − h)), t ∈ T (τ) = [τ, tf ], ðåøèâ âñïîìîãàòåëü-
íóþ çàäà÷ó Pi(τ). Âñïîìîãàòåëüíàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ i-ãî
ðåãóëÿòîðà äëÿ ìîìåíòà τ , àíàëîãè÷íî [6], èìååò âèä:∑

k∈I

c′kxk(tf)→ min
ui
, (3.7)

ẋi = Ai(t)xi +
∑
j∈Ii

Aij(t)xj +Bi(t)ui, xi(τ) = x∗i (τ),

ẋk = Ak(t)xk +
∑
j∈Ik

Akj(t)xj + f 0k (t|τ), xk(τ) = x0k(τ |τ − h), k ∈ Ii,

∑
k∈I

Hkxk(tf) 6 g(τ), ui(t) ∈ Ui, t ∈ T (τ),

ãäå
f 0k (t|τ) = Bk(t)u

0
k(t|τ − h), t ∈ T (τ), τ ∈ Th\t0, k ∈ Ii;
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g(τ) =
∑
k∈I

Hkx
0
k(tf |τ − h) +

[
g −

∑
k∈I

Hkx
0
k(tf |τ − h)

]
/q. (3.8)

Çäåñü '∗' â x∗i (τ) ãîâîðèò î òîì, ÷òî îíè èçìåðåíû òî÷íî. Äëÿ òîãî, ÷òîáû
ïîêàçàòü, ÷òî ñîñòîÿíèå ïîëó÷åíî íå èçìåðèòåëüíûì óñòðîéñòâîì, à ñ èñïîëü-
çîâàíèåì çíà÷åíèÿ óïðàâëåíèÿ ïðåäûäóùåãî øàãà, èñïîëüçóåòñÿ îáîçíà÷åíèå
âèäà x0i (τ). Çíà÷åíèå x0i (τ) âû÷èñëÿåòñÿ ïî ôîðìóëå Êîøè.

Òàêèì îáðàçîì, ðåàëèçàöèþ îïòèìàëüíîé îáðàòíîé ñâÿçè i-ãî îáúåêòà
ìîæíî çàïèñàòü â âèäå:

u∗i (t) =

{
u0i (t0), t ∈ [t0, t0 + h),

u0i (τ | τ, x∗i (τ), x∗(τ − h)), t ∈ [τ, τ + h), τ ∈ Th/t0.

Àëãîðèòì ïîñòðîåíèÿ ðåàëèçàöèè îïòèìàëüíîé îáðàòíîé ñâÿçè u∗i (t), t ∈
T, i ∈ I, äëÿ ñëó÷àÿ äåöåíòðàëèçîâàííîãî îïòèìàëüíîãî óïðàâëåíèÿ èìååò
âèä:

1. Íàéòè îïòèìàëüíóþ ïðîãðàììó u0(t), t ∈ T , çàäà÷è (3.6).

2. Çàäàòü çíà÷åíèå îïòèìàëüíîé îáðàòíîé ñâÿçè äëÿ ïîçèöèè (t0, x
∗(t0)):

u0(t0, x
∗(t0)) = u0(t0),

è ïîäàòü íà îáúåêò óïðàâëåíèÿ óïðàâëÿþùåå âîçäåéñòâèå

u∗i (t) ≡ u∗i (t0) := u0i (t0, x
∗(t0)), t ∈ [t0, t0 + h).

3. Èçìåðèòü x∗i (t0 + h) è âû÷èñëèòü x0k(t0 + h), k ∈ Ii.

4. Ïîëîæèòü τ = t0 + h, xk(τ) = x0k(τ), k ∈ Ii, xi(τ) = x∗i (τ).

5. Íàéòè îïòèìàëüíóþ ïðîãðàììó u0i (t|τ, x∗i (τ), x∗(τ − h)), t ∈ [τ, tf ],

çàäà÷è Pi(τ).

6. Çàäàòü çíà÷åíèå îïòèìàëüíîé îáðàòíîé ñâÿçè äëÿ ïîçèöèè (τ, x(τ)):

u0i (τ, x(τ)) = u0i (τ |τ, x∗i (τ), x∗(τ − h)),

è ïîäàòü íà îáúåêò óïðàâëåíèÿ óïðàâëÿþùåå âîçäåéñòâèå

u∗i (t) ≡ u∗i (τ) := u0i (τ, x(τ)), t ∈ [τ, τ + h).
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7. Â ìîìåíò τ + h èçìåðèòü x∗i (τ + h) è âû÷èñëèòü x0k(τ + h), k ∈ Ii,
ïîëîæèòü τ := τ + h, ïðè τ < tf âåðíóòüñÿ ê øàãó 5.

Îñíîâíàÿ òðóäîåìêîñòü ðåàëèçàöèè äàííîãî àëãîðèòìà ïðèõîäèòñÿ íà
øàã 5, íà êîòîðîì íåîáõîäèìî áûñòðî (çà âðåìÿ, íå ïðåâîñõîäÿùåå h) ðåøàòü
çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ Pi(τ).

Ïóñòü u0(τ |τ, x∗(τ), x∗(τ − h)) = (u0i (τ |τ, x∗i (τ), x∗(τ − h)), i ∈ I), t ∈
T (τ) � óïðàâëÿþùåå âîçäåéñòâèå, ñîñòàâëåííîå èç îïòèìàëüíûõ ïðîãðàìì
çàäà÷ (3.7), x(t|x∗(τ), u0(·)), t ∈ T (τ), � ïîðîæäàåìàÿ èì òðàåêòîðèÿ ãðóïïû
ñ íà÷àëüíûìè óñëîâèÿìè xi(τ) = x∗i (τ), i ∈ I.

Â êà÷åñòâå îáîñíîâàíèÿ ïðèìåíèìîñòè óêàçàííîé ñõåìû è àëãîðèòìà äëÿ
ðåøåíèÿ äåöåíòðàëèçîâàííîé çàäà÷è (3.6) èñïîëüçóåòñÿ óòâåðæäåíèå [6]:

Òåîðåìà 3.1 Äëÿ ëþáîãî τ ∈ Th óïðàâëÿþùåå âîçäåéñòâèå
u0(t|τ, x∗i (τ), x∗(τ −h)), t ∈ T (τ), ïåðåâîäèò ãðóïïó îáúåêòîâ óïðàâëåíèÿ èç
ñîñòîÿíèÿ x∗(τ) íà òåðìèíàëüíîå ìíîæåñòâî, òî åñòü

x0(tf |τ) ∈ Xf .

Äîêàçàòåëüñòâî. Ðàññìîòðèì òåêóùèé ìîìåíò τ . Íåîáõîäèìî äîêàçàòü
âûïîëíåíèå íåðàâåíñòâà

∑
k∈I Hkx

0
k(tf |τ) ≤ g. Åãî ëåâóþ ÷àñòü ñ ïîìîùüþ

ôóíêöèé Φk(t) ∈ Rn×mk, t ∈ T, k ∈ I, ãäå

Φ̇k(t) = −Φk(t)Ak(t)−
∑
k∈Ik

Φj(t)Ajk(t), Φk(tf) = Hk, k ∈ I,

ìîæíî ïðåäñòàâèòü â âèäå

∑
k∈I

Hkx
0
k(tf |τ) =

∑
k∈I

Φk(τ)x∗k(τ) +
∑
k∈I

∫ tf

τ

Φk(t)Bk(t)u
0
i (t|τ)dt.

Ââåäåì îáîçíà÷åíèÿ

gk(τ) = Φk(τ)x∗k(τ) +

∫ tf

τ

Φk(t)Bk(t)u
0
k(t|τ)dt, k ∈ I. (3.9)

Òîãäà äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ íåîáõîäèìî ïîêàçàòü, ÷òî∑
k∈I gk(τ) ≤ g.
Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ (3.7). Å¼ îïòèìàëüíàÿ ïðî-

ãðàììà, î÷åâèäíî, óäîâëåòâîðÿåò òåðìèíàëüíîìó îãðàíè÷åíèþ, êîòîðîå ñ ïî-
ìîùüþ ôóíêöèé Φk(t), t ∈ T, k ∈ I, ìîæíî çàïèñàòü â âèäå
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Φi(τ)x∗i (τ) +

∫ tf

τ

Φi(t)Bi(t)u
0
i (t|τ)dt+ (3.10)

+
∑
k∈Ii

[
Φk(τ)x0k(τ |τ − h) +

∫ tf

τ

Φk(t)f
0
k (t|τ)dt

]
≤ g(τ).

Ñ ó÷åòîì ñîîòíîøåíèÿ∑
k∈Ii

Φk(τ)x0k(τ |τ−h) =
∑
k∈Ii

[
Φk(τ − h)x∗k(τ − h) +

∫ τ

τ−h
Φk(t)Bk(t)dtu

∗
k(τ − h)

]
ïîëó÷èì

∑
k∈I

[
Φk(τ)x0k(τ |τ − h) +

∫ tf

τ

Φk(t)f
0
k (t|τ)dt

]
=
∑
k∈I

gk(τ − h). (3.11)

Ðàâåíñòâî (3.11) è îáîçíà÷åíèÿ (3.8), (3.9) ïîçâîëÿþò çàïèñàòü (3.10) â
âèäå

gi(τ) +
∑
k∈I

gk(τ − h)− Φi(τ)x0i (τ |τ − h)− (3.12)

−
∫ tf

τ

Φi(t)Bi(t)u
0
i (t|τ − h)dt ≤

≤
∑
k∈I

gk(τ − h) +
g −

∑
k∈I gk(τ − h)

q
.

Ïðîñóììèðîâàâ íåðàâåíñòâà (3.12) ïî i ∈ I, ïîëó÷èì

∑
i∈I

gi(τ)−
∑
i∈I

[
Φi(τ)xi(τ |τ − h)−

∫ tf

τ

Φi(t)Bi(t)ui(t|τ − h)dt

]
≤

≤ g −
∑
i∈I

gi(τ − h),

îòêóäà ñ ó÷åòîì (3.11) âûòåêàåò òðåáóåìîå
∑

i∈I gi(τ) ≤ g, òî åñòü ïîä äåé-
ñòâèåì îïòèìàëüíûõ ïðîãðàìì u0i (t|τ, x∗i (τ), x∗(τ − h)), t ∈ T, i ∈ I, ãðóïïà
îáúåêòîâ óïðàâëåíèÿ èç ñîñòîÿíèÿ x∗(τ) ïîïàäàåò â ìîìåíò tf íà òåðìèíàëü-
íîå ìíîæåñòâî Xf . Òåîðåìà äîêàçàíà.
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3.3 Ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ Pi(τ )

Ïåðåä ðåøåíèåì çàäà÷è Pi(τ), τ ∈ Th\t0, íåîáõîäèìî âû÷èñëèòü íà÷àëü-
íûå ñîñòàÿíèÿ x0j(τ), j ∈ Ii, òàê êàê ýòè ñîñòîÿíèÿ èñïîëüçóþòñÿ ïðè îïðåäå-
ëåíèè äàííîé çàäà÷è. Äëÿ âû÷èñëåíèÿ ýòèõ íà÷àëüíûõ ñîñòàÿíèé äîñòàòî÷íî
çíàòü îáðàòíûå ñâÿçè

u0j(τ − h, x(τ − h)) := u0j(τ − h|τ − h, x∗j(τ − h), x∗(τ − 2h)), j ∈ I, τ ∈ Th,

è ñîñòîÿíèå ñèñòåìû x∗(τ −h) ïðåäûäóùåãî øàãà τ −h. Çíàÿ îáðàòíûå ñâÿçè
è ñîñòîÿíèÿ ìîæíî ïðèìåíèòü ôîðìóëó Êîøè:

x(t) = F (t− t0)x0 +

t∫
t0

F (t− θ)B(θ)u(θ) dθ.

Çàìåòèì, ÷òî â ìîìåíò τ ∈ Th i-ìó ðåãóëÿòîðó èçâåñòíû ðåçóëüòàòû
ðåøåíèÿ çàäà÷ Pi(τ − h), i ∈ I è ñîñòîÿíèå x∗(τ − h). Ïðèìåíèòü ôîðìóëó
Êîøè ïðè t0 = τ − h, t = τ è ââåäåì íîâîå îáîçíà÷åíèå äëÿ ïîëó÷èâøåãîñÿ
âåêòîðà íà÷àëüíûõ ñîñòîÿíèé:

x0(τ |Pj(τ −h), j ∈ I) := x(τ) = F (h)x∗(τ −h) +

τ∫
τ−h

F (τ − θ)B(θ) dθ u(τ −h).

Â äàëüíåéøåì òàêæå ñ÷èòàåì, ÷òî

x0(τ |x∗i (τ), Pi(τ − h), i ∈ I)

� óòî÷íåííîå âåëè÷èíîé x∗i (τ) çíà÷åíèå âåêòîðà íà÷àëüíûõ ñîñòîÿíèé
x0(τ |Pi(τ − h), i ∈ I).

Äëÿ ðåøåíèÿ çàäà÷è Pi(τ), τ ∈ Th\t0, çàìåòèì, ÷òî â êëàññå äèñêðåòíûõ
óïðàâëåíèé îíà ñâîäèòñÿ ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Èñïîëüçóÿ
ýëåìåíòû ôóíêöèîíàëüíîé ôîðìû [4], çàäà÷ó (3.7) ìîæíî ïðåäñòàâèòü â âèäå:∑

s∈Th(τ)

c′i(s)ui(s)→ min,

∑
s∈Th(τ)

Di(s)ui(s) 6 g̃i(τ),

ui,∗ 6 ui(s) 6 u∗i , s ∈ Th(τ).
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Çäåñü Th(τ) = Th ∩ [τ, tf ];

c′i(s) =

s+h∫
s

ψ′i(t)Bi(t)dt, Di(s) =

s+h∫
s

Φi(t)Bi(t)dt, s ∈ Th(τ);

ψ̇′i = −ψ′iAi(t)−
∑
j∈Ii

ψ′jAji(t), ψi(tf) = ci, i ∈ I;

g̃i(τ) = −

[
g +

∑
k∈I

gk(τ − h)

]
/q + gi(τ − h) + Φi(τ)

(
x0i (τ |τ − h)− x∗i (τ)

)
−

−Φi(τ − h)x∗i (τ − h)−Di(τ − h)u∗i (τ − h),

Φk(t) =
∑
j∈I

HjFjk(tf , t), Fjk(tf , t) = (EA(tf−t))jk.

3.4 Âûâîäû

Òàêèì îáðàçîì, îáîñíîâàíà çàäà÷à äåöåíòðàëèçîâàííîãî îïòèìàëüíîãî
óïðàâëåíèÿ ãðóïïîé, óêàçàíà ñõåìà äëÿ ïîñòðîåíèÿ äåöåíòðàëèçîâàííîé îá-
ðàòíîé ñâÿçè â ðåàëüíîì âðåìåíè, äëÿ ðàñêðûòèÿ ñõåìû ðàñïèñàí àëãîðèòì
ïîñòðîåíèÿ ðåàëèçàöèè îïòèìàëüíîé îáðàòíîé ñâÿçè, äàíî îáîñíîâàíèÿ å¼
ïðèìåíèìîñòè, êðîìå òîãî áûë ïðåäëîæåí âàðèàíò ïîñòðîåíèÿ çàäà÷è Pi(τ)

äëÿ íàõîæäåíèÿ îïòèìàëüíîãî ïðîãðàììíîãî ðåøåíèÿ è ïîêàçàíî ñâåäåíèå
Pi(τ) ê ôóíêöèîíàëüíîé ôîðìå.
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ÃËÀÂÀ 4

ÐÅÇÓËÜÒÀÒÛ ×ÈÑËÅÍÍÛÕ ÝÊÑÏÅÐÈÌÅÍÒÎÂ

Â êà÷åñòâå ïðèìåðà, èëëþñòðèðóþùåãî àëãîðèòì ïîñòðîåíèÿ îáðàòíîé
ñâÿçè â ðåàëüíîì âðåìåíè äëÿ öåíòðàëèçîâàííîãî ñëó÷àÿ, áóäåì ðàññìàòðè-
âàòü çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ äëÿ îáúåêòà, ñîñòîÿùåãî èç òðåõ âçàè-
ìîñâÿçàííûõ ñèñòåì è îïèñûâàåìîãî ëèíåéíûìè óðàâíåíèÿìè ñ àääèòèâíûìè
âîçìóùåíèÿìè w:

z̈1 = −2kz1 + kz2 + u1 + w1,

z̈2 = −2kz2 + kz1 + kz3 + u2 + w2, (4.1)

z̈3 = −2kz3 + kz2 + u3 + w3.

Ñèñòåìà (4.1) îïèñûâàåò ñèñòåìó òðåõ ìàññ (q = 3, ìàññû äëÿ ïðîñòîòû
âûáðàíû ðàâíûìè 1), ñîåäèíåííûõ îäèíàêîâûìè ïðóæèíàìè æåñòêîñòè k.
Óïðàâëåíèÿ ïðèëîæåíû ê êàæäîé èç ìàññ.

Óïðàâëÿþùåå âîçäåéñòâèÿ îãðàíè÷åíû ïî ìîäóëþ

|ui(t)| ≤ L, t ∈ [t0, tf ], i ∈ I = {1, 2, 3},

è â ìîìåíò âðåìåíè tf òðåáóåòñÿ ïåðåâåñòè îáúåêò (4.1) íà òåðìèíàëüíîå
ìíîæåñòâî, çàäàâàåìîå îãðàíè÷åíèÿìè

|zi(tf)| ≤ d1, |żi(tf)| ≤ d2, i ∈ I,

à êðèòåðèé êà÷åñòâà èìååò âèä:

tf∫
t0

∑
i∈I

|ui(t)| dt→ min .

Ïàðàìåòðû çàäà÷è âûáåðåì ñëåäóþùèì îáðàçîì:

k = 10, L = 1, t0 = 0, tf = 5;

di = 0.1, żi(0) = 1, zi(0) = 1, i ∈ I.

Ïóñòü òàêæå N = 100, òîãäà ïåðèîä êâàíòîâàíèÿ ðàâåí h =
tf
N

= 0.05.
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Áóäåì ñ÷èòàòü, ÷òî â êîíêðåòíîì ðàññìàòðèâàåìîì ïðîöåññå óïðàâëå-
íèÿ äâèæåíèå îáúåêòà îïèñûâàåòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè (4.1)
ñ àääèòèâíûìè âîçìóùåíèÿìè:

z̈1
∗ = −2kz∗1 + kz∗2 + u∗1 + w∗1,

z̈2
∗ = −2kz∗2 + kz∗1 + kz∗3 + u∗2 + w∗2, (4.2)

z̈3
∗ = −2kz∗3 + kz∗2 + u∗3 + w∗3,

ãäå âîçìóùåíèå çàäàåòñÿ ñëåäóþùèì îáðàçîì

w∗(t) =

 0.3 cos 2t

0.2 cos 1.9t

0.4 sin 2t

 , t ∈ [t0, tf ].

Îòìåòèì, ÷òî, õîòü â îáúåêòå (4.2) è ïðèñóòñòâóåò âîçìóùåíèå w∗, îï-
òèìàëüíàÿ îáðàòíàÿ ñâÿçü áóäåò îïðåäåëÿòüñÿ ïî äåòåðìèíèðîâàííîé çàäà÷å
P (τ). Òàêîé ïîäõîä ñîîòâåòñòâóåò êëàññè÷åñêîìó. Èíûìè ñëîâàìè, äëÿ îòûñ-
êàíèÿ îïòèìàëüíîé îáðàòíîé ñâÿçè áóäåì èñïîëüçîâàòü ìàòåìàòè÷åñêóþ ìî-
äåëü (4.1).

4.1 Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ. Öåíòðà-

ëèçîâàííûé ñëó÷àé

4.1.1 Ñâåäåíèå ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ

Ñíà÷àëà ñôîðìóëèðóåì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, êàê â (2.7). Ïðîèçâåäåì çà-
ìåíó ïåðåìåííûõ:

x1 = z1, x3 = z2, x5 = z3,

x2 = ż1, x4 = ż2, x6 = ż3.

Çäåñü n = 6 � ðàçìåðíîñòü ñîñòîÿíèÿ x; r = q = 3 � ðàçìåðíîñòü óïðàâëåíèÿ;
m = 2n � ÷èñëî îãðàíè÷åíèé íà ñîñòîÿíèÿ xi, i = 1, ..., n.

Òîãäà âèäíî, ÷òî çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ãðóïïîé (4.1) èìååò
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âèä (ñì ãëàâó 2):
tf∫
t0

∑
i∈I

|ui(t)| dt→ min, (4.3)

ẋ(t) = Ax(t) +Bu(t),

x(0) = x0, Hx(tf) ≤ g,

−L · 1r ≤ u(t) ≤ L · 1r, t ∈ [t0, tf ],

ãäå

A =



0 1 0 0 0 0

−2k 0 k 0 0 0

0 0 0 1 0 0

k 0 −2k 0 k 0

0 0 0 0 0 1

0 0 k 0 −2k 0


, B =



0 0 0

1 0 0

0 0 0

0 1 0

0 0 0

0 0 1


, x0 =



1

1

1

1

1

1


,

H =

(
En

−En

)
,

g = 0.1 · 1m,

ãäå En ∈ Rn×n � åäèíè÷íàÿ ìàòðèöà, 1s � âåêòîð èç åäèíèö ðàçìåðíîñòè s.
Èñïîëüçóÿ ïîñëåäîâàòåëüíûé ïîäõîä (ñì. ãëàâó 1), ñâåäåì çàäà÷ó (4.3) ê

çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ, àíàëîãè÷íî òîìó, êàê ñâîäèëè çàäà÷ó
(2.6) ê çàäà÷å (2.10). Åñëè ïîñëå ýòîãî ïðèìåíèòü çàìåíó

u(s) = z(s)− v(s), s ∈ Th,

òî â èòîãå çàäà÷ó (4.3) ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

∑
s∈Th

c′
(
z(s)

v(s)

)
→ min, (4.4)

∑
s∈Th

(Dh(s),−Dh(s))

(
z(s)

v(s)

)
≤ g̃,

0 ≤ z(s) ≤ L · 1r, 0 ≤ v(s) ≤ L · 1r,

ãäå c = 12r; Dh(s) è g̃ çàäàþòñÿ àíàëîãè÷íî òîìó, êàê îíè çàäàâàëèñü âî
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âòîðîé ãëàâå:

Dh(s) =

s+h∫
s

HF (tf , θ)B(θ) dθ, Dh(s) ∈ Rm×r;

g̃ = g −HF (tf , t0)x0, g̃ ∈ Rm.

4.1.2 Ïîñòðîåíèå ðåàëèçàöèè îáðàòíîé ñâÿçè è ñîîòâåòñòâóþ-
ùåé òðàåêòîðèè

Ïîñòðîåíèå ïðîãðàììíîãî ðåøåíèÿ � ïåðâûé øàã äëÿ ïîñòðîåíèÿ îá-
ðàòíîé ñâÿçè.

Äëÿ çàïèñè ëåâîé ÷àñòè îãðàíè÷åíèé çàäà÷è (4.4) â ìàòðè÷íîì âèäå â
ôóíêöèè

1 function Ale = Form_LP ()

2

3 for_d = @(t)H*F(t_f -t)*b;

4 get_d_h = ...

@(s)integral(for_d ,s,s+h,'ArrayValued ', true);

5 d_h_values = zeros(m, r, N_initial);

6

7 for i = 1: N_initial

8 d_h_values (:,:,i) = get_d_h(t_0 + i*h-h);

9 end

10

11 Ale = [];

12 for i = 1: N_initial

13 Ale = [Ale d_h_values (:,:,i) ...

-d_h_values (:,:,i)];

14 end

15 end

ôîðìèðóåòñÿ ìàòðèöà Ale (ñòðîêè 11-14), êîòîðàÿ áóäåò èìåòü âèä:(
dh(t0) −dh(t0) . . . dh(tf) −dh(tf)

)
. (4.5)

Ìàòðèöà Ale áóäåò ÿâëÿòüñÿ îäíèì èç ïàðàìåòðîâ ñòàíäàðòíîé ïðîöåäó-
ðû linprog äëÿ ðåøåíèÿ çàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Â ôóíêöèè
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1 function u = P(tau , z)

2

3 N = round((t_f - tau)/h);%new N for new tau

4

5 g_wave = g - H * F(t_f - tau) * z;

6

7 c = ones(1, 2*r*N);

8

9 ub = L*ones (2*r*N, 1);

10

11 startBlockNumber = N_initial - N + 1; % ...

1...N_initial

12

13 Opt=optimset('TolFun ',1e-9,'TolX',1e-9);

14

15 z_and_v = ...

linprog(c,Ale(:,2*r*startBlockNumber - 5 : ...

2*r*N_initial),g_wave ,[],[], zeros (2*r*N, ...

1),ub ,Opt);

16

17 zv = reshape(z_and_v , 2*r, N);

18 u = zv(1:r,:) - zv(r+1:2*r,:); % r /times N

19 end

îïðåäåëÿåòñÿ îïòèìàëüíàÿ ïðîãðàììà äëÿ ïîçèöèè (tau, z). Âõîäíûì ïàðà-
ìåòðîì ÿâëÿåòñÿ ïîçèöèÿ (tau, z).

Ðåçóëüòàòîì ñòàíäàðòíîé ïðîöåäóðû linprog áóäåò âåêòîð z_and_v, êîòî-
ðûé ìîæíî çàïèñàòü â âèäå: 

z(τ)

v(τ)

z(τ + h)

v(τ + h)
...

z(tf)

v(tf)


.

Âåêòîð ïðåîáðàçóåòñÿ â ïîçèöèîííîå ðåøåíèå ñòðîêàìè êîäà ïîä íîìåðîì 17
è 18.
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Òî åñòü äëÿ ïîëó÷åíèÿ ïðîãðàììíîãî ðåøåíèÿ ïîçèöèè (tau, z) äîñòà-
òî÷íî îäèí ðàç âûçâàòü ôóíêöèþ function u = P(tau, z). Îíî âìåñòå ñ ñîîò-
âåñòâóþùåé òðàåêòîðèåé ñòðîèòñÿ äëÿ ñðàâíåíèÿ ñ îïòèìàëüíîé îáðàòíîé
ñâÿçüþ â ÷àñòè êîäà, çàïèñàííîé íèæå:

1 U_0 = P(t_0 , x_0);

2

3 X_0 = trajectory(x_0 , t_0 , t_f , U_0);

Ôóíêöèÿ

1 function x = trajectory(x0, t_begin , t_end , u)

2 N = round((t_end - t_begin)/h);

3 x = zeros(n, N);

4 x(:,1) = x0;

5 for j = 1:N

6 curr = t_begin + (j-1)*h;

7 next = t_begin + j*h;

8 x(:, j+1) = F(h) * x(:,j) + ...

integral(@(t) F(next - t)*b,curr , next , ...

'ArrayValued ', ...

true ,'RelTol ',0,'AbsTol ',1e-12)*u(:, j) ...

+ integral(@(t) F(curr - t)* M * w(t), ...

curr , next ,'ArrayValued ', ...

true ,'RelTol ',0,'AbsTol ',1e-12);

9 end

10 end

ïðèíèìàåò ïàðàìåòðû äëÿ ïîñòðîåíèÿ òðàåêòîðèè: x0 � íà÷àëüíîå ñîñòîÿ-
íèå, t_begin, t_end, u � íà÷àëî, êîíåö óïðàâëåíèå è ñàìî óïðàâëåíèå. Îíà
âîçâðàùàåò òðàåêòîðèþ äëÿ óêàçàííîãî îòðåçêà âðåìåíè.

Ðåàëèçàöèÿ îïòèìàëüíîé îáðàòíîé ñâÿçè â öåíòðîëèçîâàííîì ñëó÷àå
èùåòñÿ â ñîîòâåòñâèè ñ îïèñàííûì â ãëàâå 2 àëãîðèòìîì:

1 X = zeros(n, N_initial);

2

3 X(:, 1) = x_0;

4

5 U = zeros(r, N_initial);

6

7 for k = 1: N_initial
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8 tau = t_0 + (k - 1)*h;

9

10 u_res = P(tau , X(:, k));

11

12 U(:, k) = u_res(:, 1);

13

14 step_trajectory = trajectory(X(:, k), tau , ...

tau + h, U(:, k));

15

16 X(:, k + 1) = step_trajectory (:,2);

17 end

Â ñâîþ î÷åðåäü ðåàëèçàöèÿ îïòèìàëüíîé îáðàòíîé ñâÿçè â äåöåíòðîëè-
çîâàííîì ñëó÷àå èùåòñÿ ñëåäóþùèì îáðàçîì (â ñîîòâåòñòâèè ñ àëãîðèòìîì
èç ãëàâû 3):

1 U_dec = P(t_0 , x_0);

2 X_dec = zeros(n, N_initial);

3 X_dec(:, 1) = x_0;

4 next_tr = trajectory(X_dec(:, 1), t_0 , h, ...

U_dec(:, 1));

5 X_dec(:, 2) = next_tr (:,2);

6

7 % controllers iterations

8 for k = 2: N_initial

9 tau = t_0 + (k - 1)*h;

10

11 %Cauchy 's formula , from tau -h to tau

12 x_0_expected = get_expected_x_0(tau , ...

X_dec(:, k-1), U_dec(:,k-1));

13 x_0_accurate = X_dec(:, k);

14

15 u_res =[];

16

17 for counter =1:r

18 x_0_improved = ...

19 get_improved_x_0(x_0_expected , ...

x_0_accurate , 2* counter - 1, 2* counter);

20

21 tmp = P(tau , x_0_improved);
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22 u_res = [ u_res; tmp(counter ,:) ];

23 end

24

25 U_dec(:, k) = u_res(:, 1);

26

27 step_trajectory = trajectory(X_dec(:, k), ...

tau , tau + h, U_dec(:, k));

28 X_dec(:, k + 1) = step_trajectory (:,2);

29 end

Âî âëîæåííîì öèêëå äåöåíòðàëèçîâàííîãî ñëó÷àÿ â ôóíêöèþ
function u = P(tau, z) ïîäàåòñÿ óòî÷íåííîå çíà÷åíèå âåêòîðà íà÷àëüíûõ
ñîñòîÿíèé x0(τ |x∗i (τ), Pi(τ − h), i ∈ I).

Ñòîèò çàìåòèòü, ÷òî â ôóíêöèè function u = P(tau, z) äëÿ îòûñêàíèÿ ïî-
çèöèîííîãî ðåøåíèÿ äëÿ ïîçèöèè (tau, z) â ïðîöåäóðó linprog âíîñèòñÿ ÷àñòü
óæå ïîñòðîåííîé (ôóíêöèåé function Ale = Form_LP() ) ìàòðèöû Ale. Äëÿ ïî-
çèöèè (t_0, x_0) â linprog ïîäàåòñÿ ìàòðèöà âèäà (4.5), îäíàêî äëÿ ñëåäóþùåé
ïîçèöèè (t_0 + h, X(:, 2)) â linprog âíîñèòñÿ ìàòðèöà áåç ïåðâûõ 2r ñòîëá-
öîâ: (

dh(t1) −dh(t1) . . . dh(tf) −dh(tf)
)
.

4.1.3 Àíàëèç ðåçóëüòàòîâ. Ñðàâíåíèå ñ ïðîãðàììíûì ðåøåíè-
åì

Çíà÷åíèå êðèòåðèÿ êà÷åñòâà äëÿ ïðîãðàììíîãî ðåøåíèÿ: 190.2424.
Çíà÷åíèå êðèòåðèÿ êà÷åñòâà äëÿ öåíòðàëèçîâàííîãî ðåøåíèÿ: 151.3606

� ýòî íà 20.438% ëó÷øå ïðîãðàììíîãî.
Ñðåäíåå âðåìÿ âûïîëíåíèÿ ôóíêöèè P(tau, z) : 0.0173 ñåêóíäû.
Äëÿ âèçóàëüíîé îöåíêè ðåçóëüòàòîâ ïåðåíåñåì ïîëó÷åííûå òðàåêòîðèè

íà ôàçîâûå ãðàôèêè. Ðàññìîòðèì öåíòðàëèçîâàííîå è ïðîãðàììíîå ðåøåíèå.
Äëÿ q îáúåêòîâ óïðàâëåíèÿ ïîëó÷èòñÿ q ôàçîâûõ ãðàôèêîâ (Ðèñ. 4.1, 4.2), â
êîòîðûõ ïðîãðàììíîå ðåøåíèå îáîçíà÷åíî øòðèõîâîé ëèíèåé, à ðåàëèçàöèÿ
îïòèìàëüíîé îáðàòíîé ñâÿçè � ñïëîøíîé.

Òåðìèíàëüíîå çíà÷åíèå ñîñòîÿíèÿ öåíòðàëèçîâàííîãî ðåøåíèÿ ðàâíî
x∗c(tf) = (−0.0151 0.1000 0.0916 0.0906 − 0.0092 0.1000)T . Äëÿ ïðîãðàììíîãî
îíî ðàâíî x∗(tf) = (−0.1463 −0.1311 −0.0788 −0.2392 −0.1594 −0.1364)T .
Òî åñòü òðàåêòîðèè ïðîãðàììíûõ ðåøåíèé (øòðèõîâûå ëèíèè) íå ïîïàäàþò
íà òåðìèíàëüíîå ìíîæåñòâî. Ýòî ïðîèñõîäèò èç-çà íàëè÷èÿ íåó÷òåííûõ âîç-
ìóùåíèé w, âíîñèìûõ â ñèñòåìó íà ïðîòÿæåíèè âðåìåíè óïðàâëåíèÿ. Ïðè

38



-1 -0.5 0 0.5 1 1.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-1 -0.5 0 0.5 1 1.5

-4

-3

-2

-1

0

1

2

3

-1 -0.5 0 0.5 1

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Ðèñ. 4.1: Ôàçîâûå ãðàôèêè
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Ðèñ. 4.2: Ñîîòâåòñòâóþùèå ôàçîâûì ãðàôèêàì ãðàôèêè óïðàâëåíèé
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ïîñòðîåíèè îïòèìàëüíûõ îáðàòíûõ ñâÿçåé ýòè âîçìóùåíèÿ ó÷èòûâàþòñÿ ïî-
ñðåäñòâîì óòî÷íåíèÿ ñîñòîÿíèÿ ñèñòåìû äëÿ êàæäîãî ìîìåíòà τ ∈ Th.

4.2 Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ. Äåöåí-

òðàëèçîâàííûé ñëó÷àé

4.2.1 Ñâåäåíèå ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ

Ñôîðìóëèðóåì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Ïðîèçâåäåì çàìåíó ïåðåìåííûõ:

x1 = z1, x3 = z2, x5 = z3,

x2 = ż1, x4 = ż2, x6 = ż3.

Çäåñü n = 6 � ðàçìåðíîñòü ñîñòîÿíèÿ x; r = q = 3 � ðàçìåðíîñòü óïðàâëåíèÿ;
m = 2n � ÷èñëî îãðàíè÷åíèé íà ñîñòîÿíèÿ xi, i = 1, ..., n.

Òîãäà âèäíî, ÷òî çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ãðóïïîé (4.1) èìååò
âèä:

tf∫
t0

∑
i∈I

|ui(t)| dt→ min, (4.6)

ẋi = Aixi +
∑
j∈Ii

Aijxj +Biui,

xi(t0) = xi,0, i ∈ I,∑
i∈I

Hixi(tf) 6 g,

ui(t) ∈ Ui, t ∈ T, i ∈ I.

ãäå

A =



0 1 0 0 0 0

−2k 0 k 0 0 0

0 0 0 1 0 0

k 0 −2k 0 k 0

0 0 0 0 0 1

0 0 k 0 −2k 0


, B =



0 0 0

1 0 0

0 0 0

0 1 0

0 0 0

0 0 1


, x0 =



1

1

1

1

1

1


,
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H =
(
H1 H2 H3

)
,

H1 =

(
Hp

08×2

)
, H2 =

04×2
Hp

04×2

 , H1 =

(
08×2
Hp

)
, Hp =


1 0

0 1

−1 0

0 −1

 ,

g = 0.1 · 1m,

ãäå 1s � âåêòîð èç åäèíèö ðàçìåðíîñòè s. Òàêæå ñòîèò îòìåòèòü, ÷òî

Bi =

(
0

1

)
.

Èç òåîðèè ñëåäóåò, ÷òî çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ i-ãî ðåãó-
ëÿòîðà äëÿ ìîìåíòà τ èìååò âèä:

tf∫
t0

∑
i∈I

|ui(t)| dt→ min, (4.7)

ẋi = Ai(t)xi +
∑
j∈Ii

Aij(t)xj +Bi(t)ui, xi(τ) = x∗i (τ)

ẋk = Ak(t)xk +
∑
j∈Ik

Akj(t)xj + f 0k (t|τ), xk(τ) = x0k(τ |τ − h), k ∈ Ii,

∑
k∈I

Hkxk(tf) 6 g(τ), ui(t) ∈ Ui, t ∈ T (τ),

ãäå
f 0k (t|τ) = Bk(t)u

0
k(t|τ − h), t ∈ T (τ), τ ∈ Th\t0, k ∈ Ii;

g(τ) =
∑
k∈I

Hkx
0
k(tf |τ − h) +

[
g −

∑
k∈I

Hkx
0
k(tf |τ − h)

]
/q.

Åñëè ïðèìåíèòü çàìåíó ui(s) = zi(s) − vi(s), s ∈ Th(τ), èçìåíèòü çíà-
êè òàê, ÷òîáû îíè ñîîòâåòñâîâàëè òåì, ÷òî â òåîðèè, è ïåðåâåñòè çàäà÷ó â
ôóíêöèîíàëüíóþ ôîðìó, òî îíà, ñîãëàñíî òåîðèè, ïðèìåò ñëåäóþùèé âèä:∑

s∈Th(τ)

zi(s) + vi(s)→ min, (4.8)

∑
s∈Th(τ)

Di(s)(zi(s)− vi(s)) 6 g̃i(τ),
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0 6 zi(s) 6 1, 0 6 vi(s) 6 1, s ∈ Th(τ),

ãäå

Di(s) =

s+h∫
s

Φi(t)Bi(t)dt, s ∈ Th(τ),

g̃i(τ) = −

[
g +

∑
k∈I

gk(τ − h)

]
/q + gi(τ − h) + Φi(τ)

(
x0i (τ |τ − h)− x∗i (τ)

)
−

−Φi(τ − h)x∗i (τ − h)−Di(τ − h)u∗i (τ − h),

gk(τ) = Φk(τ)x∗k(τ) +

tf∫
τ

Φk(t)Bk(t)u
0
k(t|τ)dt.

Ôóíêöèîíàëüíóþ ôîðìó (4.8) òàêæå ìîæíî çàïèñàòü â âèäå, êîòîðûé â
äàëüíåéøåì áóäåò èñïîëüçîâàòüñÿ:

∑
s∈Th(τ)

1
′
2

(
zi(s)

vi(s)

)
→ min, (4.9)

∑
s∈Th(τ)

(
Di(s) −Di(s)

)(zi(s)
vi(s)

)
6 g̃i(τ),

0 6 zi(s) 6 1, 0 6 vi(s) 6 1, s ∈ Th(τ).

4.2.2 Ïîñòðîåíèå ðåàëèçàöèè îáðàòíîé ñâÿçè è ñîîòâåòñòâóþ-
ùåé òðàåêòîðèè

Äëÿ çàïèñè ëåâîé ÷àñòè îãðàíè÷åíèé çàäà÷è (4.9) â ìàòðè÷íîì âèäå â
ôóíêöèè

1 function res = Form_Ale_dec(k)

2 D_values = zeros(m, 1, N_initial);%12 x1x100

3 for i = 1: N_initial

4 D_values (:,:,i) = Get_D_i(k,t_0 + i*h - h);

5 end

6 res = [];

7 for i = 1: N_initial

8 res = [res D_values (:,:,i) ...

-D_values (:,:,i)];

9 end

10 end
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ôîðìèðóåòñÿ ìàòðèöà Ale_i, êîòîðàÿ áóäåò èìåòü âèä:(
Di(t0) −Di(t0) . . . Di(tf − h) −Di(tf − h)

)
. (4.10)

Ìàòðèöà Ale_i áóäåò ÿâëÿòüñÿ îäíèì èç ïàðàìåòðîâ ñòàíäàðòíîé ïðîöå-
äóðû linprog äëÿ ðåøåíèÿ çàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Â ôóíêöèè

1 function u = P_dec(i, tau , g_wave_dec)

2 N = round((t_f - tau)/h);%new N for new tau

3 c = ones (2*N, 1);

4 ub = L*ones (2*N, 1);

5 startBlockNumber = N_initial - N + 1; % ...

startBlockNumber...N_initial -- N numbers

6 Ale_dec_i = ...

GetLayer(i,q,Ale_dec (:,2*( startBlockNumber ...

- 1) + 1 : 2* N_initial));

7 Opt=optimset('TolFun ',1e-9,'TolX',1e-9);

8 z_and_v = linprog(c,(-1)*Ale_dec_i ,...

9 (-1)*g_wave_dec ,[],[], zeros (2*N, ...

1),ub ,Opt);

10 zv = reshape(z_and_v , 2, N);

11 u = zv(1,:) - zv(2,:); % 1 /times N

12 end

îïðåäåëÿåòñÿ îïòèìàëüíàÿ ïðîãðàììà äëÿ âðåìåíè (tau).
Ðåçóëüòàòîì ñòàíäàðòíîé ïðîöåäóðû linprog áóäåò âåêòîð z_and_v, êîòî-

ðûé ìîæíî çàïèñàòü â âèäå: 

zi(τ)

vi(τ)

zi(τ + h)

vi(τ + h)
...

zi(tf − h)

vi(tf − h)


.

Â êîíöå ìåòîäà âåêòîð ïðåîáðàçóåòñÿ â ïîçèöèîííîå ðåøåíèå u.
Â ôóíêöèè P_dec èñïîëüçóåòñÿ ìåòîä GetLayer(i,q, matrix):
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1 % if the source has 21 lines

2 % GetLayer (2,3, source) returns lines 8-14 ...

(middle layer)

3 function res = GetLayer(layerNum , layersAmount , ...

source)

4 [ysize ,] = size(source);

5 layerHeight = ysize/layersAmount;

6 from = (layerNum - 1)*layerHeight + 1;

7 to = from + layerHeight - 1;

8 res = source(from:to ,:);

9 end

Äàííûé ìåòîä âåðíåò i-ûé "ñëîé"ìàòðèöû èç q ñëî¼â. Îí ÷àñòî èñïîëüçóåòñÿ
â êîäå.

Ôóíêöèÿ P_dec âû÷èñëÿåòñÿ êàæäûì ðåãóëÿòîð íà êàæäîì âðåìåííîì
îòðåçêå. Äëÿ ýòîãî ðåãóëÿòîð ïåðåä åå âûçîâîì äîëæåí ïîñ÷èòàòü âåëè÷èíû
gk(τ − h), k ∈ I, g̃i(τ), xi(τ |τ − h). Íèæå ïðåäñòàâëåí êîä ïî èõ âû÷èñëåíèþ,
òî åñòü äëÿ êàæäîé èç óêàçàííûõ.

Âû÷èñëåíèå âåëè÷èí gk(τ − h), k ∈ I:

1 function g_k = Get_g_k(k, tau , x, u0)

2 N = round((t_f - tau)/h);%new N for new tau ...

(and also (t_f - t_0)/h = N_initial)

3 sum = zeros(m, 1);%12x1

4 %get N corresp tau

5 N_start = round((tau - t_0)/h) + 1;

6 d_h_values = GetLayer(k,q,d_h_matrix (:, ...

N_start : N_initial));

7 for i = 1:N

8 sum = sum + d_h_values (:,i) * u0(i);

9 end

10 g_k = Get_Phi_k(k, tau)*x + sum;

11 end

Òóò â ïåðåìåííîé d_h_matrix ñîäåðæàòñÿ âåëè÷èíû Di(s), s ∈ Th, i ∈ I. Ïåðå-
ìåííàÿ âû÷èñëÿåòñÿ äî íà÷àëà ðàáîòû ðåãóëÿòîðîâ.

Âû÷èñëåíèå âåëè÷èí g̃i(τ):

1 function res = Get_g_wave_dec(i, tau , ...

g_values_prev , x0i , X_dec , U_dec)%
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2 N = round((tau - t_0)/h) + 1;

3 sum = zeros(m,1);

4 for j=1:q

5 sum = sum + g_values_prev (:,j);

6 end

7 res = (g_new - sum)/q + g_values_prev (:,i) + ...

8 Get_Phi_k(i,tau) * ...

9 (x0i - GetLayer(i,q,X_dec(:,N))) - ...

10 Get_Phi_k(i,tau - ...

h)*GetLayer(i,q,X_dec(:,N - 1)) - ...

11 Get_D_i(i,tau - h)*U_dec(i,N - 1);

12 end

Òóò g_values_prev ≡
(
g1(τ − h) g2(τ − h) g3(τ − h)

)
, x0i ≡ xi(τ |τ − h).

Âû÷èñëåíèå âåëè÷èí xi(τ |τ − h):

1 function state = guessNextState(tau , curState , u)

2 t_begin = tau;

3 t_end = tau + h;

4 x0 = curState;

5 begin_end_steps = trajectoryNoW(x0 , t_begin , ...

t_end , u);

6 state = begin_end_steps (:,2);

7 end

8

9 function x = trajectoryNoW(x0 , t_begin , t_end , u)

10 N = round((t_end - t_begin)/h);

11 x = zeros(n, N);

12 x(:,1) = x0;

13 for j = 1:N

14 curr = t_begin + (j-1)*h;

15 next = t_begin + j*h;

16 x(:, j+1) = F(h) * x(:,j) + integral(@(t) ...

F(next - t)*b,curr , next , ...

'ArrayValued ', ...

true ,'RelTol ',0,'AbsTol ',1e-12)*u(:, j);

17 end

18 end

Äëÿ âû÷èñëåíèÿ ýòèõ âåëè÷èí ïðèìåíÿåòñÿ ôîðìóëà Êîøè (âîçìóùåíèÿ íå
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ó÷èòûâàþòñÿ, ïîòîìó ÷òî îíè íåèçâåñòíû ðåãóëÿòîðó).

4.2.3 Àíàëèç ðåçóëüòàòîâ. Ñðàâíåíèå ñ öåíòðàëèçîâàííûì ðå-
øåíèåì

Çíà÷åíèå êðèòåðèÿ êà÷åñòâà äëÿ öåíòðàëèçîâàííîãî ðåøåíèÿ: 151.3606.
Çíà÷åíèå êðèòåðèÿ êà÷åñòâà äëÿ äåöåíòðàëèçîâàííîãî ðåøåíèÿ: 160.9809

� ýòî íà 6.3559% õóæå öåíòðàëèçîâàííîãî. Ýòî îáúÿñíÿåòñÿ íåòî÷íîñòüþ äàí-
íûõ, ïîëó÷àåìûõ îáúåêòàìè î ñèñòåìå, òàê êàê äàííûå ïîëó÷àþòñÿ ñ çàïàç-
äûâàíèåì.

Ñðåäíåå âðåìÿ âûïîëíåíèÿ ôóíêöèè P_i(tau, z) : 0.013 ñåêóíäû � íà
33% áûñòðåå öåíòðàëèçîâàííîãî. Ýòî ìîæíî ìîæíî îáúÿñíèòü óìåíüøåí-
íîé ðàçìåíîñòüþ çàäà÷è P_i(tau, z). Ñêîðîñòü îæèäàëàñü áîëüøå, òàê êàê
ðàçìåðíîñòü óìåíüøèëàñü â 3 ðàçà. Âîçìîæíî ñóùåñòâåííóþ ÷àñòü âðåìåíè
çàíèìàþò îáùèå çàäà÷è.

Äëÿ äåìîíñòðàöèè ñõîæåñòè ïðèâåäåíî ñðàâíåíèå öåíòðàëèçîâàííîãî
(ñïëîøíàÿ ëèíèÿ) è äåöåíòðàëèçîâàííîãî (øòðèõîâàÿ ëèíèÿ) ðåøåíèÿ (Ðèñó-
íîê 4.3, 4.4). Ðàçëè÷èÿ ïîñòðîåííûõ ðåàëèçàöèé îïòèìàëüíîé îáðàòíîé ñâÿçè
öåíòðàëèçîâàííîé è äåöåíòðàëèçîâàííîé çàäà÷è, êàê ìîæíî âèäåòü, íåñóùå-
ñòâåííû.

4.3 Âûâîäû

Òàêèì îáðàçîì, ðåøåíà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ îáúåêòà,
ñîñòîÿùåãî èç òðåõ âçàèìîñâÿçàííûõ ñèñòåì, îíà ñâåäåíà ê çàäà÷àì ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ: öåíòðàëèçîâàííîé è äåíöåíòðàëèçîâàííîé. Äëÿ çàäà÷
ïîñòðîåíî ïðîãðàììíîå ðåøåíèå è ðåàëèçàöèÿ îáðàòíîé ñâÿçè, ïðîèçâåäåí
àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ.
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Ðèñ. 4.3: Ôàçîâûå ãðàôèêè öåíòðàëèçîâàííîãî è äåöåíòðàëèçîâàííîãî ñëó÷àÿ
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Ðèñ. 4.4: Ñîîòâåòñòâóþùèå ôàçîâûì ãðàôèêàì ãðàôèêè óïðàâëåíèé
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ÇÀÊËÞ×ÅÍÈÅ

Â ðàáîòå èññëåäîâàíà çàäà÷à äåöåíòðàëèçîâàííîãî óïðàâëåíèÿ ãðóïïîé
âçàèìîñâÿçàííûõ ñèñòåì â ðåàëüíîì âðåìåíè, òî åñòü â ñëó÷àå, ãäå êàæäûé
îáúåêò óïðàâëåíèÿ èìååò ñîáñòâåííûé ðåãóëÿòîð. Äëÿ èññëåäóåìîé çàäà÷è
ñôîðìóëèðîâàíû ïîäõîäû åå ñâåäåíèÿ ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâà-
íèÿ, ïðåäëîæåíû àëãîðèòìû ðàáîòû öåíòðàëèçîâàííîãî îïòèìàëüíîãî ðåãó-
ëÿòîðà è îïòèìàëüíûõ ðåãóëÿòîðîâ â äåöåíòðàëèçîâàííîì ñëó÷àå. Â äàëü-
íåéøåì ñ ïîìîùüþ ïîñëåäîâàòåëüíîãî ïîäõîäà ïîñòðîåíà ôóíêöèîíàëüíàÿ
ôîðìà çàäà÷è, à àëãîðèòì îïòèìàëüíîãî ðåãóëÿòîðà ðåàëèçîâàí â MATLAB
ñ ïðèìåíåíèåì ñòàíäàðòíîé ïðîöåäóðû linprog. Ïðîâåäåí àíàëèç ïðîãðàìì-
íîãî ðåøåíèÿ è ðåàëèçàöèè îáðàòíîé ñâÿçè, à òàêæå ñðàâíèòåëüíûé àíàëèç
äåöåíòðàëèçîâàííîãî è öåíòðàëèçîâàííîãî ñïîñîáà ðåøåíèÿ çàäà÷è.

Äàëüíåéøåå ðàçâèòèå ìîæåò áûòü ñâÿçàíî ñ ðàññìîòðåíèåì ðåàëèçàöèé
àëãîðèòìîâ ðàáîòû ðåãóëÿòîðà äåöåíòðàëèçîâàííîãî ñëó÷àÿ, à òàêæå ñ àíà-
ëèçîì èõ ýôôåêòèâíîñòè. Òàêæå ìîæíî ðàáîòàòü íàä ïîâûøåíèåì ýôåêòèâ-
íîñòè ïðåäëîæåííîãî àëãîðèòìà, íàä ïîâûøåíèåì åãî òî÷íîñòè.
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