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GENERALIZED SYMMETRIC SPACES, YU. P. SOLOVYOV’S FORMULA,
AND THE GENERALIZED HERMITIAN GEOMETRY

V. V. Balashchenko UDC 514.765

Dedicated to the memory of Yu. P. Solovyov

Abstract. We collect some basic results on canonical affinor structures of classical type on generalized
symmetric spaces. Yu. P. Solovyov’s stimulating influence on this topic during its initial stages is illustrated.
Using special canonical f -structures on homogeneous k-symmetric spaces, we also present a new collection
of homogeneous Hermitian f -manifolds.

1. Introduction

An important place among homogeneous manifolds of Lie groups is occupied by homogeneous Φ-spaces,
i.e., homogeneous spaces generated by automorphisms Φ of Lie groups (see [15,21,30,44,54,58]). A special
role is played by regular Φ-spaces, which were first introduced in [54]. As is known [54], such Φ-spaces
include all homogeneous k-symmetric spaces (Φk = id) [44] and are contained, in turn, in the well-known
class of homogeneous reductive spaces. At the same time, a distinguishing feature of regular Φ-spaces is
that each such space has a natural associated object, the commutative algebra A(θ) of canonical affinor
structures [15]. This algebra contains well-known classical structures, such as almost complex structures,
almost product structures, f -structures of K. Yano (f3+f = 0), and h-structures (h3−h = 0) (see [3,15]).
The first example in this direction was the canonical almost complex structure on homogeneous 3-sym-
metric spaces (see [24, 55, 58]). It should be mentioned that this structure was effectively applied to
many constructions in differential geometry and global analysis (see Sec. 2). We especially stress that
the canonical almost complex structure J on homogeneous 3-symmetric spaces provided a remarkable
class of invariant examples in the theory of almost Hermitian structures, in particular, nearly Kähler
structures (see [24, 35, 58] and many others). It turns out that canonical f -structures on homogeneous
k-symmetric spaces play a similar role for the generalized Hermitian geometry created in the early 1980s
(see, e.g., [38, 39]) and intensively studied in differential geometry.

The paper is organized as follows.
In Secs. 2–4, we collect basic notions and results on homogeneous regular Φ-spaces, specifically,

homogeneous k-symmetric spaces. First encouraging examples of canonical structures are discussed and
Yu. P. Solovyov’s stimulating influence on this direction during its first stage is illustrated. Moreover,
a precise description of all canonical structures of classical type on homogeneous k-symmetric spaces is
included.

In Secs. 5 and 6, we consider special canonical f -structures on regular Φ-spaces and establish an
important property for invariant distributions generated by these f -structures. We also briefly select
basic notions in the generalized Hermitian geometry, including principal classes of metric f -structures.
The main result is that the special canonical f -structures on homogeneous k-symmetric spaces (k = 4n,
n ≥ 1) present a new collection of invariant Hermitian f -structures. Some particular cases are discussed
in more detail.

2. Homogeneous Regular Φ-Spaces

Here we briefly formulate some basic definitions and results related to regular Φ-spaces and selected
canonical structures on them. More detailed information can be found in [11,15,21,44,54,55,58].
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Let G be a connected Lie group and Φ be an (analytic) automorphism of it. Denote by GΦ the
subgroup of all fixed points of Φ and by GΦ

o the identity component of GΦ. Assume that a closed
subgroup H of G satisfies the condition

GΦ
o ⊂ H ⊂ GΦ.

Then G/H is called a homogeneous Φ-space.
Homogeneous Φ-spaces include homogeneous symmetric spaces (Φ2 = id) and, more generally, ho-

mogeneous Φ-spaces of order k (Φk = id) or, in other terminology, homogeneous k-symmetric spaces
(see [44]).

For any homogeneous Φ-space G/H, one can define the mapping

So = D : G/H → G/H, xH → Φ(x)H.

It is known [54] that So is an analytic diffeomorphism of G/H. So is usually called a “symmetry” of G/H
at the point o = H. It is obvious that in view of the homogeneity, the “symmetry” Sp can be defined at
any point p ∈ G/H. More exactly, for any p = τ(x)o = xH, q = τ(y)o = yH we set

Sp = τ(x) ◦ So ◦ τ(x−1).

It is easy to show that
Sp(yH) = xΦ(x−1)Φ(y)H.

Thus, any homogeneous Φ-space is equipped with the set of symmetries {Sp | p ∈ G/H}. Moreover,
each Sp is an analytic diffeomorphism of the manifold G/H (see [54]).

Note that there exist homogeneous Φ-spaces that are not reductive. Hence, the so-called regular
Φ-spaces first introduced by N. A. Stepanov [54] are of fundamental importance.

Let G/H be a homogeneous Φ-space, g and h be the corresponding Lie algebras for G and H, and
ϕ = dΦe the automorphism of g. Consider the linear operator A = ϕ − id and the Fitting decomposition
g = g0 ⊕ g1 with respect to A, where g0 and g1 denote the 0- and 1-components of the decomposition,
respectively. Further, let ϕ = ϕsϕu be the Jordan decomposition, where ϕs and ϕu are the semisimple
and unipotent components of ϕ, respectively, ϕsϕu = ϕuϕs. Denote by gγ the subspace of all fixed points
for a linear endomorphism γ in g. It is clear that h = gϕ = KerA, h ⊂ g0, and h ⊂ gϕs .

Definition 1 ([11, 15, 21, 54]). A homogeneous Φ-space G/H is called a regular Φ-space if one of the
following equivalent conditions is satisfied:

(1) h = g0;
(2) g = h ⊕ Ag;
(3) the restriction of the operator A to Ag is nonsingular;
(4) A2X = 0 =⇒ AX = 0 for all X ∈ g;
(5) the matrix of the automorphism ϕ can be represented in the form(

E 0
0 B

)
,

where the matrix B does not admit the eigenvalue 1;
(6) h = gϕs .

We recall two basic facts.

Theorem 1 ([54]).
(1) Any homogeneous Φ-space of order k (Φk = id) is a regular Φ-space.
(2) Any regular Φ-space is reductive. More exactly, the Fitting decomposition

g = h ⊕ m, m = Ag, (1)

is a reductive one.
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Decomposition (1) is the canonical reductive decomposition corresponding to a regular Φ-space G/H,
and m is the canonical reductive complement.

We also note that for any regular Φ-space G/H, each point p = xH ∈ G/H is an isolated fixed point
of the symmetry Sp (see [54]).

Decomposition (1) is obviously ϕ-invariant. Denote by θ the restriction of ϕ to m. As usual, we
identify m with the tangent space To(G/H) at the point o = H. It is important to note that the
operator θ commutes with any element of the linear isotropy group Ad(H) (see [54]). It also should be
noted (see [54]) that

(dSo)o = θ.

Now we turn to the remarkable invariant structures on homogeneous k-symmetric spaces. Note that
for any homogeneous k-symmetric space G/H, the following identity holds:

θk−1 + θk−2 + · · · + θ + id = 0.

It was discovered in the late 1960s that an arbitrary homogeneous 3-symmetric space G/H admits the
canonical almost complex structure J (see [55,58]). This structure was defined by the linear endomorphism

Jo =
1√
3
(θ2 − θ)

on m because J2
o = −id (see [55]). This implies that the structure J is invariant with respect to the

Lie group G as well as the symmetries Sp. It should be mentioned that the canonical almost complex
structure on such spaces became an effective tool and a remarkable example in many constructions of
differential geometry and global analysis such as almost Hermitian structures (see [24, 25, 35, 58]), homo-
geneous structures (see [1,22,37,46,50,57], etc.), Einstein metrics (see [51,52]), holomorphic and minimal
submanifolds (see [48,49]), and real Killing spinors (see [17,29,33]).

In 1990, another structure of such a kind was presented. It was the canonical almost product struc-
ture P on any homogeneous 5-symmetric space G/H defined by the formula (see [12])

Po =
1√
5
(θ4 − θ3 − θ2 + θ).

It gave the opportunity to obtain a number of general results on these spaces (see [12,18–20]).

3. Solovyov’s Formula

Taking into account the formulas for the canonical structures J and P on homogeneous 3- and
5-symmetric spaces, respectively (see the previous section), Solovyov proposed their extension for an
arbitrary homogeneous p-symmetric space, where p is a prime odd number. In this case, the situation
can be described in a purely algebraic way.

Proposition 1. The cyclotomic field Q(εp) contains the square root of the element p∗ = (−1)
p−1
2 p, where

p is a prime odd number.

Proof (1990, originally handwritten by Solovyov). We obviously have

p =
p−1∏
i=1

(1 − εi
p).

Combining the factors corresponding to i and p − i, we obtain

(1 − εi
p)(1 − εp−i

p ) = (1 − εi
p)(1 − ε−i

p ) = −ε−i
p (1 − εi

p)
2.

It follows that

p = (−1)
p−1
2 εb

p

p−1
2∏

i=1

(1 − εi
p)

2,
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where b = −(1 + 2 + · · · + (p − 1)/2). Choosing c ∈ Z such that 2c ≡ 1 (mod p), we obtain εb
p = (εbc

p )2.
This means that the previous formula can be written as follows:

p = (−1)
p−1
2 (εbc

p )2
p−1
2∏

i=1

(1 − εi
p)

2.

Finally, we obtain

p∗ = (−1)
p−1
2 p =

(
εbc
p

p−1
2∏

i=1

(1 − εi
p)

)2

. (2)

This completes the proof.

As an immediate application, we have the following corollary.

Corollary 1. Let G/H be a homogeneous p-symmetric space, where p is a prime odd number. Then G/H
admits

the canonical almost complex structure J if p ≡ 3 (mod 4);
the canonical almost product structure P if p ≡ 1 (mod 4).

Note that formula (2) gives the algorithm for calculating the polynomials in θ for the canonical
structures J and P above mentioned. Moreover, the formula for these structures can be indicated in the
explicit form:

F (θ) =
1√
p
(θ + θ4 + · · · + θp2

). (3)

In particular, for p = 3 and p = 5, we obtain (up to sign) the structures J and P (see Sec. 2). As an
example, for p = 7 we obtain

J =
1√
7
(θ + θ2 − θ3 + θ4 − θ5 − θ6).

Remark 1. It should be mentioned that the assertion of Proposition 1 is well known (see, e.g., [45,
Chap. 8]). Nevertheless, the proof indicated above is fairly original and simple. In addition, as we already
noted, it provides an easy method for explicitly calculating

√
p∗.

4. Canonical Affinor Structures on Regular Φ-Spaces

In 1990, being encouraged by Solovyov’s interest in the problem and under his stimulating influence,
we tried to observe the situation in general. It turned out that, using a completely different technique,
it was possible to describe all canonical classical structures for any homogeneous regular Φ-space. More-
over, for all homogeneous k-symmetric spaces, precise computational formulas for these structures were
indicated. This general approach together with the main results is briefly presented here.

An affinor structure on a manifold is known to be a tensor field of type (1, 1) or, equivalently, a field
of endomorphisms acting on its tangent bundle. Assume that F is an invariant affinor structure on
a homogeneous manifold G/H. Then F is completely determined by its value Fo at the point o, where
Fo is invariant with respect to Ad(H). For simplicity, we denote in the same manner both any invariant
structure on G/H and its value at o throughout the rest of the paper.

Definition 2 ([14,15]). An invariant affinor structure F on a regular Φ-space G/H is called canonical if
its value at the point o = H is a polynomial in θ.

Denote by A(θ) the set of all canonical affinor structures on a regular Φ-space G/H. It is easy to
see that A(θ) is a commutative subalgebra of the algebra A of all invariant affinor structures on G/H.
Moreover,

dimA(θ) = deg ν ≤ dimG/H,
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where ν is a minimal polynomial of the operator θ. It is obvious that the algebra A(θ) for any symmetric
Φ-space (Φ2 = id) consists of scalar structures only, i.e., it is isomorphic to R. As to an arbitrary regular
Φ-space (G/H, Φ), the algebraic structure of its commutative algebra A(θ) has also been completely
described (see [10]).

It should be mentioned that all canonical structures are, in addition, invariant with respect to the
“symmetries” {Sp} of G/H (see [54]). Moreover, from (dSo)o = θ it follows that the invariant affinor
structure Fp = (dSp)p, p ∈ G/H, generated by the symmetries {Sp} belongs to the algebra A(θ).

The most remarkable example of canonical structures is the canonical almost complex structure
J = 1√

3
(θ2 − θ) on a homogeneous 3-symmetric space (see Sec. 2). We have already seen that it is not

an exception. Moreover, we are able to show that the algebra A(θ) contains a rich collection of classical
affinor structures.

In the sequel, we will concentrate on the following affinor structures of classical type:

almost complex structures J (J2 = −1);
almost product structures P (P 2 = 1);
f-structures (f3 + f = 0) [59];
f -structures of hyperbolic type or, briefly, h-structures (h3 − h = 0) [39].

Clearly, f -structures and h-structures are generalizations of structures J and P , respectively.
All the canonical structures of classical type on regular Φ-spaces were completely described [3,14,15].

In particular, for homogeneous k-symmetric spaces, precise computational formulas were indicated. For
future reference, we select here some results.

Denote by s̃ (s) the number of all irreducible factors (respectively, all irreducible quadratic factors)
over R of a minimal polynomial ν.

Theorem 2 ([3, 14, 15]). Let G/H be a regular Φ-space.

(1) The algebra A(θ) contains precisely 2s̃ structures P .
(2) G/H admits a canonical structure J if and only if s = s̃. In this case, A(θ) contains 2s different

structures J .
(3) G/H admits a canonical f-structure if and only if s = 0. In this case, A(θ) contains 3s − 1

different f-structures. Suppose that s = s̃. Then 2s f-structures are almost complex and the
remaining 3s − 2s − 1 have nontrivial kernels.

(4) The algebra A(θ) contains 3s̃ different h-structures. All these structures form a (commutative)
semigroup in A(θ) and include a subgroup of order 2s̃ of canonical structure P .

Further, let G/H be a homogeneous k-symmetric space. Then s̃ = s + 1 if −1 ∈ spec θ, and s̃ = s
in the opposite case. We indicate explicit formulas enabling us to compute all canonical f -structures and
h-structures. We shall also use the notation

u =

{
n if k = 2n + 1,

n − 1 if k = 2n.

Theorem 3 ([3, 14, 15]). Let G/H be a homogeneous Φ-space of order k.

(1) All nontrivial canonical f-structures on G/H can be given by the operators

f =
2
k

u∑
m=1

( u∑
j=1

ζj sin
2πmj

k

)
(θm − θk−m),

where ζj ∈ {−1; 0; 1}, j = 1, 2, . . . , u, and not all coefficients ζj are zero. In particular, suppose
that −1 /∈ spec θ. Then the polynomials f define canonical almost complex structures J if and
only if all ζj ∈ {−1; 1}.
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(2) All canonical h-structures on G/H can be given by the polynomials h =
k−1∑
m=0

amθm, where
(a) if k = 2n + 1, then

am = ak−m =
2
k

u∑
j=1

ξj cos
2πmj

k
;

(b) if k = 2n, then

am = ak−m =
1
k

(
2

u∑
j=1

ξj cos
2πmj

k
+ (−1)mξn

)
.

Here the numbers ξj take their values from the set {−1; 0; 1} and the polynomials h define canonical
structures P if and only if all ξj ∈ {−1; 1}.

Now we particularize the results mentioned above for homogeneous Φ-spaces of orders 3, 4, and 5
only. Note that there are no fundamental obstructions to considering higher orders k.

Corollary 2 ([3,14,15]). Let G/H be a homogeneous Φ-space of order 3. There are (up to sign) only the
following canonical structures of classical type on G/H:

J =
1√
3
(θ − θ2), P = 1.

We noted that the existence of the structure J and its properties are well known (see [24,35,55,58]).

Corollary 3 ([3, 14, 15]). On a homogeneous Φ-space of order 4, there are (up to sign) the following
canonical classical structures:

P = θ2, f =
1
2
(θ − θ3), h1 =

1
2
(1 − θ2), h2 =

1
2
(1 + θ2).

The operators h1 and h2 form a pair of complementary projectors: h1 + h2 = 1, h2
1 = h1, h2

2 = h2.
Moreover, the following conditions are equivalent :

(1) −1 /∈ spec θ;
(2) the structure P is trivial (P = −1);
(3) the f-structure is an almost complex structure;
(4) the structure h1 is trivial (h1 = 1);
(5) the structure h2 is null.

General properties of the canonical structures P and f on homogeneous 4-symmetric spaces were
investigated in [13].

Corollary 4 ([3,14,15]). There exist (up to sign) only the following canonical structures of classical type
on any homogeneous Φ-space of order 5:

P =
1√
5
(θ − θ2 − θ3 + θ4),

J1 = α(θ − θ4) − β(θ2 − θ3), J2 = β(θ − θ4) + α(θ2 − θ3),

f1 = γ(θ − θ4) + δ(θ2 − θ3), f2 = δ(θ − θ4) − γ(θ2 − θ3),

h1 =
1
2
(1 + P ), h2 =

1
2
(1 − P ),

where

α =

√
5 + 2

√
5

5
, β =

√
5 − 2

√
5

5
, γ =

√
10 + 2

√
5

10
, δ =

√
10 − 2

√
5

10
.
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Moreover, the following relations are satisfied :

J1P = J2, f1P = J1h1 = J2h1 = f1, h1P = h1, h2P = −h2,

f2P = J2h2 = −J1h2 = −f2, f1f2 = h1h2 = 0, h1 + h2 = P.

In addition, the following conditions are equivalent :
(1) spec θ consists of two elements;
(2) the structure P is trivial ;
(3) the structures J1 and J2 coincide (up to sign);
(4) one of the structures f1 and f2 is null, while the other is an almost complex structure coinciding

with one of the structures J1 and J2;
(5) one of the structures h1 and h2 is trivial, while the other is null.

We note that the canonical structure P on homogeneous 5-symmetric spaces was first introduced and
studied in [12]. Other canonical structures on these spaces were later studied in [18–20].

It should also be mentioned that in the particular case of homogeneous Φ-spaces of any odd order
k = 2n + 1 the method of constructing invariant almost complex structures was described in [44]. It can
be easily seen that all these structures are canonical in the above sense.

5. Special Canonical f-Structures

In the sequel, we will mainly concentrate on special canonical f -structures on homogeneous regular
Φ-spaces.

Recall that an f -structure on a manifold M is known to be a field of endomorphisms f acting on
its tangent bundle and satisfying the condition f3 + f = 0 (see [59]). The number r = dim Im f is
constant at any point of M (see [56]) and called a rank of the f -structure. Moreover, the number
dim Ker f = dimM − r is usually said to be a deficiency of the f -structure and denoted by def f . It
is easy to see that the particular cases def f = 0 and def f = 1 of f -structures lead to almost complex
structures and almost contact structures, respectively.

Let M be an f -manifold. Then X(M) = L ⊕ M, where L = Im f and M = Ker f are mutually
complementary distributions, which are usually called the first and second fundamental distributions of
the f -structure respectively. Obviously, the endomorphisms l = −f2 and m = id + f2 are mutually
complementary projections on the distributions L and M, respectively. We note that the restriction F of
the f -structure to L is an almost complex structure, i.e., F 2 = −id.

Let G/H be a reductive homogeneous space and g = h⊕m the corresponding reductive decomposition
of the Lie algebra g. Any invariant f -structure on G/H determines the decomposition m = m1 ⊕m2 such
that the subspaces m1 = Im f and m2 = Ker f completely define the first and second fundamental
distributions, respectively.

Let us turn to canonical f -structures on homogeneous regular Φ-spaces.

Theorem 4. Let G/H be a regular Φ-space, g = h ⊕ m be the canonical reductive decomposition, f
be a canonical f-structure on G/H, and m = m1 ⊕ m2 be the decomposition of m with respect to the
f-structure. Suppose that the f-structure satisfies the condition

f2 = ±θf. (4)

Then
[m1, m1] ⊂ m2 ⊕ h. (5)

Proof. Note that condition (4) is equivalent to

f = ∓θf2. (6)

Using (4) and (6), for any X, Y ∈ m we obtain

f([fX, fY ]m) = f([θf2X, θf2Y ]m) = (fθ)([f2X, f2Y ]m) = f2([f2X, f2Y ]m).
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On the other hand, using (4) and (6) again, we obtain

f2([f2X, f2Y ]m) = f2([θfX, θfY ]m) = (f2θ)([fX, fY ]m) = −f([fX, fY ]m).

Comparing these two formulas, we conclude that

f([fX, fY ]m) = 0

for any X, Y ∈ m. This condition is obviously equivalent to (5).

It should be mentioned that some homogeneous k-symmetric spaces admit canonical f -structures
satisfying relation (5). More exactly, we have the following corollary.

Corollary 5. Let G/H be a homogeneous Φ-space of order k = 4n, n ≥ 1, such that {i,−i} ⊂ spec θ.
Then for a nontrivial canonical f-structure on G/H satisfying condition (4) we have [m1, m1] ⊂ m2 ⊕ h.

Proof. Indeed, the procedure of describing canonical structures on homogeneous k-symmetric spaces is
constructive (see [15]). Using it, we presented the canonical f -structure under the required condition
in [8]. It remains to apply Theorem 4.

In particular, the canonical f -structure on homogeneous 4-symmetric spaces satisfies condition (5).
This result was first obtained in [13]. In the case k = 8, the corresponding canonical f -structure can be
presented in the form (see [8, 11])

f =
1
4
(θ − θ3 + θ5 − θ7).

By Theorem 4, it also satisfies condition (5).
We also note that the inverse of Theorem 4 is not true. As a general example, for both the canonical

f -structures on homogeneous 5-symmetric spaces (see Corollary 4 and [18–20]) condition (5) is valid.
However, condition (4) for these f -structures is not satisfied.

6. Special Canonical f-Structures in Generalized Hermitian Geometry

Here we illustrate the role of the special canonical f -structures considered above in the generalized
Hermitian geometry. Specifically, we present new classes of invariant Hermitian f -manifolds by means of
the canonical f -structures satisfying condition (4).

First, we recall some basic notions in the generalized Hermitian geometry. The concept of the gen-
eralized Hermitian geometry created in the 1980s (see, e.g., [38, 39, 41]) was a natural consequence of
the development of Hermitian geometry and the theory of almost contact metric structures with many
applications. One of its central objects is the metric f -structures of classical type, which include the class
of almost Hermitian structures.

Recall that an f -structure on a (pseudo)Riemannian manifold (M, g = 〈·, ·〉) is called a metric f-struc-
ture if 〈fX, Y 〉+ 〈X, fY 〉 = 0, X, Y ∈ X(M) (see [39]). In this case, the triple (M, g, f) is called a metric
f-manifold. It is clear that the tensor field Ω(X, Y ) = 〈X, fY 〉 is skew-symmetric, i.e., Ω is a 2-form
on M . Ω is called a fundamental form of a metric f -structure [38,39]. It is easy to see that the particular
cases def f = 0 and def f = 1 of metric f -structures lead to almost Hermitian structures and almost
contact metric structures, respectively.

Let M be a metric f -manifold. Then the first and second fundamental distributions L = Im f
and M = Ker f are mutually orthogonal. We note that in the case where the restriction of g to L is
nondegenerate, the restriction (F, g) of a metric f -structure to L is an almost Hermitian structure, i.e.,
F 2 = −id, 〈FX, FY 〉 = 〈X, Y 〉, X, Y ∈ L.

A fundamental role in the geometry of metric f -manifolds is played by the composition tensor T ,
which was explicitly evaluated in [38]:

T (X, Y ) =
1
4
f(∇fX(f)fY −∇f2X(f)f2Y ), (7)

where ∇ is the Levi-Civita connection of a (pseudo)Riemannian manifold (M, g), X, Y ∈ X(M).
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Using this tensor T , the algebraic structure of a so-called adjoint Q-algebra in X(M) can be defined
by the formula

X ∗ Y = T (X, Y ).

It gives the opportunity to introduce some classes of metric f -structures in terms of natural properties of
the adjoint Q-algebra (see [38,39]).

We enumerate below the main classes of metric f -structures together with their defining properties.
Kf Kähler f-structure: ∇f = 0;
Hf Hermitian f-structure: T (X, Y ) = 0, i.e., X(M) is

an Abelian Q-algebra;
G1f f -structure of class G1, or G1f -structure: T (X, X) = 0, i.e., X(M) is

an anticommutative Q-algebra;
QKf quasi-Kähler f-structure: ∇Xf + TXf = 0;
Kill f Killing f-structure: ∇X(f)X = 0;
NKf nearly Kähler f-structure, or NKf -structure: ∇fX(f)fX = 0.

The classes Kf , Hf , G1f , QKf (in a more general situation) were introduced in [39] (see also [53]).
Killing f -manifolds Kill f were defined and studied in [27,28]. The class NKf was first determined in [2]
(see also [7, 8]).

The following relationships between the classes mentioned are evident:

Kf = Hf ∩ QKf , Kf ⊂ Hf ⊂ G1f , Kf ⊂ Kill f ⊂ NKf ⊂ G1f .

It is important to note that in the special case f = J we obtain the corresponding classes of almost
Hermitian structures (see [26]). In particular, for f = J the classes Kill f and NKf coincide with the
well-known class NK of nearly Kähler structures.

Now we turn to invariant metric f -structures on (pseudo)Riemannian homogeneous spaces.
Let G be a connected Lie group, H be a closed subgroup of it, and g be an invariant (pseudo)Riemann-

ian metric on the homogeneous space G/H. As usual, denote by g and h the Lie algebras corresponding
to G and H, respectively. Assume that G/H is a reductive homogeneous space and g = h ⊕ m is the
reductive decomposition of the Lie algebra g. We also identify m with the tangent space To(G/H) at
the point o = H. Then the invariant metric g is completely defined by its value at the point o. For
convenience, we denote in the same manner both any invariant metric g on G/H and its value at o.

Recall that (G/H, g) is naturally reductive with respect to a reductive decomposition g = h ⊕ m [43]
if

g([X, Y ]m, Z) = g(X, [Y, Z]m)

for all X, Y, Z ∈ m. Here the subscript m denotes the projection of g onto m with respect to the reductive
decomposition.

Any invariant metric f -structure on a reductive homogeneous space G/H determines the orthogonal
decomposition m = m1 ⊕ m2 such that m1 = Im f and m2 = Ker f .

As was already noted (see the Introduction), the main classes of almost Hermitian structures were
provided with a remarkable set of invariant examples. It turns out that there is also a wealth of invariant
examples for the basic classes of metric f -structures. These invariant metric f -structures can be realized
on homogeneous k-symmetric spaces with canonical f -structures. We select here some results in this
direction. More detailed information can be found in [2, 4–9,20,47].

Theorem 5 ([6]). Any invariant metric f-structure on a naturally reductive space (G/H, g) is a G1f-struc-
ture.

As a special case (Ker f = 0), the result from [1] on almost Hermitian G1-structures follows.

Theorem 6 ([6]). Let (G/H, g, f) be a naturally reductive space with an invariant metric f-structure that
satisfies the condition [m1, m1] ⊂ m2 ⊕ h. Then G/H is a Hermitian f-manifold.
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We note that Theorem 6 is also valid for arbitrary invariant (pseudo)Riemannian metric g compatible
with an invariant f -structure on a reductive homogeneous space G/H (see [16]).

Theorems 5 and 6 can be effectively provided with a large class of examples. In particular, for
a semi-simple group G, the invariant (pseudo)Riemannian metric g generated by the Killing form on
any regular Φ-space G/H is naturally reductive with respect to the canonical reductive decomposition
g = h ⊕ m (see [54]). Moreover, all canonical structures f and J on homogeneous, naturally reductive,
k-symmetric spaces are compatible with such a metric, i.e., f is a metric f -structure and J is an almost
Hermitian structure (see [2, 11]). In what follows, by a naturally reductive decomposition we mean the
canonical reductive decomposition for a regular Φ-space G/H.

By Theorem 5, it follows (see [6]) that any canonical metric f -structure on a naturally reductive k-sym-
metric space (G/H, g) is a G1f -structure, and any canonical almost Hermitian structure J is a G1-struc-
ture. It gives a wealth of invariant examples of the structures of such a kind for the generalized Hermitian
geometry, in particular, for Hermitian geometry.

We also mention the following relevant result.

Theorem 7 ([7, 8]). Let G/H be a regular Φ-space, g be a naturally reductive metric on G/H with
respect to the canonical reductive decomposition g = h ⊕ m, and f be a metric canonical f-structure on
G/H. Assume that the f-structure satisfies the condition f2 = ±θf . Then (G/H, g, f) is a nearly Kähler
f-manifold.

Now we prove the following theorem.

Theorem 8. Let G/H be a homogeneous regular Φ-space, g be an arbitrary invariant (pseudo)Riemannian
metric, and f be a metric (with respect to g) canonical f-structure on G/H. If the f-structure satisfies
the condition f2 = ±θf , then (G/H, g, f) is a Hermitian f-manifold.

Proof. By Theorem 4, condition (4) implies that of (5). Now it remains to apply [16, Theorem 3] (see
comments after Theorem 6).

As an immediate application of this theorem and Corollary 5, we have the following corollary.

Corollary 6. Let G/H be a homogeneous Φ-space of order k = 4n, n ≥ 1, such that {i,−i} ⊂ spec θ.
Consider a nontrivial canonical f-structure on G/H satisfying the condition f2 = ±θf and endowed with
any invariant compatible (pseudo)Riemannian metric g. Then (f, g) is an invariant Hermitian f-structure
on G/H.

We select one particular case of the situation above as an example of general character.

Corollary 7. The canonical f-structure

f =
1
4
(θ − θ3 + θ5 − θ7)

on a homogeneous 8-symmetric space G/H endowed with any invariant compatible (pseudo)Riemannian
metric g is an invariant Hermitian f-structure.

For example, any flag manifold SU(n)/Tmax (n ≥ 3, Tmax is a maximal torus) can be considered as
a homogeneous k-symmetric space for any k ≥ n (see [32]). Hence these flag manifolds provide a particular
class of homogeneous Hermitian f -manifolds. Specifically, we may choose SU(8)/T7 as a homogeneous
8-symmetric space.

It should be mentioned that the result of Corollary 6 for k = 4 was already obtained in [6] (for
a naturally reductive metric) and [16] (for the general case). We also note that Riemannian 4-symmetric
spaces of classical compact Lie groups were classified in [31]. Therefore, this gives a long list of homo-
geneous Hermitian f -manifolds of semisimple type, whose f -structure is generally nonintegrable. For
homogeneous spaces of solvable type, the 6-dimensional generalized Heisenberg group (N, g) represented
as a Riemannian homogeneous 4-symmetric space (see [57]) is a homogeneous Hermitian f -manifold with
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respect to the canonical f -structure f = 1
2(θ−θ3) (see [6]), where the Riemannian metric g is not naturally

reductive.
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57. F. Tricerri and L. Vanhecke, Homogeneous Structures on Riemannian Manifolds, London Math. Soc.

Lect. Note Ser., Vol. 83, Cambridge Univ. Press (1983).
58. J. A. Wolf and A. Gray, “Homogeneous spaces defined by Lie group automorphisms,” J. Differential

Geom., 2, No. 1-2, 77–159 (1968).
59. K. Yano, “On a structure defined by a tensor field f of type (1, 1) satisfying f3 + f = 0,” Tensor,

14, 99–109 (1963).

Vitaly V. Balashchenko
Faculty of Mathematics and Mechanics, Belarusian State University,
F. Scorina av. 4, Minsk 220050, Belarus
E-mail: balashchenko@bsu.by, vitbal@tut.by

789


