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OF THE CONCENTRATIONS OF ATMOSPHERIC CONSTITUENTS
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A multiwavelength technique for open-path spectrophotometric measurements of the concentrations of the
principal constituents of the atmosphere is presented. It uses a standard least squares procedure to minimize
deviations of the calculated optical thickness of the working path from the measured value. The novel feature
of this technique is that the effects of various sources of error on the computational results are interpreted as
the difference in spectra of the probe radiation propagating along the working path and a comparison path.
This difference yields a systematic error that is independent of the actual concentrations. The advantage of
the multiwavelength technique is that an increased number of measurement wavelengths significantly reduces
the effect of the various sources of error on the results.
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Introduction. Minor gaseous components of the atmosphere are traditionally monitored with equipment that
records the absorption of radiation from an artificial source by air samples collected in a test cell [1]. Open-path spec-
trophotometric systems capable of competing with instruments that perform measurements at local spatial points have
also been used successfully [2–9].

A multiwavelength version of open-path spectrophotometric measurements of the concentration of ozone near
the earth’s surface has been discussed in [10, 11], and some measurements carried out at the National Scientific-re-
search Center for Monitoring of the Ozonosphere of the Belarusian State University using a reconstructed [6] TrIO-1
open-path measurement system have been reported in [12]. This technique employs a standard version of the method
of least squares to minimize the deviation between the calculated optical absorption thickness along the working path
and the measured optical thickness. It is important to note that, as opposed to traditional optical analyzers for local
ozone concentrations (which are adaptations of standard laboratory one- and two-beam spectrophotometers), open path
systems use an extra optical comparison path (zero path or reference path [11, 12]) which differs fundamentally from
the working path along which the measurements are made. Without a comparison path, it is necessary to resort to ad-
ditional "tricks" (such as the measurement technique proposed by the Opsis firm [3]) in order to do entirely without
a comparison path.

The distinctive feature of the proposed technique is a universal approach to the analysis of the role of differ-
ent sources of error. It turns out to be convenient to interpret the effect of the sources of error as the difference pro-
duced by these errors between spectra of the probe radiation emitted along the working path and along a comparison
path. The efficiency of this method is demonstrated for the examples of estimating the effect on the measured ozone
concentration owing to uncertainties in measuring the optical signals, determining the position of the working spectral
band, setting the working wavelengths of the spectrometer, and the stability of the probe radiation source, was well as
uncertainties in the parameters of the computational technique [12]. One remarkable feature of this technique is that,
to some extent, using a large number of wavelengths for the measurements helps suppress the influence of the differ-
ent sources of error.

Despite the obvious advantages of this method, there is a serious shortcoming in limiting it to one constituent
(ozone) that selectively absorbs the probe light. In most practical situations, this limitation is unacceptable. In general,
there are several gaseous constituents that have significant absorption within the spectral range chosen for the meas-
urements. This can be a source of the different noted above (in addition to errors in aligning the instrument and other
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causes) in the spectra of the probe light. Clearly, accounting for all the gaseous constituents that absorb light at the
chosen wavelengths will make it possible to eliminate, or at least minimize, this source of error.

This paper presents a generalization of the multiwavelength open-path technique to the case of more than one
atmospheric constituent that absorbs the probe light. This is a further development of the earlier idea of interpreting
the effect of the various sources of error as the differences they produce in spectra of the probe light emitted along
the working path and along a comparison path.

The Method of Least Squares for Open-Path Spectrophotometric Measurements of Gaseous Constituents
of the Atmosphere. We denote the wavelength λ dependence of the functions used here by (λ). In fact, it should be
kept in mind that the measurements are made at a fixed set of working wavelengths, {λr}, where r = 1, 2, ..., N.
Thus, we also have to deal with a fixed set of values of these functions. According to the Bouger–Lambert–Beer law,
the signal detected at wavelength λ can be written in the form

S (λ) = gγ (λ) I (λ) exp [− τ (λ)] , (1)

where g is a geometric factor characterizing the degree of attenuation of the radiation along the path owing to the di-
vergence of the probe beam, the finite size of the mirrors used to shape the optical path, nonselective absorption along
the path, etc. (By definition, this is independent of wavelength, but varies for different paths.) γ(λ) is the absolute
spectral sensitivity of the instrument. (For simplicity in the calculations, the spectral dependence of the reflectivity of
the mirrors is incorporated in γ(λ).) I(λ) is the spectral density of the radiative intensity propagating along the path (in
general, this depends on the path, i.e., the working or comparison path). τ(λ) is the optical thickness of the path. In
the case of the comparison path, τ0(λ) � 0. (In the following, parameters associated with the comparison path or the
working path are indicated by subscripts "0" or "l," where necessary.)

The optical thickness of the working path is the sum of the optical thickness τabs owing to absorption by the
gaseous constituents, the optical thickness τmol owing to molecular scattering, and the optical thickness τaer owing to
attenuation by aerosols and precipitation, i.e.,

τl (λ) = τabs (λ) + τmol (λ) + τaer . (2)

In accord with the generally accepted assumption that τaer is spectrally unselective within the very narrow
working spectral range, this optical thickness can be included in the geometric factor for the working path. The geo-
metric factor then ceases to be a constant of the apparatus and begins to depend on the measurement conditions (e.g.,
on the value of τaer), but the proposed technique allows for this possibility. The contribution from molecular scattering
τmol(λ) is calculated using the standard equations [7, 13]. The contribution owing to absorption along the working path
by M gases is given by the sum of the products of their mean concentrations ni, the corresponding absorption cross
sections Ci(λ), and the path length l, i.e.,

τabs (λ) = ∑ 
i=1

M

Ci (λ) Xi ,   Xi = nil ,   i = 1, 2, ..., M . (3)

Equation (3) can also be written using vector notation as

τabs (λ) = C
~

 (λ) X ,

where C and X are the column vectors whose components are the absorption cross sections Ci and the values of Xi,
and the symbol ~ denotes transposition.

We introduce the M × M matrix D with elements

Dij = N
 −1

 [Hi (λ) Hj (λ)]avg .

Here Hi(λ) = Ci(λ) – (Ci)avg and we have introduced the notation for the average value of some quantity A over the
set of working wavelengths as Aavg = N−1   ΣλA(λ). By definition, the elements of the matrix D are the covariances of
the absorption cross sections of the constituents present in the gas mixture along the path. Following [10–12], we
write
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Z (λ) = ln [S0 (λ)] − ln [Sl (λ)] − τmol (λ) , (4)

G = ln (g0
 ⁄ gl) + τaer . (5)

Based on Eqs. (1)–(5), we have

Z (λ) = G + C
~

 (λ) X . (6)

According to Eq. (4), the variables Z(λ) are the transformed results of measurements of signals obtained from the
working path and the comparison path with the errors of different kinds taken into account. At the same time, accord-
ing to Eq. (6), the variables Z(λ) are the optical thickness for absorption of the radiation in the working path shifted
to a value independent of wavelength and produced by the geometrical factors for both paths. The unknowns G and
Xi, i = 1, 2, ... M, are to be determined.

Because of the errors in the measured signals and the approximations being used, Eq. (6) cannot be satisfied
at all the working wavelengths for fixed values of G and X if the number N of wavelengths exceeds M + 1. It is,
however, possible to search for an approximate solution of the system of Eqs. (6) using a least squares method. In
that case, the desired solution minimizes the functional

F (G, X) = ∑ 
λ

[Z (λ) − G − C
~

 (λ) X]
2
 ,

which happens if the relation

DX = Z (7)

is satisfied, where the components of the vector Z are defined as Zi = [Hi(λ)Z(λ)]avg. The solution of the system of
linear Eqs. (7) is

X = D−1Z . (8)

A solution to Eq. (8) exists if the set of working wavelengths ensures nondegeneracy of the matrix D. Yet another
unknown parameter is given by

G = Zavg − C
~

avg X . (9)

Regarding the existence of a solution of the system of Eqs. (7), we must say the following. In the specific
case, this is the skill of the poser of the problem (a successful choice of the set of working wavelengths). More often,
there are objective obstacles to the existence of such a choice. But, in rare cases, the experimenter has limited free-
dom to choose the measurement wavelengths. Then a situation may arise in which the absorption cross sections for
two or more of the substances being monitored at the working wavelengths turn out to be linearly dependent. This
makes the matrix D degenerate and, at first glance, makes the main problem (finding a unique solution to Eqs. (7))
impossible to solve. In fact, this means that an exact concentration cannot be found only for those substances for
which the absorption cross sections are linearly dependent. The problem is solved by a successful choice of working
wavelengths for making the measurements. An examination of the more complicated situations in which the approxi-
mation of a linear dependence of the cross sections leads to poor conditionality of the system of Eqs. (7) is beyond
the scope of this article and is what is known as an "incorrectly stated problem."

The Effect of Differences in the Spectra of the Light Emitted along the Working and Comparison
Paths. We consider the case in which the spectrum of the probe light emitted along the comparison path is not the
same as that along the working path. This kind of difference in the spectra can be caused by factors, some of which
were pointed out in [10]. Despite the difference, the two spectra are non-negative functions. Thus,

ln I0 (λ) = ln Il (λ) + Φ (λ) . (10)

In this situation, instead of the measurement result (4), we have
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Z ′ (λ) = Z (λ) + Φ (λ) , (11)

where Z(λ) corresponds to the case Φ(λ) � 0. Using these data for calculating the concentrations X and the relation-
ship of the geometric factors G (Eqs. (8) and (9)) and with the notation Φ = [H(λ)Φ(λ)]avg, we obtain

X′ = X + D−1
� , (12)

G ′ = G + Φavg − C
~

avgD
−1

� . (13)

Here X and G correspond to the case Φ(λ) � 0. Thus, if the probe spectra are different, the calculations yield a con-
stant shift of the calculated concentrations and of the relationship of the geometric factors. The magnitude of the shift
depends on the covariances Φ and is independent of the actual concentrations of the components of the gas mixture.
Obviously, the constant systematic error must be determined for support of absolute measurements. Note that this shift
shows up only if there is a difference in the relative spectra: a constant Φ(λ) (proportionality of the probe spectra)
does not lead to a shift, since Φ � 0 in this case.

The values of Φ(λ) can be expanded in the form

Φ (λ) = H
~

 (λ) D−1
 + Q (λ) ,   where  Q = [H (λ) Q (λ)]avg = 0 . (14)

This representation is a discrete analog of the separation of the contributions to Φ(λ) from the set of absorption cross
sections Hi(λ), i = 1, 2, ..., M and the residue function Q(λ) orthogonal to them. The requirement that Q = 0 serves
here as an analog of the condition of orthogonality.

We introduce the function ΔZ(λ)  = Z ′(λ) – G ′ – G
~

(λ)X′ that characterizes the deviation of the measured
quantities Z ′(λ) (Eq. (11)) from the calculations based on the found values of X′ and G′ (Eqs. (12) and (13)). Assum-
ing Z(λ) – G – C(λ)X � 0 (i.e., there are no measurement errors), we obtain

ΔZ (λ) = Q (λ) − Qavg . (15)

The apparent (i.e., nonzero) difference ΔZ(λ) between the measured optical absorption thickness and its calculated
value is entirely determined by the function Q(λ), which is the part of Φ(λ) orthogonal to all the cross sections Hi(λ).
Equation (15) yields the obvious equalities (ΔZ)avg � 0 and ΔZ = [H(λ)ΔZ(λ)]avg � 0. The ΔZ(λ) are independent of
the actual concentrations of the absorbing substances. However, random errors in the measured signals do affect these
values. Nevertheless, the contribution of this kind of errors to ΔZ(λ) can be minimized by averaging over series of
measurements. The ΔZ(λ) give the part of the difference between the spectra of the emission from the working and
reference paths that is accessible to detection. Thus, the dispersion σΔZ

2  = σQ
2  = {[ΔZ(λ)]2}avg serves as a quantitative

estimate for this part of the difference. The difference in the spectra of the probe light can be detected in the course
of measuring the concentrations (σΔZ

2  ≠ 0) if the function Φ(λ) is linearly independent of the set of cross sections
Hi(λ), i = 1, 2, ..., M. If only the minimum number of working wavelengths N = M + 1 necessary for finding the
concentrations is used, then this kind of linear dependence exists by definition and the difference between the spectra
of the probe light cannot, in principle, be determined by analyzing the values of ΔZ(λ). This means that the systematic
errors in calculating the concentrations of the gaseous constituents also cannot be found. In order to avoid this situ-
ation, a larger number of measurement wavelengths must be used. Then it can be expected that the function Φ(λ) will
include a significant portion of the "visible" (apparent) component Q(λ), the "destruction" of which by adjusting the
optical system will cause a simultaneous reduction in the "invisible" component that depends on the cross sections; the
latter is the part which distorts the value of the calculated concentrations. Nevertheless, in any case this method loses
its absolute character if the technique for adjusting the instrument does not ensure coincidence of the probe light spec-
tra along the working and comparison paths.

In most cases, the difference in the spectra of the probe light is an additional smooth function of wavelength.
Thus, when the individual absorption cross sections for the chosen set of working wavelengths have a more compli-
cated profile, the contribution of these functions to the expansion of the smooth function Φ(λ) will be smaller and the
existing difference in the spectra will have less influence on the calculated concentrations. This is what determines the
workability of the Opsis method (more details in [10]). This also implies that the largest errors owing to differences
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in the spectra are to be expected for atmospheric components with the smoothest absorption cross section profiles over
the chosen set of working wavelengths.

It is clear that destruction of the visible part Q(λ) of the difference in the spectra has no influence whatever
on the calculated concentrations. The most important part of the difference is still "invisible" and there is no way to
evaluate its influence on the calculated concentrations and introduce a corresponding correction. Although σΔZ

2  is an
integrated estimate of the difference between the set of values {ΔZ(λr)} and zero, the condition σΔZ

2  = 0 is only nec-
essary, but not sufficient, for coincidence of the spectra of the probe light emerging along the two paths. Thus, cor-
rections for the calculated concentrations can be determined if there is a possibility of measuring and comparing the
spectra emitted along the comparison and working paths. On the other hand, the value of σΔZ

2  is a good criterion for
evaluating the quality of the alignment of the instrument and can be used to monitor the quality of the measurements.
If coincidence of the spectra is ensured, then the instrument becomes an absolute measurement device and does not
require preliminary comparative calibration with respect to a standard instrument.

The Effect of Random Errors in Measuring the Signals. Sources of error of various origin are intrinsic to
all spectrometric apparatus, so they have a common character. Only the quantitative contribution of a given source of
measurement error depends on the design of the system and the method of calculating the concentrations from the
measured signals. Some typical sources of error for spectroscopic instrumentation were enumerated in the introduction.
The important thing is that the role of most sources of random and systematic errors can be interpreted in terms of a
difference between the spectra of the probe light along the working and comparison paths. Following the proposed idea,
it is easy to estimate the contribution of each source of error to the final calculated concentrations using Eq. (12).

Here we restrict ourselves to analyzing the role of random errors in measuring the signals. We make the en-
tirely natural assumption that the errors δS(λ) in measuring the signals at each wavelength are random and that the
measurement errors at the different wavelengths are uncorrelated, i.e., δS(λ)

_____
 = 0 and δS(λ)δS(λ′)

__________
 = 0 if λ ≠ λ′. Here

and in the following, an overhead bar denotes averaging over a series of repeated measurements at wavelength λ or
over a series of repeated pairs of measurements at wavelengths λ and λ′. We denote the dispersions of the physical
quantities from a set of repeated measurements by U2 with a corresponding subscript. We express the random error in
Z(λ) in terms of the relative errors in measuring the signals, ε0(λ) = δS0(λ) ⁄ S0(λ) and εl(λ) = δSl(λ) ⁄ Sl(λ), and relate
the dispersion UZ(λ)

2  = [δZ(λ)]2
_______

 of Z(λ) to the relative dispersions in the measurements of the signals. Assuming that
Eq. (4) is valid and that the relative errors in the measurements are small, we obtain

δZ (λ) = δS0 (λ) ⁄ S0 (λ) − δSl (λ) ⁄ Sl (λ) = ε0 (λ) − εl (λ) .

The entirely reasonable assumption that the errors ε0(λ) and εl(λ) are uncorrelated leads to

UZ(λ)
 2

 = u0
2
 (λ) + ul

2
 (λ) ,

where u0
2(λ) = [ε0(λ)]2

_______
 and ul

2(λ) = [εl(λ)]2
______

 are the relative dispersions in the signals, which are easily estimated during
the direct measurements. It is also obvious that δZ(λ)

_____
 = 0 and that δZ(λ)δZ(λ′)

__________
 = 0 if λ ≠ λ′.

According to Eq. (11), δZ(λ) (the deviation of the measured Z(λ) from the exact value) can be interpreted as
the difference in the logarithms of the intensity of the probe light spectra emitted along the two paths. This difference
develops in a concrete measurement (involving the recording of signals along the reference and working paths at all
the working wavelengths). The absolute error in a measurement of the concentrations X is given by

δX = D−1δZ ,   δZ = [H (λ) δZ (λ)]avg .

For the dispersions of the calculated concentration of the i-th component we have

UX
i

 2
 = δXi

 2
____

 = ∑ 
k,l

Dik
 −1

Dil
 −1

 δZkδZl

______
 ,

where δZkδZl

______
 = N−1[Hk(λ)Hl(λ)UZ(λ)

2 ]avg. If the relative dispersions of the signals are the same at all wavelengths (i.e.,
UZ(λ)

2  = UZ
2 = const (λ)), then

δZkδZl

______
 = DklUZ

 2 ⁄ N   and   UX
i

 2
 = DiiUZ

 2 ⁄ N .
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This last expression relates the dispersions in the calculated concentrations to the relative dispersions in the measured
signals. It also shows that increasing the number of working wavelengths has an effect consistent with the well-known
N −1 ⁄ 2 law.

We return to the problem of a possible difference in the spectra of the radiation emitted along the working
and reference paths. It was noted above that the difference of σΔZ

2  from zero can serve as an indicator of the existence
of a systematic difference in the spectra and, therefore, can be used to monitor the quality with which the apparatus
has been aligned and its stability over time. In fact, the dispersion σΔZ

2  can never be brought to zero because of ran-
dom errors in measuring the signals. In the particular case where there is no systematic difference in the spectra (i.e.,
the real difference is caused solely by random errors in measuring the signals, i.e., Φ(λ) = δZ(λ) = ε0(λ) – εl(λ)), av-
eraging the dispersions over a series of measurements subject to the previously used approximation UZ(λ)

2  = UZ
2 =

const (λ) will, after some rather tedious but simple transformations, yield

σΔZ
2

___
 = 

1
N

 ∑ 
λ

[Z ′ (λ) − G ′ − C
~

 (λ) X ′    ]
2

_____________________
 = 

N − (M + 1)
N

 UZ
 2

 ≥ 0 .

The ratio [N – (M + 1)]/N is close to unity for N >> M, but it goes to zero when the number of working wavelengths
is equal to the minimum possible N = M + 1. This means that even the influence of random errors in measuring the
signals cannot be revealed in the latter case. The above expression for σΔZ

2
___

 is a refinement of the formula from [12]
for the special case of a single absorbing substance. If N > M, then the random errors in measuring the signals con-
tribute to σΔZ

2  and make it positive, even when there is no difference in the spectra. Therefore, even when the instru-
ment is adjusted ideally, the dispersion σΔZ

2  will be greater than zero. In addition, the ΔZ(λ) do not depend on the
actual concentrations of the absorbing substances along the probe path; they can vary only because of random errors
in measuring the signals. Thus, averaging the ΔZ(λ) over a series of measurements in order to reduce the effect of
these errors is permissible. Then, as the number of series increases, the dispersion σΔZ

___2  of the averaged values ΔZ(λ)
_____

approaches zero provided there is no systematic difference in the spectra.
Conclusion. The proposed multiwavelength technique for determining the concentration of gases in a mixture

using an open-path spectrophotometric measurement system is, in principle, quite general and can easily be applied to
any specific instrument design. The advantage of the multiwavelength technique is that increasing the number of
wavelengths for the measurements can significantly reduce the influence of various sources of error on the results. The
mathematical formalism developed here can be used to analyze the effect on the measurement results of a difference
in the spectra of the probe light emitted along the working and comparison paths. It has been shown that a difference
of this kind leads to systematic error in the calculated concentrations. Eliminating this difference converts an optical
path measurement system into an absolute measurement device that does not require calibration relative to a standard
apparatus. A unified approach has been proposed for evaluating the contribution of different sources of error to the
resulting uncertainty in the calculated concentrations. The effect of random errors in measuring the signals has been
analyzed as an example.
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