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Ç Ì‡ÒÚÓfl˘ÂÈ ÒÚ‡Ú¸Â Ï˚ ÔÂÒÎÂ‰ÛÂÏ ‰‚ÓÈÌÛ˛
ˆÂÎ¸: ËÁÎÓÊËÚ¸ ÌÂÍÓÚÓ˚Â ÂÁÛÎ¸Ú‡Ú˚ ËÒÒÎÂ‰Ó-
‚‡ÌËfl ÌÂÔÂ˚‚Ì˚ı ‰Ó·ÂÈ ‚ ÙÛÌÍˆËÓÌ‡Î¸Ì˚ı
ÔÓÎflı Ë ÔÓÍ‡Á‡Ú¸, Í‡Í ÌÂÔÂ˚‚Ì˚Â ‰Ó·Ë ÏÓ„ÛÚ
·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ‰Îfl Ì‡ıÓÊ‰ÂÌËfl ÙÛÌ‰‡ÏÂÌ-
Ú‡Î¸Ì˚ı 

 

S

 

-Â‰ËÌËˆ ‚ „ËÔÂ˝ÎÎËÔÚË˜ÂÒÍËı ÔÓÎflı.
èÛÒÚ¸ 

 

k

 

 – ÔÓËÁ‚ÓÎ¸ÌÓÂ ÔÓÎÂ, 

 

k

 

(

 

x

 

) – ÔÓÎÂ ‡ˆË-
ÓÌ‡Î¸Ì˚ı ÙÛÌÍˆËÈ ÓÚ Ó‰ÌÓÈ ÔÂÂÏÂÌÌÓÈ Ì‡‰ 

 

k

 

.
ÑÎfl ÌÂÔË‚Ó‰ËÏÓ„Ó ÏÌÓ„Ó˜ÎÂÌ‡ 

 

ν ∈ 
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ν

 

 ·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ ÌÓÏËÓ‚‡ÌËÂ, ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘ÂÂ 

 

ν

 

, ˜ÂÂÁ 
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ν
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z
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x

 

)
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≥

 

 0} – ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘ÂÂ ÍÓÎ¸ˆÓ ÌÓÏËÓ‚‡ÌËfl, ˜ÂÂÁ 
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. íÓ„‰‡ ÔÓÎÂ
‚˚˜ÂÚÓ‚ 

 

O

 

ν

 

/

 

p

 

ν

 

 ÒÓ‚Ô‡‰‡ÂÚ Ò 

 

k

 

[

 

x

 

]/(

 

ν

 

) Ë fl‚ÎflÂÚÒfl ÍÓ-
ÌÂ˜Ì˚Ï ‡Ò¯ËÂÌËÂÏ 

 

k

 

. èÛÒÚ¸ 

 

k

 

(

 

x

 

)

 

ν

 

 – ÔÓÔÓÎÌÂÌËÂ
ÔÓÎfl 

 

k

 

(

 

x

 

) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÌÓÏËÓ‚‡ÌËfl 

 

|

 

·
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. èÓ‰ÓÎ-
ÊÂÌËÂ ÌÓÏËÓ‚‡ÌËfl 
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 Ì‡ 

 

k

 

(
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)

 

ν

 

 ÔÓ-ÔÂÊÌÂÏÛ ·Û-
‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ ˜ÂÂÁ 
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. Ç˚·ÂÂÏ ‚ 

 

k

 

[

 

x

 

] ÙËÍÒËÓ-
‚‡ÌÌÛ˛ ÒËÒÚÂÏÛ 

 

Σ

 

 ÔÂ‰ÒÚ‡‚ËÚÂÎÂÈ ÒÏÂÊÌ˚ı ÍÎ‡Ò-
ÒÓ‚ ÔÓ Ë‰Â‡ÎÛ (

 

ν

 

), ÒÓÒÚÓfl˘Û˛ ËÁ ‚ÒÂı ÏÌÓ„Ó˜ÎÂÌÓ‚
ÒÚÂÔÂÌË ÏÂÌ¸¯Â 

 

deg

 

ν

 

. íÓ„‰‡ Í‡Ê‰˚È ˝ÎÂÏÂÌÚ

 

z

 

 ∈

 

 k

 

(

 

x

 

)

 

ν

 

 Â‰ËÌÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ ÏÓÊÌÓ ÔÂ‰ÒÚ‡-
‚ËÚ¸ ‚ ‚Ë‰Â ÙÓÏ‡Î¸ÌÓ„Ó ÒÚÂÔÂÌÌÓ„Ó fl‰‡

 

z

 

 =

 

 

 

ν

 

i

 

, „‰Â 

 

s

 

 ∈ 

 

Z

 

, ‡ 

 

a

 

i

 

 ∈ Σ

 

. ÖÒÎË 

 

deg

 

ν

 

 =1, ÚÓ ÔÓÎÂ

 

k

 

(

 

x

 

)

 

ν

 

 ÏÓÊÌÓ ÓÚÓÊ‰ÂÒÚ‚ËÚ¸ Ò ÔÓÎÂÏ ÙÓÏ‡Î¸Ì˚ı
ÒÚÂÔÂÌÌ˚ı fl‰Ó‚ 

 

k

 

((

 

ν

 

)).
çÂÔÂ˚‚Ì˚Â ‰Ó·Ë ‚ ÙÛÌÍˆËÓÌ‡Î¸Ì˚ı ÔÓÎflı

‚ ÒÎÛ˜‡Â ÌÓÏËÓ‚‡ÌËfl 

 

|

 

·

 

|

 

∞

 

 ·˚ÎË ‚ÔÂ‚˚Â ‚‚Â‰ÂÌ˚
ù. ÄÚËÌÓÏ [1]. å˚ ‡ÒÒÏ‡ÚË‚‡ÂÏ Ó·˘ËÈ ÒÎÛ˜‡È
ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ÌÓÏËÓ‚‡ÌËfl 
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. èÛÒÚ¸ 

 

β ∈ 
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(

 

x

 

)

 

ν

 

.
èÂ‰ÒÚ‡‚ËÏ 

 

β

 

 ‚ ‚Ë‰Â ÙÓÏ‡Î¸ÌÓ„Ó ÒÚÂÔÂÌÌÓ„Ó fl-

‰‡ 

 

β

 

 = 

 

ν

 

i

 

, „‰Â 

 

d

 

i

 

 ∈ Σ

 

, Ë ÔÓÎÓÊËÏ [

 

β

 

] = 

 

ν

 

i

 

,

ÂÒÎË 

 

s

 

 

 

≤

 

 0, Ë [

 

β

 

] = 0 ‚ ÒÎÛ˜‡Â 

 

s

 

 > 0. èÛÒÚ¸ 

 

a

 

0

 

 = [

 

β
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i s=

∞
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i s=
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∑ di

i s=

0

∑

 

ÖÒÎË 

 

β

 

 – 

 

a

 

0

 

 

 

≠

 

 0, ÚÓ ÔÓÎÓÊËÏ 

 

β1 =  ∈ k(x)ν,

a1 = [β1]. Ñ‡ÎÂÂ ÔÓ ËÌ‰ÛÍˆËË ÓÔÂ‰ÂÎflÂÏ ˝ÎÂÏÂÌ-

Ú˚ ai, βi: ÂÒÎË βi – 1 – ai – 1 ≠ 0, ÚÓ βi =  ∈

∈ k(x)ν, ai = [βi]. çÂÚÛ‰ÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ˝ÚÓÚ ÔÓ-
ˆÂÒÒ Ó·Ó‚ÂÚÒfl ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ β ∈ k(x).
ÅÛ‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÒÚ‡Ì‰‡ÚÌÛ˛ ÒÓÍ‡˘ÂÌÌÛ˛
Á‡ÔËÒ¸ ‰Îfl ÌÂÔÂ˚‚ÌÓÈ ‰Ó·Ë β = [a0, a1, a2, …].
èÓ ÔÓÒÚÓÂÌË˛, βn = [an, an + 1, …].

éÔÂ‰ÂÎËÏ ÔÓ ËÌ‰ÛÍˆËË ˝ÎÂÏÂÌÚ˚ pi, qi ∈ k(x).
èÓÎÓÊËÏ p–2 = 0, p–1 = 1, q–2 = 1, q–1 = 0 Ë ÂÒÎË n ≥ 0, ÚÓ 

(1)

íÓ„‰‡  = [a0, a1, a2, …, an] ÔË n ≥ 0. ëÚ‡Ì‰‡Ú-

Ì˚Ï Ó·‡ÁÓÏ ÏÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ̃ ÚÓ ‰Îfl n ≥ –1 ÒÔ‡-
‚Â‰ÎË‚˚ ÒÓÓÚÌÓ¯ÂÌËfl

(2)

(3)

(4)

ÑÓ·¸  Ì‡ÁÓ‚ÂÏ n-È ÔÓ‰ıÓ‰fl˘ÂÈ ‰Ó·¸˛ Í β. èÓ

ÔÓÒÚÓÂÌË˛, |an| = |βn| < 0 ‰Îfl n ≥ 1. àÁ (1) ÔÓ ËÌ-
‰ÛÍˆËË ÎÂ„ÍÓ ÔÓÎÛ˜ËÚ¸ ÒÓÓÚÌÓ¯ÂÌËÂ

(5)

‡ ËÁ (3) ÔÓÎÛ˜‡ÂÏ 

(6)

ËÎË, ˜ÚÓ ˝Í‚Ë‚‡ÎÂÌÚÌÓ,

(7)

1
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ÅÂÌfl¯-äË‚Âˆ, èÎ‡ÚÓÌÓ‚

áÌ‡˜ËÚ,  = β. Ç‚Â‰ÂÏ ÔÓÌflÚËÂ Ì‡ËÎÛ˜¯Â„Ó

ÔË·ÎËÊÂÌËfl Í β. ÖÒÎË  ∈ k(x), „‰Â a, b ∈ k[x] –

‚Á‡ËÏÌÓ ÔÓÒÚ˚Â ÏÌÓ„Ó˜ÎÂÌ˚, ÚÓ ‡ÁÎÓÊËÏ a Ë b
ÔÓ ÒÚÂÔÂÌflÏ ν: a = a0 + a1ν + … + asνs, b = b0 +
+ b1ν + … + btνt, „‰Â ai, bi ∈ Σ, as ≠ 0, bt ≠ 0. íÓ„‰‡,
‡Á‰ÂÎË‚ a Ë b Ì‡ νr, „‰Â r = max{s, t}, ÔÂ‰ÒÚ‡‚ËÏ

‰Ó·¸  ‚ ‚Ë‰Â

(8)

„‰Â ci, di ∈ Σ, c–p ≠ 0, d–q ≠ 0, c0 Ë d0 Ó‰ÌÓ‚ÂÏÂÌÌÓ
ÌÂ ‡‚Ì˚ ÌÛÎ˛. ÅÛ‰ÂÏ ‚ ‰‡Î¸ÌÂÈ¯ÂÏ ÔÂ‰ÔÓÎ‡-
„‡Ú¸, ˜ÚÓ ‚ÒÂ ˝ÎÂÏÂÌÚ˚ ËÁ k(x) Á‡ÔËÒ‡Ì˚ ‚ ‚Ë‰Â (8).

é Ô  Â ‰ Â Î Â Ì Ë Â. çÂÒÓÍ‡ÚËÏ‡fl ‰Ó·¸  ∈ k(x)

fl‚ÎflÂÚÒfl Ì ‡ Ë Î Û ˜ ¯ Ë Ï  Ô  Ë · Î Ë Ê Â Ì Ë Â Ï  Í
β, ÂÒÎË ‰Îfl Î˛·ÓÈ ‰Û„ÓÈ ÌÂÒÓÍ‡ÚËÏÓÈ ‰Ó·Ë

 ≠ , Ú‡ÍÓÈ, ̃ ÚÓ |b| ≥ |q|, ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

 >  (ËÎË, ˜ÚÓ ˝Í‚Ë‚‡ÎÂÌÚÌÓ, |qβ – p| >

> |bβ – a|).

è  Â ‰ Î Ó Ê Â Ì Ë Â  1. ÑÓ·¸  fl‚ÎflÂÚÒfl Ì‡Ë-

ÎÛ˜¯ËÏ ÔË·ÎËÊÂÌËÂÏ Í β ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ-

„‰‡, ÍÓ„‰‡  > –2|q| (ËÎË |qβ – p| > –|q|). 

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. á‡ÔË¯ÂÏ ˝ÎÂÏÂÌÚ˚ p,
q, β, qβ ‚ ‚Ë‰Â ÙÓÏ‡Î¸Ì˚ı ÒÚÂÔÂÌÌ˚ı fl‰Ó‚ ÓÚ ν

„‰Â ai, bi, ci, di ∈ Σ, a–r ≠ 0, b–s ≠ 0. èÛÒÚ¸ n = degν.
íÓ„‰‡

„‰Â aij, bij, cij, dij ∈ k. èË ˝ÚÓÏ dij = Lij(b00, …, b–s, n – 1),
„‰Â Lij – ÎËÌÂÈÌ‡fl ÙÓÏ‡ ÓÚ n(s + 1) ÔÂÂÏÂÌÌÓÈ Ò
ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË ËÁ ÔÓÎfl k. ÑÓÔÛÒÚËÏ, ̃ ÚÓ |qβ – p| =
= l ≤ –|q| = s. àÁ ÓÔÂ‰ÂÎÂÌËfl Ì‡ËÎÛ˜¯Â„Ó ÔË·ÎË-
ÊÂÌËfl ÒÎÂ‰ÛÂÚ, ˜ÚÓ l > 0. íÓ„‰‡ Ï˚ ‰ÓÎÊÌ˚ ËÏÂÚ¸
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qβ diν
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i m s–=
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ai aijx
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j 0=
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∑ bijx
j, ci

j 0=

n 1–

∑ cijx
j,

j 0=

n 1–

∑= = =

di dijx
j,

j 0=

n 1–

∑=

|p| = |q| + |β|, Ú.Â. r = s – m. èÓÒÍÓÎ¸ÍÛ qβ – p = di –

– ai)νi + νi, ÔÓÎÛ˜‡ÂÏ

(9)

(10)

àÁ (10) ÒÎÂ‰ÛÂÚ, ˜ÚÓ 

(11)

í‡ÍËÏ Ó·‡ÁÓÏ, Ì‡·Ó ˝ÎÂÏÂÌÚÓ‚ (b00, …, b–s, n – 1)
fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ÒËÒÚÂÏ˚ ÎËÌÂÈÌ˚ı Ó‰ÌÓÓ‰-
Ì˚ı Û‡‚ÌÂÌËÈ

(12)

„‰Â Y = (y00, …, y–s, n – 1)t, C – Ï‡ÚËˆ‡ Ò ÍÓ˝ÙÙËˆË-
ÂÌÚ‡ÏË ËÁ ÔÓÎfl k, ÒÓ‰ÂÊ‡˘‡fl n(s + 1) ÒÚÓÎ·ˆÓ‚ Ë
n(l – 1) ÒÚÓÍ. èÓÒÍÓÎ¸ÍÛ ÔÓ Ì‡¯ÂÏÛ ÔÂ‰ÔÓÎÓÊÂ-
ÌË˛ l ≤ s, ÚÓ rankC ≤ n(l – 1) Ë ÔË Â¯ÂÌËË (12) ÔÓ-
ÎÛ˜‡ÂÏ m Ò‚Ó·Ó‰Ì˚ı ÔÂÂÏÂÌÌ˚ı z1, z2, …, zm, „‰Â

èË ˝ÚÓÏ ÓÒÚ‡Î¸Ì˚Â ÔÂÂÏÂÌÌ˚Â yij ‚˚‡Ê‡˛ÚÒfl
˜ÂÂÁ Ò‚Ó·Ó‰Ì˚Â ‚ ‚Ë‰Â

(13)

‰Îfl ÌÂÍÓÚÓÓÈ ÎËÌÂÈÌÓÈ ÙÓÏ˚ Hij. èÓÒÍÓÎ¸ÍÛ
b−s ≠ 0, ÚÓ (12) ËÏÂÂÚ Ú‡ÍÓÂ Â¯ÂÌËÂ (b00, …, b–s, n – 1),
˜ÚÓ ÌÂ ‚ÒÂ ËÁ ˜ËÒÂÎ b–s, 0, …, b–s, n – 1 ‡‚Ì˚ ÌÛÎ˛.
ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÌÂ ‚ÒÂ ÎËÌÂÈÌ˚Â ÙÓÏ˚ Hij

ÚÓÊ‰ÂÒÚ‚ÂÌÌÓ ‡‚Ì˚ ÌÛÎ˛.
ê‡ÒÒÏÓÚËÏ ÒËÒÚÂÏÛ ÎËÌÂÈÌ˚ı Ó‰ÌÓÓ‰Ì˚ı

Û‡‚ÌÂÌËÈ 

(14)

ÍÓÚÓ‡fl ËÏÂÂÚ m ≥ 2n ÌÂËÁ‚ÂÒÚÌ˚ı Ë n Û‡‚ÌÂÌËÈ.
Ç ÒËÎÛ ˝ÚÓ„Ó (14) ËÏÂÂÚ ÌÂÌÛÎÂ‚ÓÂ Â¯ÂÌËÂ

( , , …, ). íÂÔÂ¸ ÔÓ ÙÓÏÛÎ‡Ï (13) Ì‡ıÓ‰ËÏ

 = Hij( , , …, ) Ë ÔÓÎÛ˜‡ÂÏ ÏÌÓ„Ó˜ÎÂÌ˚

 = xj, i = –s, –s + 1, …, 0. èË ˝ÚÓÏ  = 0

ÔÓ ÔÓÒÚÓÂÌË˛. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜‡ÂÏ ˝ÎÂÏÂÌÚ

q1 =  νi. á‡ÚÂÏ Ò ÔÓÏÓ˘¸˛ (9) Ì‡ıÓ‰ËÏ p1.

èÓ ÔÓÒÚÓÂÌË˛ ËÏÂÂÏ |q1| > |q| Ë |q1β – p1| ≥ l =

= |qβ – p|. üÒÌÓ, ˜ÚÓ  ≠ , Ë Ï˚ ÔÓÎÛ˜ËÎË ÔÓÚË-

(
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∑

di

i 1=

∞

∑
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‚ÓÂ˜ËÂ Ò ÚÂÏ, ˜ÚÓ  – Ì‡ËÎÛ˜¯ÂÂ ÔË·ÎËÊÂÌËÂ.

èÂ‰ÎÓÊÂÌËÂ 1 ‰ÓÍ‡Á‡ÌÓ.

è  Â ‰ Î Ó Ê Â Ì Ë Â  2. ÖÒÎË ‰Ó·Ë  Ë  – Ú‡-

ÍËÂ Ì‡ËÎÛ˜¯ËÂ ÔË·ÎËÊÂÌËfl Í β, ˜ÚÓ |b| = |d|, ÚÓ
Ì‡È‰ÂÚÒfl ÍÓÌÒÚ‡ÌÚ‡ h ∈ k*, Ú‡Í‡fl, ˜ÚÓ a = hc,
b = hd.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. ÖÒÎË  ≠  ‚ k(x), ÚÓ ËÏÂ-

ÂÏ ÔÓ ÓÔÂ‰ÂÎÂÌË˛ Ì‡ËÎÛ˜¯Â„Ó ÔË·ÎËÊÂÌËfl ‰‚‡

ÔÓÚË‚ÓÔÓÎÓÊÌ˚ı ÌÂ‡‚ÂÌÒÚ‚‡  >  Ë

 <  – ÔÓÚË‚ÓÂ˜ËÂ. áÌ‡˜ËÚ,  = 

‚ k(x). ì˜ËÚ˚‚‡fl ÌÂÒÓÍ‡ÚËÏÓÒÚ¸ ˝ÚËı ‰Ó·ÂÈ, ÔÓ-
ÎÛ˜‡ÂÏ ÚÂ·ÛÂÏÓÂ ÛÚ‚ÂÊ‰ÂÌËÂ.

è  Â ‰ Î Ó Ê Â Ì Ë Â  3. èÛÒÚ¸ degν = 1. íÓ„‰‡

n-fl ÔÓ‰ıÓ‰fl˘‡fl ‰Ó·¸  Í β fl‚ÎflÂÚÒfl Ì‡ËÎÛ˜-

¯ËÏ ÔË·ÎËÊÂÌËÂÏ Í β.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. ùÎÂÏÂÌÚ˚ pn, qn ËÏÂ˛Ú
‚Ë‰

„‰Â ci, di ∈ k. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,  ËÏÂÂÚ ‚Ë‰ (8). íÂÔÂ¸

ÔÂ‰ÎÓÊÂÌËÂ 1 Ë ‚˚‡ÊÂÌËÂ (6) ÌÂÏÂ‰ÎÂÌÌÓ ‚ÎÂÍÛÚ,

˜ÚÓ  fl‚ÎflÂÚÒfl Ì‡ËÎÛ˜¯ËÏ ÔË·ÎËÊÂÌËÂÏ Í β.

ëÎÂ‰Û˛˘‡fl ÚÂÓÂÏ‡ ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ ÒÔ‡‚Â‰-
ÎË‚Ó Ë Ó·‡ÚÌÓÂ ÛÚ‚ÂÊ‰ÂÌËÂ.

í Â Ó  Â Ï ‡  1. èÛÒÚ¸ degν = 1. ÖÒÎË ‰Ó·¸ 

fl‚ÎflÂÚÒfl Ì‡ËÎÛ˜¯ËÏ ÔË·ÎËÊÂÌËÂÏ Í β, ÚÓ Ì‡È-

‰ÂÚÒfl Ú‡Í‡fl ÔÓ‰ıÓ‰fl˘‡fl ‰Ó·¸  Í β Ë Ú‡Í‡fl

ÍÓÌÒÚ‡ÌÚ‡ c ∈ k*, ˜ÚÓ a = cpn, b = cqn.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. ÇÌ‡˜‡ÎÂ ‰ÓÍ‡ÊÂÏ, ˜ÚÓ

|b| = |qn| ‰Îfl ÌÂÍÓÚÓÓÈ ÔÓ‰ıÓ‰fl˘ÂÈ ‰Ó·Ë . ÑÓ-

ÔÛÒÚËÏ ÔÓÚË‚ÌÓÂ. èÓÒÍÓÎ¸ÍÛ |q0| = |1| = 0, |qn| <
< |qn – 1| ‚ ÒËÎÛ (5) Ë |b| ≤ 0, ÚÓ Ì‡È‰ÂÚÒfl Ú‡ÍÓÂ n, ˜ÚÓ

|qn + 1| < |b| < |qn|. èÓÒÍÓÎ¸ÍÛ  – Ì‡ËÎÛ˜¯ÂÂ ÔË-

·ÎËÊÂÌËÂ Í β Ë |b| > |qn + 1|, ÚÓ  > .

íÓ„‰‡ ËÏÂÂÏ

p
q
---

a
b
--- c

d
---

a
b
--- c

d
---

β a
b
---– β c

d
---–

β a
b
---– β c

d
---–

a
b
--- c

d
---

pn

qn

-----

pn c s– ν s– … c0, qn+ + d r– ν r– … d0,+ += =

pn

qn

-----

pn

qn

-----

a
b
---

pn

qn

-----

pn

qn

-----

pn 1+

qn 1+
-----------

pn 1+

qn 1+
----------- β– β a

b
---–

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,  ≤  = –|b| – |qn + 1|. àÒ-

ÔÓÎ¸ÁÛfl (6), ÔÓÎÛ˜‡ÂÏ |bβ – a| ≤ –|qn + 1| = |qnβ – pn|.
èÓÒÍÓÎ¸ÍÛ |qn| > |b|, ÚÓ Ï˚ ÔÓÎÛ˜ËÎË ÔÓÚË‚ÓÂ˜ËÂ

Ò ÚÂÏ, ˜ÚÓ  – Ì‡ËÎÛ˜¯ÂÂ ÔË·ÎËÊÂÌËÂ Í β. àÚ‡Í,

‰Îfl ÌÂÍÓÚÓÓ„Ó n Ï˚ ËÏÂÂÏ |qn| = |b|. èËÏÂÌflfl ÔÂ‰-
ÎÓÊÂÌËÂ 2, Á‡‚Â¯‡ÂÏ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚.

Ç ÒÎÛ˜‡Â degν > 1 ÔÓ‰ıÓ‰fl˘‡fl ‰Ó·¸  ÌÂ Ó·fl-

Á‡ÚÂÎ¸ÌÓ fl‚ÎflÂÚÒfl Ì‡ËÎÛ˜¯ËÏ ÔË·ÎËÊÂÌËÂÏ Í β.
è  Ë Ï Â . èÛÒÚ¸ k = F3, ν = x2 + 1 ∈ k[x] Ë d = x3 +

+ 2x2 + x + 1 = (x + 2)ν + 2 ∈ k[x] – ÌÂÔË‚Ó‰ËÏ˚È
ÏÌÓ„Ó˜ÎÂÌ. èÓÒÍÓÎ¸ÍÛ 2 fl‚ÎflÂÚÒfl Í‚‡‰‡ÚÓÏ ‚ ÔÓ-

ÎÂ ‚˚˜ÂÚÓ‚ k(x)/(ν), ÚÓ  ∈ k(x)ν Ë ˝ÎÂÏÂÌÚ 
ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â fl‰‡

ê‡ÁÎ‡„‡fl  ‚ ÌÂÔÂ˚‚ÌÛ˛ ‰Ó·¸, ÔÓÎÛ˜‡ÂÏ

íÓ„‰‡ ÔÓ‰ıÓ‰fl˘ËÂ ‰Ó·Ë Í  ËÏÂ˛Ú ‚Ë‰

èÓÍ‡ÊÂÏ, ̃ ÚÓ  ÌÂ fl‚ÎflÂÚÒfl Ì‡ËÎÛ˜¯ËÏ ÔË·ÎË-

ÊÂÌËÂÏ Í . Ç ÒËÎÛ (7)  –  = –|a3| – 2|q2| = 5.

ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ‰Îfl ÚÓ„Ó ˜ÚÓ·˚ Á‡ÔËÒ‡Ú¸ ÔÓ‰-

ıÓ‰fl˘Û˛ ‰Ó·¸  ‚ ‚Ë‰Â (8), ÌÛÊÌÓ ˜ËÒÎËÚÂÎ¸ Ë

ÁÌ‡ÏÂÌ‡ÚÂÎ¸ ‡Á‰ÂÎËÚ¸ Ì‡ ν:  =  =

= . íÓ„‰‡ Ï˚ ËÏÂ-

ÂÏ  –  =  –  = 5 < –2| | = 6. Ç ÒËÎÛ

1
bqn 1+
--------------

pn 1+

qn 1+
----------- a

b
---–≥

pn 1+

qn 1+
----------- β– β a

b
---–+ β a

b
---– .= =

β a
b
---– 1

bqn 1+
--------------

a
b
---

pn

qn

-----

d d

d x x 2+( )ν x 1+( )ν2 xν3 xν4 ++ + + +=

+ 2xν5 2x 1+( )+ ν6 …+

d

a0 x, a1 x 1+( )ν 1– 1, a2+ ν 1– x 1,+ += = =

a3 2x 1+( )ν 1– …,=

d

p1

q1
-----

x 1–( )ν 1– x 2+ +

x 1+( )ν 1– 1+
------------------------------------------,=

p2

q2
-----

x 1–( )ν 2– xν 1– x 2 ν+ + + +

x 1+( )ν 2– 2x 1+( )ν 1– x+ +
---------------------------------------------------------------------.=

p2

q2
-----

d d
p2

q2
-----

p2

q2
-----

p2

q2
-----

p̃2

q̃2
-----

x 1–( )ν 3– xν 2– x 2+( )ν 1– 1+ + +

x 1+( )ν 3– 2x 1+( )ν 2– xν 1–+ +
---------------------------------------------------------------------------------

d
p̃2

q̃2
----- d

p2

q2
----- q̃2
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ÅÂÌfl¯-äË‚Âˆ, èÎ‡ÚÓÌÓ‚

ÔÂ‰ÎÓÊÂÌËfl 1 ‰Ó·¸  ÌÂ fl‚ÎflÂÚÒfl Ì‡ËÎÛ˜¯ËÏ

ÔË·ÎËÊÂÌËÂÏ Í .
ëÚ‡Ì‰‡ÚÌ˚Ï Ó·‡ÁÓÏ ÏÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ

ÂÒÎË ÌÂÔÂ˚‚Ì‡fl ‰Ó·¸ [a0, a1, …] ‰Îfl β fl‚ÎflÂÚÒfl
ÔÂËÓ‰Ë˜ÂÒÍÓÈ, ÚÓ β – Í‚‡‰‡ÚË˜Ì‡fl Ë‡ˆËÓ-
Ì‡Î¸ÌÓÒÚ¸. Ç ÒÎÛ˜‡Â ·ÂÒÍÓÌÂ˜ÌÓ„Ó ÔÓÎfl k Ë ÌÓ-
ÏËÓ‚‡ÌËfl |·|∞ Ó·‡ÚÌÓÂ ÛÚ‚ÂÊ‰ÂÌËÂ ‚ÂÌÓ ÌÂ
‚ÒÂ„‰‡ (ÒÏ. [2]). ëÔ‡‚Â‰ÎË‚Ó

è  Â ‰ Î Ó Ê Â Ì Ë Â  4. èÛÒÚ¸ k = Fq – ÔÓÎÂ ËÁ q
˝ÎÂÏÂÌÚÓ‚ Ë degν = 1. éÚÓÊ‰ÂÒÚ‚ËÏ ÔÓÔÓÎÌÂÌËÂ
k(x)ν Ò ÔÓÎÂÏ ÙÓÏ‡Î¸Ì˚ı ÒÚÂÔÂÌÌ˚ı fl‰Ó‚ k((ν)).
ÖÒÎË β ∈ k((v)) – Í‚‡‰‡ÚË˜Ì‡fl Ë‡ˆËÓÌ‡Î¸-
ÌÓÒÚ¸, ÚÓ ÌÂÔÂ˚‚Ì‡fl ‰Ó·¸ ‰Îfl β ÔÂËÓ‰Ë˜Ì‡.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. èÛÒÚ¸ β ∈ k((ν)) fl‚ÎflÂÚÒfl
ÍÓÌÂÏ Í‚‡‰‡ÚÌÓ„Ó ÏÌÓ„Ó˜ÎÂÌ‡ H(X) = rX2 + sX + t,
„‰Â r, s, t ∈ k[ν], Ë β = [a0, a1, …] – ‡ÁÎÓÊÂÌËÂ β ‚ ÌÂ-
ÔÂ˚‚ÌÛ˛ ‰Ó·¸. èÓÎÓÊËÏ D = s2 – 4rt ∈ k[ν}\k,
H(X, Y) = rX2 + sXY + tY2. íÓ„‰‡ ËÁ (3) ÔÓÎÛ˜‡ÂÏ 

(15)

„‰Â An = (–1)n + 1H(pn, qn), Bn = (–1)n(rpn – 1pn + spn – 1qn +
+ tqn – 1qn). üÒÌÓ, ˜ÚÓ ‰Îfl ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯Ó„Ó n

ËÏÂÂÏ  > |β – |, „‰Â  – ‚ÚÓÓÈ ÍÓÂÌ¸

H(X). íÓ„‰‡  =  – β + β –  = |β – |. í‡Í

Í‡Í β –  = , ÚÓ |β – | = |D| – |r|. éÚÒ˛‰‡ ÔÓ-

ÎÛ˜‡ÂÏ |pn – qn| = |qn| + |D| – |r|. èÓÒÍÓÎ¸ÍÛ

H(X, Y) = r(X – βY)(X – Y), ÚÓ ‚ ËÚÓ„Â ËÏÂÂÏ

(16)

ç‡È‰ÂÏ ÌËÊÌ˛˛ ÓˆÂÌÍÛ ‰Îfl |Bn|. àÁ (15) Ì‡ıÓ-
‰ËÏ Bn = Anβn + 1 – rβ. àÁ ‡‚ÂÌÒÚ‚‡ β(rβ + s) = –t
ÒÎÂ‰ÛÂÚ, ˜ÚÓ |rβ| ≥ 0. ì˜ËÚ˚‚‡fl (16), Ì‡ıÓ‰ËÏ

|Anβn + 1| = |Anan + 1| = |D| ≥ 0. áÌ‡˜ËÚ, |Bn| ≥

≥ min{|Anβn + 1|, |rβ|} ≥ 0.
í‡ÍËÏ Ó·‡ÁÓÏ, An, Bn fl‚Îfl˛ÚÒfl ÏÌÓ„Ó˜ÎÂÌ‡ÏË

ËÁ k[x]. àı ÒÚÂÔÂÌË ÌÂ ÔÂ‚ÓÒıÓ‰flÚ max(degr, degs,
degt). èÓÒÍÓÎ¸ÍÛ ÔÓÎÂ k ÍÓÌÂ˜ÌÓ, Ú‡ÍËı ÏÌÓ„Ó˜ÎÂ-
ÌÓ‚ ÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ. ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ‰Îfl ÌÂÍÓ-
ÚÓ˚ı i Ë j Ï˚ ‰ÓÎÊÌ˚ ËÏÂÚ¸ Ai = Ai + j, Bi = Bi + j.
íÓ„‰‡ βi = βi + j Ë ÌÂÔÂ˚‚Ì‡fl ‰Ó·¸ ‰Îfl β ÔÂËÓ-
‰Ë˜Ì‡.

éÚÏÂÚËÏ, ˜ÚÓ ‚ ÒÎÛ˜‡Â degν > 1 ÔË‚Â‰ÂÌÌÓÂ
‚˚¯Â ‡ÒÒÛÊ‰ÂÌËÂ ÔÂÂÒÚ‡ÂÚ ·˚Ú¸ ÒÔ‡‚Â‰ÎË-
‚˚Ï. ïÓÚfl An, Bn ÔÓ-ÔÂÊÌÂÏÛ ·Û‰ÛÚ ÏÌÓ„Ó˜ÎÂÌ‡-

p2

q2
-----

d

βn 1+

Bn rβ+
An

------------------,=

pn

qn

----- β– β β

pn

qn

----- β–
pn

qn

----- β β

β 2 D
r

------------ β 1
2
---

β 1
2
---

β

An  = r pn βqn–( ) pn βqn–( ) = 
1
2
--- D an 1+– 0.>

1
2
---

ÏË ËÁ k[x], Ï˚ ÌÂ ÏÓÊÂÏ ÛÚ‚ÂÊ‰‡Ú¸, ̃ ÚÓ Ëı ÒÚÂÔÂ-
ÌË Ó„‡ÌË˜ÂÌ˚ Ò‚ÂıÛ ˜ËÒÎÓÏ max(degr, degs,

degt). ÖÒÎË ‚ÁflÚ¸ β =  ËÁ ‡ÒÒÏÓÚÂÌÌÓ„Ó ‚˚¯Â

ÔËÏÂ‡, ÚÓ ÚÓ„‰‡ r = 1, s = 0, t = d, A2 =  – d  =
= 2x(x2 + 1)(x2 + x + 2) Ë degA2 > degd.

Ñ‡ÎÂÂ Ï˚ ÔÓÍ‡ÊÂÏ, Í‡Í ÌÂÔÂ˚‚Ì˚Â ‰Ó·Ë ‚
ÒÎÛ˜‡Â degν = 1 Ë ÍÓÌÂ˜ÌÓ„Ó ÔÓÎfl k ÏÓ„ÛÚ ·˚Ú¸ ËÒ-
ÔÓÎ¸ÁÓ‚‡Ì˚ ‰Îfl Ì‡ıÓÊ‰ÂÌËfl ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚ı
S-Â‰ËÌËˆ ‚ „ËÔÂ˝ÎÎËÔÚË˜ÂÒÍËı ÔÓÎflı. Ç ‰‡Î¸-
ÌÂÈ¯ÂÏ ·Û‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸, ˜ÚÓ k = Fq – ÍÓÌÂ˜-
ÌÓÂ ÔÓÎÂ ı‡‡ÍÚÂËÒÚËÍË p > 2 Ë d(x) = c0x2n + 1 +
+ c1x2n + … + c2n + 1 – Ò‚Ó·Ó‰Ì˚È ÓÚ Í‚‡‰‡ÚÓ‚ ÏÌÓ-

„Ó˜ÎÂÌ, c0 ≠ 0. èÛÒÚ¸ K = k(x)( ), ν = x – b,  – Ó·‡Á
x ‚ ÔÓÎÂ ‚˚˜ÂÚÓ‚ Oν/pν. ÅÛ‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸, ˜ÚÓ
d( ) = β2 ‰Îfl ÌÂÍÓÚÓÓ„Ó 0 ≠ β ∈ Oν/pν (˝ÚÓ ÓÁÌ‡˜‡-
ÂÚ, ˜ÚÓ ÚÓ˜Í‡ (β, ) fl‚ÎflÂÚÒfl Oν/pν-ÚÓ˜ÍÓÈ „ËÔÂ-
˝ÎÎËÔÚË˜ÂÒÍÓÈ ÍË‚ÓÈ y2 = d(x)). íÓ„‰‡ ÌÓÏËÓ-
‚‡ÌËÂ |·|ν ËÏÂÂÚ ‰‚‡ ÌÂ˝Í‚Ë‚‡ÎÂÌÚÌ˚ı ÔÓ‰ÓÎÊÂ-
ÌËfl Ì‡ ÔÓÎÂ K. ùÚË ÌÓÏËÓ‚‡ÌËfl ·Û‰ÂÏ
Ó·ÓÁÌ‡˜‡Ú¸ |·|ν' Ë |·|ν''. çÂ‡ıËÏÂ‰Ó‚Ó ÌÓÏËÓ‚‡ÌËÂ
|·|∞ ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÂ ÔÓ‰ÓÎÊÂÌËÂ Ì‡ K Ë Ï˚
Ú‡ÍÊÂ ·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ Â„Ó ˜ÂÂÁ |·|∞. èÛÒÚ¸
S = {|·|∞, |·|ν'}, OS – ÍÓÎ¸ˆÓ S-ˆÂÎ˚ı ˝ÎÂÏÂÌÚÓ‚ ‚ K,
Ú.Â. Ú‡ÍËı ̋ ÎÂÏÂÌÚÓ‚ z ∈ K, ̃ ÚÓ |z|ν ≥ 0 ‰Îfl ‚ÒÂı ÌÓ-
ÏËÓ‚‡ÌËÈ |·|ν ÔÓÎfl K, ÌÂ ÔËÌ‡‰ÎÂÊ‡˘Ëı S. åÌÓ-
ÊÂÒÚ‚Ó Ó·‡ÚËÏ˚ı ˝ÎÂÏÂÌÚÓ‚ US ÍÓÎ¸ˆ‡ OS Ì‡Á˚-
‚‡ÂÚÒfl „ÛÔÔÓÈ S-Â‰ËÌËˆ ÔÓÎfl K. Ç ÒËÎÛ Ó·Ó·˘ÂÌ-
ÌÓÈ ÚÂÓÂÏ˚ ÑËËıÎÂ Ó Â‰ËÌËˆ‡ı (ÒÏ. [3, „Î. IV,
ÚÂÓÂÏ‡ 9]) „ÛÔÔ‡ US fl‚ÎflÂÚÒfl ÔflÏ˚Ï ÔÓËÁ‚Â-
‰ÂÌËÂÏ „ÛÔÔ˚ k* Ë Ò‚Ó·Ó‰ÌÓÈ ‡·ÂÎÂ‚ÓÈ „ÛÔÔ˚ G
‡Ì„‡ 1. é·‡ÁÛ˛˘‡fl „ÛÔÔ˚ G Ì‡Á˚‚‡ÂÚÒfl ÙÛÌ-
‰‡ÏÂÌÚ‡Î¸ÌÓÈ S-Â‰ËÌËˆÂÈ.

Ç [5] Ì‡È‰ÂÌ ˝ÙÙÂÍÚË‚Ì˚È ‡Î„ÓËÚÏ ‰Îfl ‚˚˜ËÒ-
ÎÂÌËfl ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÈ S-Â‰ËÌËˆ˚. Ç ÍÎ‡ÒÒË˜Â-

ÒÍÓÏ ÒÎÛ˜‡Â Í‚‡‰‡ÚË˜ÌÓ„Ó ‡Ò¯ËÂÌËfl L = Q( )
ÔÓÎfl Q ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÛ˛ Â‰ËÌËˆÛ ÔÓÎfl L ÏÓÊÌÓ

Ì‡ÈÚË, ËÒÔÓÎ¸ÁÛfl ‡ÁÎÓÊÂÌËÂ  ÎË·Ó  ‚

ÌÂÔÂ˚‚ÌÛ˛ ‰Ó·¸ (ÒÏ. [4]). ç‡¯‡ ˆÂÎ¸ – ÔÓÍ‡-
Á‡Ú¸, ˜ÚÓ Ë ‚ ÒÎÛ˜‡Â „ËÔÂ˝ÎÎËÔÚË˜ÂÒÍÓ„Ó ÔÓÎfl K Ë
ÌÓÏËÓ‚‡ÌËfl |·|ν, ÓÔÂ‰ÂÎflÂÏÓ„Ó ÎËÌÂÈÌ˚Ï ÏÌÓ-
„Ó˜ÎÂÌÓÏ ν, ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÛ˛ S-Â‰ËÌËˆÛ ÏÓÊ-
ÌÓ Ì‡ÈÚË, ËÒÔÓÎ¸ÁÛfl ÏÂÚÓ‰ ÌÂÔÂ˚‚Ì˚ı ‰Ó·ÂÈ.
Ç [5] ‰ÓÍ‡Á‡ÌÓ, ̃ ÚÓ ‰Îfl ‚˚˜ËÒÎÂÌËfl ÙÛÌ‰‡ÏÂÌÚ‡Î¸-
ÌÓÈ S-Â‰ËÌËˆ˚ ÌÛÊÌÓ Ì‡ÈÚË ÏËÌËÏ‡Î¸ÌÓÂ Ì‡ÚÛ-
‡Î¸ÌÓÂ m, Ú‡ÍÓÂ, ˜ÚÓ ÌÓÏÂÌÌÓÂ Û‡‚ÌÂÌËÂ

(17)

„‰Â a ∈ k*, ËÏÂÂÚ Â¯ÂÌËÂ ‚ ÏÌÓ„Ó˜ÎÂÌ‡ı f, g ∈
∈ k[ν], g ≠ 0. íÓ„‰‡ ÎË·Ó f + g , ÎË·Ó f – g  fl‚-
ÎflÂÚÒfl ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÈ S-Â‰ËÌËˆÂÈ. Ç ÒËÎÛ ÏË-
ÌËÏ‡Î¸ÌÓÒÚË m ËÏÂÂÏ, ˜ÚÓ (f, g) = 1 Ë ν ÌÂ ‰ÂÎËÚ f
Ë g. ëÎÂ‰Û˛˘‡fl ÚÂÓÂÏ‡ (ÒÏ. Ú‡ÍÊÂ [6]) ‰‡ÂÚ ‡Î„Ó-

d

p2
2 q2

2

d x

x
x

d

d
d 1–
2

----------------

f 2 g2d– aνm,=

d d
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ËÚÏ ‰Îfl Ì‡ıÓÊ‰ÂÌËfl ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÈ S-Â‰ËÌË-
ˆ˚ Ò ÔÓÏÓ˘¸˛ ÌÂÔÂ˚‚Ì˚ı ‰Ó·ÂÈ.

í Â Ó  Â Ï ‡  2. èÛÒÚ¸ m – Ú‡ÍÓÂ ÏËÌËÏ‡Î¸ÌÓÂ
Ì‡ÚÛ‡Î¸ÌÓÂ ̃ ËÒÎÓ, ̃ ÚÓ Û‡‚ÌÂÌËÂ (17) ËÏÂÂÚ Â-
¯ÂÌËÂ ‚ ÏÌÓ„Ó˜ÎÂÌ‡ı f, g ∈ k[ν], g ≠ 0.

1. ÖÒÎË m = 2t + 1 ÌÂ˜ÂÚÌÓ, ÚÓ  =  ‰Îfl ÌÂ-

ÍÓÚÓÓÈ ÔÓ‰ıÓ‰fl˘ÂÈ ‰Ó·Ë  Í .

2. ÖÒÎË m = 2t ˜ÂÚÌÓ, ÚÓ Ì‡È‰ÂÚÒfl ‰ÂÎËÚÂÎ¸ h
ÏÌÓ„Ó˜ÎÂÌ‡ d, Ó·Î‡‰‡˛˘ËÈ ÒÎÂ‰Û˛˘ËÏË Ò‚ÓÈ-
ÒÚ‚‡ÏË:

(i) 1 ≤ degh ≤ ;

(ii) Û‡‚ÌÂÌËÂ 

(18)

„‰Â b ∈ k*, ËÏÂÂÚ Â¯ÂÌËÂ ‚ ÏÌÓ„Ó˜ÎÂÌ‡ı f1, g1 ∈

∈ k[ν], ÔË ˝ÚÓÏ  =  ‰Îfl ÌÂÍÓÚÓÓÈ ÔÓ‰ıÓ-

‰fl˘ÂÈ ‰Ó·Ë  Í . ç‡Ó·ÓÓÚ, ÂÒÎË f1, g1 ∈ k[ν] –

Â¯ÂÌËÂ (18), ÚÓ ÏÌÓ„Ó˜ÎÂÌ˚ f Ë g, ÓÔÂ‰ÂÎflÂÏ˚Â

ÔÓ ÙÓÏÛÎ‡Ï f = h  + , g = f1g1, fl‚Îfl˛ÚÒfl

Â¯ÂÌËÂÏ Û‡‚ÌÂÌËfl (17). 
Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. 1. á‡ÔË¯ÂÏ (17) ‚ ‚Ë‰Â

( f – g )( f + g ) = aν2t + 1. ë‡‚ÌË‚‡fl ÒÚÂÔÂÌË
ÏÌÓ„Ó˜ÎÂÌÓ‚ ‚ ÎÂ‚ÓÈ Ë Ô‡‚ÓÈ ̃ ‡ÒÚË (17), Ì‡ıÓ‰ËÏ

degf ≤ t, degg =  < t. Ç ÒËÎÛ ÔÂ‰ÎÓÊÂ-

ÌËfl 1 ËÁ [5] ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ | f + g | = 0,

| f − g | = 2t + 1. èÛÒÚ¸ f = b0 + b1ν + … + brνr,
g = c0 + c1ν + … + csνs, „‰Â r, s ≤ t, bi, ci ∈ k, br ≠ 0,
cs ≠ 0. èÛÒÚ¸ h = max{r, s}. ê‡ÒÒÏÓÚËÏ ˝ÎÂÏÂÌÚ

 − , „‰Â  =  = b0ν–h + … + brνr – h,  =  =

= c0ν–h + … +  csνs – h. èÓÒÍÓÎ¸ÍÛ  ËÏÂÂÚ ‚Ë‰ (8) Ë

|  – | = 2t + 1 – t = t + 1 > –| | = t, ÚÓ ÔÓ ÔÂ‰-

ÎÓÊÂÌË˛ 1 ‰Ó·¸  =  fl‚ÎflÂÚÒfl Ì‡ËÎÛ˜¯ËÏ ÔË-

·ÎËÊÂÌËÂÏ Í . èÓ ÚÂÓÂÏÂ 1  =  ‰Îfl ÌÂÍÓ-

ÚÓÓÈ ÔÓ‰ıÓ‰fl˘ÂÈ ‰Ó·Ë  Í .

f
g
---

pn

qn

-----

pn

qn

----- d

degd 1–
2

---------------------

d
h
---g1

2 h f 1
2– bνt,=

f 1

g1
-----

pn

qn

-----

pn

qn

----- d
h

-------

1
2
--- -⎝

⎛ f 1
2 d

g
---g1

2

⎠
⎞

d d

2t 1 degd–+
2

--------------------------------

d

d

f g d f
f

νh
----- g

g

νh
-----

f
g
---

f g d g

f
g
--- f

g
---

d
f
g
---

pn

qn

-----

pn

qn

----- d

2. èÓÒÍÓÎ¸ÍÛ a ‚ (17) ‰ÓÎÊÌÓ ·˚Ú¸ Í‚‡‰‡ÚÓÏ,
ÚÓ, ‡Á‰ÂÎË‚ Ó·Â ̃ ‡ÒÚË Ì‡ a, ·ÂÁ Ó„‡ÌË˜ÂÌËfl Ó·˘-
ÌÓÒÚË ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ f, g – Â¯ÂÌËfl ÌÓÏÂÌ-
ÌÓ„Ó Û‡‚ÌÂÌËfl f 2 – g2d = ν2. éÚÒ˛‰‡ ÔÓÎÛ˜‡ÂÏ

(19)

èÛÒÚ¸ d = d1d2…dr – ‡ÁÎÓÊÂÌËÂ d Ì‡ ÌÂÔË‚Ó‰Ë-
Ï˚Â ÏÌÓÊËÚÂÎË. íÓ„‰‡ Í‡Ê‰˚È ÏÌÓ„Ó˜ÎÂÌ di ‰Â-
ÎËÚ Ó‚ÌÓ Ó‰ËÌ ËÁ ÏÌÓÊËÚÂÎÂÈ f – νt ËÎË f + νt (‚
ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â di = cνt, c ∈ k* Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,
ν ‰ÂÎËÚ d, ‡ ˝ÚÓ ÌÂ Ú‡Í).

èÛÒÚ¸ h1 – ÔÓËÁ‚Â‰ÂÌËÂ ÚÂı di, ÍÓÚÓ˚Â ‰ÂÎflÚ
f – νt, ‡ h2 – ÔÓËÁ‚Â‰ÂÌËÂ ÚÂı di, ÍÓÚÓ˚Â ‰ÂÎflÚ f + νt.
íÓ„‰‡ h1h2 = d, (h1, h2) = 1. èÛÒÚ¸ ‰Îfl ÓÔÂ‰ÂÎÂÌÌÓ-

ÒÚË degh1 < degh2, Ú.Â. degh1 ≤ . á‡ÔË¯ÂÏ

(20)

„‰Â u1, u2 ∈ k[ν]. àÁ (20) ÔÓÎÛ˜‡ÂÏ

(21)

èÓ‰ÒÚ‡‚Îflfl (20) ‚ (19), ÔÓÎÛ˜‡ÂÏ u1u2 = g2. á‡ÏÂÚËÏ,
˜ÚÓ (u1, u2) = 1 (‚ ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â f Ë g ÌÂ ·˚ÎË ·˚

‚Á‡ËÏÌÓ ÔÓÒÚ˚ÏË). íÓ„‰‡ u1 = , u2 = . í‡ÍËÏ
Ó·‡ÁÓÏ,

(22)

àÁ (21), (22) ÔÓÎÛ˜‡ÂÏ 

(23)

í‡ÍËÏ Ó·‡ÁÓÏ, Û‡‚ÌÂÌËÂ (17) ËÏÂÂÚ Â¯ÂÌËÂ
‚ ÏÌÓ„Ó˜ÎÂÌ‡ı f, g ∈ k[ν] ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ-
„‰‡ Û‡‚ÌÂÌËÂ (23) ËÏÂÂÚ Â¯ÂÌËÂ ‚ ÏÌÓ„Ó˜ÎÂÌ‡ı
f1, g1 ∈ k[ν] ‰Îfl ÌÂÍÓÚÓÓ„Ó ‰ÂÎËÚÂÎfl h1 ÏÌÓ„Ó˜ÎÂ-

Ì‡ d, Ú‡ÍÓ„Ó, ˜ÚÓ degh1 ≤ . ê‡ÒÒÏÓÚËÏ ÔÓ-

‰Ó·ÌÂÂ Û‡‚ÌÂÌËÂ (23). á‡ÔË¯ÂÏ Â„Ó ‚ ‚Ë‰Â

(24)

èÓÒÍÓÎ¸ÍÛ |h1| = 0, | | = 0, ÚÓ ‚ ÒËÎÛ ÔÂ‰ÎÓÊÂÌËfl 1

ËÁ [5] ÏÓÊÌÓ Ò˜ËÚ‡Ú ,̧ ̃ ÚÓ g1 + f1  = 0, g1 –  f1  = t.

ë‡‚ÌË‚‡fl ÒÚÂÔÂÌË ‚ ÎÂ‚ÓÈ Ë Ô‡‚ÓÈ ˜‡ÒÚflı (23),

ÔÓÎÛ˜‡ÂÏ degg1 ≤ degf1 < . èÛÒÚ¸ deg f1 = s

f νt–( ) f νt+( ) g2d .=

degd 1–
2

---------------------

f νt– h1u1, f νt+ h2u2,= =

f
1
2
--- h1u1 h2u2+( ), νt 1

2
--- h2u2 h1u1–( ).= =

f 1
2 g1

2

f
1
2
--- h1 f 1

2 h2g1
2+( ), g f 1g1,= =

2νt d
h1
-----g1

2 h1 f 1
2.–=

detd 1–
2

-------------------

h1
d

h1
-------g1 f 1–⎝ ⎠

⎛ ⎞ d
h1
-------g1 f 1+⎝ ⎠

⎛ ⎞ 2νt.=

d

d
h1
------- -

d
h1
------- -

t
2
---

f 1 b0 b1ν … bsν
s,+ + +=

g1 c0 c1ν … crν
r,+ + +=
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ÅÂÌfl¯-äË‚Âˆ, èÎ‡ÚÓÌÓ‚

„‰Â r ≤ s < , bi, ci ∈ k, bs ≠ 0, cr ≠ 0. ê‡ÒÒÏÓÚËÏ ̋ ÎÂ-

ÏÂÌÚ  – , „‰Â  = ,  = . èÓÒÍÓÎ¸ÍÛ

 ËÏÂÂÚ ‚Ë‰ (8) Ë  –  = t – s > s = | |, ÚÓ

ÔÓ ÔÂ‰ÎÓÊÂÌË˛ 1 ‰Ó·¸  =  fl‚ÎflÂÚÒfl Ì‡Ë-

ÎÛ˜¯ËÏ ÔË·ÎËÊÂÌËÂÏ Í . Ç ÒËÎÛ ÚÂÓÂÏ˚ 1

 =  ‰Îfl ÌÂÍÓÚÓÓÈ ÔÓ‰ıÓ‰fl˘ÂÈ ‰Ó·Ë  Í

. èË ˝ÚÓÏ f, g Ò‚flÁ‡Ì˚ Ò f1, g1 ÙÓÏÛÎ‡ÏË (22),

˜ÚÓ Ë ÚÂ·Ó‚‡ÎÓÒ¸ ‰ÓÍ‡Á‡Ú¸. 

ëÎÂ‰Û˛˘ÂÂ ÔÂ‰ÎÓÊÂÌËÂ ÛÚÓ˜ÌflÂÚ ÚÂÓÂÏÛ 2
‰Îfl ÒÎÛ˜‡fl ÌÂÔË‚Ó‰ËÏÓ„Ó ÏÌÓ„Ó˜ÎÂÌ‡ d. 

è  Â ‰ Î Ó Ê Â Ì Ë Â  5. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÏÌÓ-
„Ó˜ÎÂÌ d ÌÂÔË‚Ó‰ËÏ, degν ≥ 1. íÓ„‰‡ Ì‡ËÏÂÌ¸¯ÂÂ
Ì‡ÚÛ‡Î¸ÌÓÂ m, ‰Îfl ÍÓÚÓÓ„Ó ÌÓÏÂÌÌÓÂ Û‡‚ÌÂ-
ÌËÂ (17) ËÏÂÂÚ Â¯ÂÌËÂ ‚ ÏÌÓ„Ó˜ÎÂÌ‡ı f, g ∈ k[x],
g ≠ 0, fl‚ÎflÂÚÒfl ˜ËÒÎÓÏ ÌÂ˜ÂÚÌ˚Ï. í‡ÍËÏ Ó·‡ÁÓÏ,
ÔË ‚˚˜ËÒÎÂÌËË ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÈ S-Â‰ËÌËˆ˚ ‚
ÒÎÛ˜‡Â degν = 1 ÒÔ‡‚Â‰ÎË‚ ÔÛÌÍÚ 1 ÚÂÓÂÏ˚ 2.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ m =
= 2t. á‡ÔË¯ÂÏ Û‡‚ÌÂÌËÂ (17) ‚ ‚Ë‰Â (19). èÓÒÍÓÎ¸-
ÍÛ d ÌÂÔË‚Ó‰ËÏ, ÚÓ ÓÌ ‰ÂÎËÚ Ó‰ËÌ ËÁ ÏÌÓÊËÚÂÎÂÈ
‚ ÎÂ‚ÓÈ ˜‡ÒÚË (19). èÛÒÚ¸, Ì‡ÔËÏÂ, f – νt = df1. íÓ-
„‰‡ f = νt + df1. èÓ‰ÒÚ‡‚Îflfl ˝ÚÓ ‚˚‡ÊÂÌËÂ ‚ (19),
ÔÓÎÛ˜‡ÂÏ

(25)

ÓÚÍÛ‰‡ ÒÎÂ‰ÛÂÚ, ˜ÚÓ f1 ‰ÂÎËÚ g2. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,
ÏÌÓ„Ó˜ÎÂÌ˚ g Ë f1 ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â g =

= f2hg2, f1 = h ‰Îfl ÌÂÍÓÚÓ˚ı f2, g2, h ∈ k[x]. èÓ‰-
ÒÚ‡‚Îflfl g Ë f1 ‚ (25), ÔÓÎÛ˜‡ÂÏ

(26)

àÁ (26) ÒÎÂ‰ÛÂÚ, ˜ÚÓ h ‰ÂÎËÚ νt Ë ÔÓ˝ÚÓÏÛ h = bνr

‰Îfl ÌÂÍÓÚÓÓ„Ó b ∈ k*. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜‡ÂÏ,

˜ÚÓ ÌÓÏÂÌÌÓÂ Û‡‚ÌÂÌËÂ  – d = 2b–1νt – r ËÏÂ-
ÂÚ Â¯ÂÌËÂ ‚ ÏÌÓ„Ó˜ÎÂÌ‡ı f2, g2 ∈ k[x] Ë t – r < 2t,
˜ÚÓ ÔÓÚË‚ÓÂ˜ËÚ ÏËÌËÏ‡Î¸ÌÓÒÚË m. èÂ‰ÎÓÊÂ-
ÌËÂ 5 ‰ÓÍ‡Á‡ÌÓ.

éÚÏÂÚËÏ, ̃ ÚÓ ÚÂÓÂÏ‡ 2 ÒÚ‡ÌÓ‚ËÚÒfl ÌÂ‚ÂÌÓÈ ‚
ÒÎÛ˜‡Â degν > 1. ÇÂÌÂÏÒfl Í ‡ÒÒÏÓÚÂÌÌÓÏÛ ‚˚-
¯Â ÔËÏÂÛ. àÒÔÓÎ¸ÁÛfl ‡Á‡·ÓÚ‡ÌÌ˚È ‚ [5] ÏÂ-
ÚÓ‰ ‚˚˜ËÒÎÂÌËfl ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚ı S-Â‰ËÌËˆ, Ì‡-
ıÓ‰ËÏ, ˜ÚÓ Ì‡ËÏÂÌ¸¯ÂÂ Ì‡ÚÛ‡Î¸ÌÓÂ m, ‰Îfl ÍÓÚÓ-
Ó„Ó ÌÓÏÂÌÌÓÂ Û‡‚ÌÂÌËÂ (17) ËÏÂÂÚ Â¯ÂÌËÂ ‚
ÏÌÓ„Ó˜ÎÂÌ‡ı f, g ∈ k[ν], ‡‚ÌÓ 5 Ë

èË ˝ÚÓÏ f 2 – g2d = ν5. åÌÓ„Ó˜ÎÂÌ d ‚ Ì‡¯ÂÏ ÔË-

ÏÂÂ ÌÂÔË‚Ó‰ËÏ. ãÂ„ÍÓ ÔÓ‚ÂËÚ¸, ˜ÚÓ  ≠  Ë

 ≠ . íÂÏ ·ÓÎÂÂ  ÌÂ ÒÓ‚Ô‡‰‡ÂÚ ÌË Ò Ó‰ÌÓÈ ÔÓ‰-

ıÓ‰fl˘ÂÈ ‰Ó·¸˛  Í  ‰Îfl n > 2, ÔÓÒÍÓÎ¸ÍÛ

ÒÚÂÔÂÌ¸ ÁÌ‡ÏÂÌ‡ÚÂÎfl ‚ÒÂ„‰‡ ·Û‰ÂÚ ·ÓÎ¸¯Â 1. ì˜Ë-
Ú˚‚‡fl ÔÂ‰ÎÓÊÂÌËÂ 5, Ï˚ ‚Ë‰ËÏ, ˜ÚÓ ÚÂÓÂÏ‡ 2
ÌÂÔËÏÂÌËÏ‡ ‚ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÏ ÒÎÛ˜‡Â. í‡ÍËÏ
Ó·‡ÁÓÏ, ÔÂ‰ÎÓÊÂÌÌ˚È ‚ [5] ÏÂÚÓ‰ ‚˚˜ËÒÎÂÌËfl
S-Â‰ËÌËˆ ‚ Ó·˘ÂÈ ÒËÚÛ‡ˆËË fl‚ÎflÂÚÒfl ·ÓÎÂÂ ˝Ù-
ÙÂÍÚË‚Ì˚Ï, ÌÂÊÂÎË ÏÂÚÓ‰ ÌÂÔÂ˚‚Ì˚ı ‰Ó·ÂÈ.

íÂÓÂÏ‡ 2 ‰‡ÂÚ ‡Î„ÓËÚÏ ‰Îfl ‚˚˜ËÒÎÂÌËfl ÙÛÌ-
‰‡ÏÂÌÚ‡Î¸ÌÓÈ S-Â‰ËÌËˆ˚ ‚ ÒÎÛ˜‡Â degν = 1. èÛÒÚ¸

d1, d2, …, dr – ‚ÒÂ ‰ÂÎËÚÂÎË d ÒÚÂÔÂÌË ≤ .

ÅÛ‰ÂÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ‚˚˜ËÒÎflÚ¸ ÔÓ‰ıÓ‰fl˘ËÂ ‰Ó-

·Ë Í , , …,  Ë ‰Îfl Í‡Ê‰ÓÈ ÔÓ‰ıÓ‰fl˘ÂÈ ‰Ó·Ë

 ÔÓ‚ÂflÚ¸, ‚˚ÔÓÎÌflÂÚÒfl ÎË ‡‚ÂÌÒÚ‚Ó (18). ä‡Í

ÚÓÎ¸ÍÓ Ì‡È‰ÂÏ ÔÓ‰ıÓ‰fl˘Û˛ ‰Ó·¸ , Û‰Ó‚ÎÂÚ‚Ófl-

˛˘Û˛ (18), ÔÓ ÙÓÏÛÎ‡Ï (22) Ì‡ıÓ‰ËÏ Â¯ÂÌËÂ f, g

ÌÓÏÂÌÌÓ„Ó Û‡‚ÌÂÌËfl (17). íÓ„‰‡ ÎË·Ó f + g , ÎË-

·Ó f – g  ·Û‰ÂÚ ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÈ S-Â‰ËÌËˆÂÈ.
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